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PREFACE

The book is intebded to meet the requirements of
students at Indian Unpiversities. The subject matter has
been presented in a manner understandable to the average
student and every attempt has been made to make it
clear and lucid. There are a number of solved examples, (",

- . ' . {\
casy as well as difficult, illustrating the technique of\[™
solution. & M

The order of the chapters aims at giving a rdtional
_classification of the topics dealt with. A separq;ef\sliapter
has been devoted to the General Equation of*¥hd Second

. Degree, wherein loci common to special conie$\‘have been
_ obtained. N

The examples have been selected mos}}y from standard
works on the subject and from EXamination Papers of
Indian as well as British Universiti€s. Questions set at
the varions Public Service Examinations have been
included in the text as far as possible.

I wish o acknowledgeany indebtedness to the authors
of various treatises off ‘Co-ordinate Geometry many of
which have bsen fréely consulted while preparing the
_present volume. | N

My thanks,\afe due 1o the authorities of London
- University fontheir permission to include questions from
the Examirtation Papers of their University. I am grateful
also 1o (MY learned teacher Prof. A. N. Singh, D. 8¢, for
his sgéc"stions and advice, and to my colleagues in the
Deplrtment of Mathematics, Lucknow TUniversity, for
#heélr help in the preparation of the book.
\J Any suggestions for improvement’ will be gratefully
acknowledged.

Lucknow, RAM BALLABH.
MARCH, 1949. N
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CO-ORDINATE GEOMETRY o,

CHAPTER 1 M

%
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CO-ORDINATE SYSTEMS \\

I'l. Cartesian Co-ordinates. Let X'OX; Y'0Y be
two fixed straight lines in a plane, intersecting at 0. Let
P be any point on the plane, Let BAf,> PN be drawn
parallel ‘to X'0X, Y'OY respectivgly: If the lengths

v

\<
x'\ F /

N\
PM and’ PN are known, the point P is fixed uniquely.

This, tnethod of representing the position of a point in 2
plane was first used by the Fremch mathematician,

~\des Cartes,
The lengths PM {or ON) and PN, usually denoted by

) 3
@, y respectively which determine the position of the point
P with reference to the lines X'OX, ¥'OY are called the

Cartesjan co-ordinates, or briefly, the co-ordinates of P.

The lines X'0X, ¥'0Y are called the co-ordinate axes,
X’0X being the axis of #, ¥'0Y the axis of . The point
of intersection @ of the axzes is called the origin. ON

Q"



2 CO-ORDINATE GEOMETRY

{or ) is called the abscissa, and PN (or y) the ordinate of
the point P which is then called the point (z,y). The
abscissa und the ordinate are also called the » and ¥ co-

ordinates respectively. The z co-ordinate is always written
first,

The axes are said 10 be rectangular or oblique according
as the angle between them is a right angle or different frofimy,
a3 right angle. O

12. Sign convention. The conventions regarding signs
are the same as those used in Trigonometry. Phevplane is
supposed to be divided into four quadrants Dy “the axes.
The quadrant containing the angle X0Y is\called the first
quadrant, the one containing the angle W{OX * the second
quadrant and the ones containing theaigles X'0Y and
Y'OX the third and the fourth quadsants respectively. The
following table gives the signs of 2'apd y, the co-ordinates of
a point in several quadrants,

AN e

~3% 2 co-ordinate ¥ co-ordinate

First Quadrany\‘" 4+ +
+8 3
' S I o

Second Quadrant - +

Iill}fa Quadrant - _
A\
5
% TFourth Quadrant + _

Thus we see that 0OX
of the # and y axes and O

To plot "the point (~2, 1) we measure a length 0Q
2 nits along OX" and OR 1 umt along OY. The point 8
which is the point of intersection of the sides @S, RS of
the parallelogram OQSE is the required point, '

and OY are the positive directions
X', OY' their pegative directions.
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Examyples 1. Plot the following points on a graph
paper and see that they lie on a straight line

(4, 6), (=2, 0), (=6, —4) (—1, 1)

2. Plot the points (1, 2) (3, 8) (17, —6) and see that
they are equidistant from the peint (11,2). Show that
the radius of the circle through the first three points is\
10 units. _ ™

1'3. Distance between two given points. ¢ “\ '

Let P, @ be the two given points with coordinates
(21, ¥1), (22, yo) respectively and let the angle ~X0Y be w.
Draw P, QN parallel to the y—axis and \RE’ parallel to

~

./O T N
the z—axis. Then PR=MN =z~ and QE=NQ—-NR=

NQ—PM =y -4/, Also the angle PRQ is equal to
180° ~ w. Hence'trom the triangle PR,

PQ:=PRi+QB—2PRQR cosP g
Ewr— )P+ (gr =yt 2(z2— 21 (y2 — 1) cose.
¢TI the case of rectangular axes, »=90° making coSw
zerd and PQ? is then equal to
~O (wa—z )+ (y2—y1)*

N The distance PQ between the given points is thus

for rectangular axes.

It is customary to express the distance with the plus
sign. In the case of straight lines drawn paraliel to
co-ordinate axes the length is taken to be positive or

Q
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negative according 2s it jis measured in the positive or
negative sense of the azes, While measuring dlstant_:es
between points in the same straight line, the same direction
should be considered positive throughout,

Corollary. The distance of the point (z, y) from the
origin is vz?+32422y cosy which for rectangular asés)
reduces to VaZi-o2, QO

N

In the following examples the axes are rectanguﬁi_&:__

Examples 1. Find the centre of circle circ}ﬁnscribing
the triangle whose vertices are the points (3y%); (4, 2) and
(s 5)- AN

The circum-centre is equidistant frén’ each vertex of the
triangle. If, therefore, (q, R) are the, Yequired co-ordinates,
then  (x =304 (B—4)*=(x~ PH-(B—2)

= (4;%:5)2'}' (B—35)

from which we have ™

2284 B+ s=o0,
and (a3 B—15=0,
SDIVing, \\ '.a =-‘i-,‘.’ B:.;..

Hence the cénire of the circum-circle is the point (%, 3).
2. S}?‘f’ that the points (1,0), (—2,3) and (—3,—4)
are the'vertices of a right-angled triangle, -

«% Show that the four points (3, 1), (4,2), (3,3) and

{2,°2) are the angular points of a square,

L. 4. Find the distances between the points (e, av3 ),

\ ) (a, 3¢43) and ( 4z, 2a¢+3) taken two at a time, Hence
show that they are the vertices of an equilateral triangle

of side 2a+3, Ans, za+3

5. In any triangle 4BC, prove that
AB*+ AC =2(AD2+ DO?),
where D is the middle point of BC.
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. 1'4. Co-ordinates of the point which divides in a
given ratio the line joining twe given points.

Let P¢ be the straight line joining the two points P, @
whose co-ordinates are (%, 1) and (2, y2) respectively, O\

Let § be the point which divides PQ internally in the ratio
my g, and let {x, ¥) be .ghé‘co-ardinatcs of 8.

Draw PM, ST, QN ’péfallel to the y—axis and PLR
parallel to the x——ay{s\

Then PL*Q{:T’;:U—;EI, LR=TN=x;—z, and from
P

the property jof parallels, we get
‘\“',{PL: ER::PS: 8@
p \d T=1 _ i
&7 o T e
2= 2
AN or w(ma+m) = myda-t maxy
"\ . miXs msx.
&\l e, x= 2 T
} m; -+ mo
.. myya+ meoyi
Similarl =
¥> m; +ms

If my=ms, t.e,, if § is the point of bisection of FP@,
its co-ordinates are

ety é‘(yl'i'y?)-
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If the point 8 divides PQ externmally in the ratio
]y ¢ my, its co-ordinates will be seen to be

m X2 — Iz miys2—may1
3 .
) — M2 = Im2

The student should not find any difficulty in proving
the above result, for the distances ¥S and S are 2ow)
measured in opposite sepses. If my is positive,) s
becomes negative and wice verse, The result thep. follows
at once from the co-ordinates of 8 for internal \division.
It should also be obvious that the point of extefnal division
lies to the right or left of P according as mg 201 <ma.

Note. The above result and the resuth&ﬁ’ & 1'3 have been
proved for the caso whon the given peints Jje{ the first quadrant,
bat they wiil be found to be true for poiftedlying in any part of
the plane previded the co-ordinates nrgtaken with proper signs.

.- Ezamples 1. Find the ootordinates of the points
" which divide the join of (403) and (5, 7) internally and
externally in the ratio 2 : gy ™

. Here @1=4, 2,8 yi=3, yo=7, and for internal
division m; =2, m&ﬁé,

Using the, }Ormula, the co-ordinates of the point of
Internal division are

P
’\"( 2:573.4 2'7+3:3._>’ ie., (32, 20
:"\s¢

243 243 ¥ 50

O or external division my=2, me=— 3, and the co-
_vbrdinates of the required point are '
AN
O (23734, 27733
: 2-3 2—3
2. Fird the co-ordinates. of the centroid of the triangle
whose vertices are the points (vy, ¥1,), (@2, ¥2)s (@3, ¥a).
- The centroid is the point of intersection of the medians of 2
i le.
rlangle dw, (TR pdwtny
. 3. 3

k] T:'e'J (2)-5)'
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% ..3. G is the centroid of a triangle 4BC and O any
other point ; prove that

(1) 3(GAZ+GB GO = B C A2+ 4 B2

(i) OA 4 OB 002 = G A GB24- 02+ 3602, ~

Take AB and AC as the axes of x and y which will be*\,

inclined to each other at an angle 4. The co-ordinates,. bf"™
the points -, B, ¢ will be {0, 0}, (¢, ¢} and (o, ) where e
and b are respectively the lengths of A8 and AQN\The

co-ordinates of @ are (%c, —;:—b ) \\

Using the formula of § 1'3 for obliquesgesordinates,
GA2=} (b4 c?4 2bc cos A) \ v
GB2 = L (B2 + 402 — 4be cos A}
and  GC?=}(gh+c?— 4bc aos A).
Hence 3(GA24GB+ GO0 2(b2f 2 =be cos A)
B8 =bp e (B4 et —2be cos A)

=AC24 AB2+ B(R,
A~ . .
The student should find no difficulty in seeing that the
particular choige co-ordinate azes does not make the

solution less géneral since the configuration is mol affected
by such choide,

Thg\ﬁ'é;:bhd part can be proved on similar lines,

./Q”I.f a straight line AB is bisectec} at X, and also
divided (i) internally, (i) externally into two unequal
~segments at ¥, show analytically that in either case

\”\,. . AV24 YRi=2(4 X2+ X172,
5. Prove that three times the sum of the squares on
the “sides of a triangle is equal to four times the sum of
the squares on the medians.

Note. The axes will benceforth be assumed to be
rectangular unless the contrary is definitely expressed.
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1'5. The Area of a triangle in terms of the
co-ordinates of its vertices.

Y]
e(x.ﬁJyS)
¢\
B2y N\
A {xny) O\ bt
— 4 '\"
& L M N X N

A\
. . 70\

Let 4, B, C the vertices of the~triangle have (x5, 41),
(%2, y2) and (23, y3) as their respectivenco-ordinates,

Draw the ordinates AL, BNJEH as in the figure.

Then, A ABC=trapeziutdd M + trapezium ON
N --trapeziom AN
=t (AL+OM).LM +} (BN+CM), MN
~+ (4L+BN), LN
S {4y @—a)+ (atg) (r2—c3)
O =ty (@2—n)}
NO =1 {o (ga—ya) Fon (a—u)+ Gy —yn)}

- AT

whlc}:rsis <asily remembered in the determinantal form
Nl

o\ x5 v 1
A $l= yo 17/ v/
™ / I x3 ya 1 \/y

. The area will be positive or negative according as it
lies to the left or tight in going round the triangle from
{215 1) to (w3, o) through the point {(as, #3). Thus the
area  of the triangle ABC is positive and of the same
toiangle written as ACB is negative. Where numerical
value of areq is required, the sign may be disregarded.
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To the student familiar with vector notation the

result should be capable of easy deduction as a determinant.
The position vectors of the points 4, B, C are respectively
i+ ol + i agi+ysj, 1) being the conven-
) — —
tional unit vectors, The vectors AB and AC are then N\

(z=—x1) i +(ye—y) § and (=) & +(yz—wy) § Tes-

x + - '~ ®
pectively and their vector product is )
:,‘\\ o
T ‘ g7
|
, wg—21 Y21 O | (O
| #3—2 Y3—y1 O | '
which is equal to D
‘..:\‘ _
k.| 2p=2; ga—y1|or k [P’y T

™) i

N 2 B Il
&3

N\ 23 Y3 1

.3

Tz=—&1 Yz—N1

% being the third conyéntional unit vector.

b\ — —
But the vectobproduct of the vectors 48 and AC is also

¢/ A
equal tox..f,\lB. AC sin BAC. k or 2 (area of the triangle) k.
Hence heldrea of the triangle is equal to the determinant

~.".\ . Ly Y1 Ii

~\J Plm wm ¥

23 w3 I/

&



fo CO-ORDINATE GEOMETRY

'The area of a polygon can be determined by breaking
it up into triangles. The areas of the various triangles
should be added up with proper signs, For example, in the

| R
above figure the semse of description of the\area ABCOD

(sometimes called a quadrilateral) is shewn by arrows.
The area is easily seen to be the differenéd(fiot sum) of the

areas.of the triangles OBC and OD A\
ﬁ. Collinear Points. Thied points lying on one

straight line will clearly formma® triangle of zero area.
Hence the condition that thg ‘points (x1, #), (z2, ¥2),
{#3, ¥3) should be on a straight line is

an o1 _
e ) ‘ =0
SN 0w gz 1)

We shall /see in the Chapter on Straight Lines that

this conditioyfor collinearity of three points holds for
oblique azes™as well.

2gamples 1. If (1, 1), (7,— 3), (12, 2) and (7, 21) are
tth—ordina_tes of the vertices of a (iuadrilater;l, rove
Jhat'its area is 132 square units, [Roorkee, 19451

(" Denoting by 4,B,C, D the angular points (1, 1)

{ V7 (7,—3), (12.2) and (7, 21) respectively we can divide the
quadrilateral into two triangles 4BC and CDA such
that the respective areas lie to the left of an observer
going round the triangle

1 {

7_

12

A ABC =1 =25 sq. units

I
1
1

MW A
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: ‘ 12 2 1
ACDA =% | 721 1| =107 5q. units
Pr o101

. The area of the quadrilateral is therefore (25-+107)
=132 §q. units.

2, Show that the area of the quadrilateral whose ()

angular points taken In order are (z1, #1)y (%25 32 (@3 yg»,)
and (@ %) 18 ' G\

H mlty-z—y4)+xa(y3—yo+x3(y4—yg>+x.4@h—-.yg}‘z.

_ Determine & in order that the poixiﬁa} (2, —1):
(—3, 4) and (k, 5) may ieon a straight 1inK \ Ans.—4.
. :'\ w

ﬂ?. Polar co-ordinates. Anotherl donvenient way of
fixing the position of a pointon & plane is to take a_fixed
line 0X, called the initial line .through a fixed point a,
called the pole. If the angleS¥OP and the distance OP
are given, the position of the pomt P is known.

R

Y

’RQ%}i&ngth OP is called yadius vector, and the angle
X0P\ positive if measured counter clockwise from 0X£)

,..\:"“‘;t]ie vectorial angle. 1f 6p=r, XOP={, the polar
\ \“co-ordinates of P are (r, M.
The polar co~ordinates are written in the same manner
as the Cartesian Co-ordinates, the radius vector coming
first.

. The radius vector is considered positive if measured
from the pole along the line bounding the vectorial

angle,

N
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A special feature of the polar co-ordinates is that the
same point can be represented in an infinite number of

ways. For example, the coordinates of P can be written
as follows :

(r, 0)y (=7, 8+7), (—r, 8—=), (r, 0—27), and any
set of co-ordinates obtained from these by going rounda

the pole once, twice, etc., in the appropriate direction™)

Thus , P will also be represented by (7, 9-1-2??};»
(—, +37), (—r, §—3m), (r, 04—7) erc. O

S 3

1'7l. Relation between rectangular ggd polar

+o-ordinates,

O 263 Vil X

The pole and the origin are the same point 0. The
o~ I TaleTaloRg The Torial Thie O sod He y—axis
a perpendicular 460, Join OP and draw PN perpendi-
cular to OX, A\

Let (23 Fand (r, ) be respectively the Cartesian and
polar corordinates of P, :

N A :
(Then, ON =z, PN =y, NOP=0, and OP=r.

JFrom the rt.-angled triangle PON,
N

T=rcos {}, y=rsin §,
Pk i §

Any relation between = and ¥ can, therefore, be changed

iﬂlt? @ relation between r and § by writing r cos 0 for = and
rsin § fory,

Squaring and adding the corresponding sides of the
above relationship,

3
By =12 je,r= eyt
s ——

Q!
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and by division #=tan"! —i’;—,

which will transform a relation between # and @ intoa
relation between x and 7.

Ex. If z, ¥ be related by means of the equation

(@21 = at)? = a?(@®+ 12, <
find the corresponding relation between 7 and §. O
Ans. r2—20r cos § —a? sindf=0.

\/1{72. Distance between two points in Jiélai‘ co~
ordinates. Voo

Let (ry, 01), (7o, ) be the polar co-ordinates of the
two points P and g\ The angle PO@ is obviously B2—01,
and from the triangle POG, :

PQr=HP2+0Q2—20P. 0Q cos POY
\$ #1292 — 27179 cOs (B2—01).
1\(3;\;:'Area of a triangle in polar co-ordinates.
\
‘.\
=N e

o
\ " A

N/ 5

G X

Tet 4 I{C‘ be the triangle, the co-ordinates of the points
4, B, C being (1, #1), (re, O2) and (rs, 03) respectively.
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NABC=NOBCH AOCCA— N ACOB
=$0B.0C sin BOCH 100,04 sin COA
o : —} OB.0A sin BOA.,
=1 rory sin (B~02)4- Lrory sin (61— 02)
ot sim (=)
1.¢., the area of the triangle A0 is _ A
¥ Irary sin (03—92)+ryr e sin (01—03) +riro sin (B2 =03
Ex. Show that the area of the triangle whq%%f"venicea
are . ¢t
(s 6) (26, 0+ 3m), (30, 0+ Fm)\
is 2 N30 e A
EXAMPLES ON GHAPTER I

1. If (=, 1n), (w2, 2)s (2:3,;.3)33 ‘are the middle points of
the sides of a triangle, find the'to-ordinates of its vertices.

2. Prove that the ¢b-Ordinates of the point of inter-
section of any two of the'internal bisectors of the angles of
a triangie whose v:{tices are (a1, B1), {az, f2) and (xzs Ba)

3

are . {"

aafdbantcay and 281 08atcRy
Oatbte at+bie 7
where #3.5; ¢ are the lengths of the sides of the triangle,

Use this result 10 establish the concurrence of the internmal
1§€5(01s,

{V'3. Show that the points (6, 1), (7, 3), (9, ©) and

. \.f 4(2, —2) are the engular points of 3 parallelogram,

QO

4. If the point (x, %) be equidistant from the points

(=L 1) and (-2, ~3); show that 22+ 8y -+ 11=0, the axes
being rectangular,

5. The cartesian cg-or

: dinates (z, ) of a pointon a
curve are given by

CLYLI=B P_g g,
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where ¢ is a parameter, show that the points given by {=a,
by ¢ are collinear, if

abe— (be-+ catab)+-3(a+ 0+ £)=0
' (Math, Tripos 1946)

6. The sides 4B, BC, CA of a triangle ABC are (\\
bisected at D, E and F, DProve analytically that the \
miangle DEF is one-fourth of the triangle ABC. : ¢\<>;

“\:‘3‘
@

QO
N
A N
Q)
\
&
)
(W
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CHAPTERII

LOCUS AND THE STRAIGHT LINE

2:1. Locus. The locus of a point is the path iaced
by the point when it moves in accordance withicertain
given conditions. Thus, for example, if a poing ‘moves
such that it is always at the same distanpe from a
fized point O, it will lic on a circle, withicéatre O and

radius equal to the given distance. This girele will be calied
the locus of the point.

~NY;

2'11. Eguationtoa curve. T & Zelation which exists
between the co-ordinates of any"\ point on a curve is
cailed the equation to the curve™ “For example, if (z, 4)
be the ce-ordinates of any point on a straight line which
Joins the two points (a;, blbﬁlﬂﬂ: b9), its equation will be

AN | % b 1=,
& e o
for this is 5 the relation between and y obtained by -
conmdem}g the area of the triangle formed by these points.

N\ ¥
It should be noted thar the equation to a curve
CXPIesses the law governing al points which lie on that
ve, and points not obeying that law will mot satisfy

\{tHe equation 10 the curve.

It is not always possible to express the relationship
between the co-ordinates of any point on a locus in
the form of an equation.  For example, the locus of
all points of which the ¢ and y co-ordinates are always
Positive cannot be written as ap €quation. The same is
true of points of which the distances from a fixed point
are less than a given distance, The points in the

latter case can be conceived of collectively as lying within
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the circumference of a fixed circle, It is thus obvious
that a locus is mot necessarily a line straight or curved.
. When, however, a locus belongs to this class its equation
will represent a curve on which will lie only such ponts
as are governed by the law of the locus.

Ta obtein the equation fo a curve or the locus of
ong, it s enstomery bo ASSUIDG the
co-ordinnies of any peint on the locus us dilferent from T,
which aro trested os curremt eo-ordinates, The co-urdm‘u.tre
¢f the peint ere changed lo current co-ordinates siter m}w civen
law hLus been expressed algebrzically. Thiz device Bm?g{&lefﬂr
the beginner may rconveniently be ignored by the 'p,dv‘z{.g'}.ued
student to whom the assmmption of @ and y asthe 06»\{&'6111&1;93
of any peint on the locus will not ereate any ditfie ukty»\

Nete 1.

a peint under given conditl

Note 2. The co-ordinate axes where not gpedificd should be
50 chosen  that the problem is solved withh the minjmam of
galeulation, '\ &

Example. 1. A straight line (4B, of fixed length,
slides between two perpendiculy‘lines, 0X and OF, in
such a way that the point 4 alwdys lies on OX and the
point B on O©Y. Find e locus of the point P which
divides 4B into two pafts PA and PB such that Pd=a
and PBE=0, "\ '

Take OX and Q?ag co-ordinate ages, Draw PN and
PN petpendic:ular tc 0OX and OY a2nd let {x, 4) bethe

) S

Y3

e Mits
:t\“'
7\
~\'\\ 5
“\':,’
o N A X

;:J(E?S;linates of P, From the similar friangles PAN and

N\ ¢
A

N\
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AN _ AP
PM " PB

R

2.2, - =3

or a%h% = 222 4 b2 2,

A
2\

\;ir}ﬁch is the equation to the locus of P, PR

2. Pand @ are two variable points on the ja%es of
« and y respectively, such that OP+0Q=ayyfind the
equation of the locus of the foor of the pérpendicular
from the origin on PQ. \/

Ans. (x4 \y) (xz.-i—' Y2 = axy.

o . 75 .
3- A point moves such that thevdifference of its
distances from the points (¢, 0), (426, b) is 2a, Determine
the equation of its locus, \J
' oDV g ¥
N g =t

4. - The points A atd B have the two-dimensional
rectangular cartesian co<drdinates (1, 0} and (-1, 0) respec-

tively. Find equaﬁqn}for the loci of points P and @ which
are such that (™

240~-Bg=11.
2.\ Ans. 328+ g2 =125 1207 — gy =3,
:”\Qo

'}{2.“’Tbe Streight Line. We shall show that the
€quation to gz straight Hne is of the first degree and cop-

yersely that every equation of the first degree represents

s

N2 straight line,

A straight line is uniquely determiped if the co-ordinates
of any two points lying on it are known,

Let (1,91 (as, 4) be the co-ordinates of two fixed

boints on & steaight line and ler {%, #) be a variable point,

The area of the triangle formed by these three points
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is zero. The relation between x and v or the equation
to the locus of (x, ¥), .e., the straight line is therefore

be gy 1
T o 1| =0 QO

. . N
18, 2{y = y) —y(r; —xs) Ty ~ywa=0, which can \ be
written as N

Ax+By+C=o0, '\‘ )
where 4, B and € are the ceefficients of &% and the
constant term in the above equation, \\,

This is an equation of the first degreé\and thus fo every
straight line there corresponds only a ﬁrst’degree equation.

Conversely, let Ax+ By+C'=d ‘be the general equation
of the first degree. This wiil. Be\the locus of certain points. -
Let (w1, y1)s (22, 32)s (23, ‘be three different points on
the locus. These co-ordinates will therefore satisfy the
equation to the locus. \“

That is, &
O An+By+C=o,

\% Azot Bys+C =0,

sl

and O Azy+ Byz+C=o.
E{%matmgfl Band O,
~O R
\:
|x__ Ya I | =0,
r$3 Yy I

which expresses the fact_that the points (21, 1), (22, ¥2)
{3, y3) are collinear. The locus is therefore a stralght
line,
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Thus every equation of the ﬁfss degree represents nothing
but a strasght line.

221, Particular Cases. It should be noted that the eguation.
Az4+ By (=0 reully involves two arbitrary constants, for it can
ho reduced to the form pr+4-¢gy4-1 =0 on dividing by €. To ovaluate )
the two unknowns p and ¢ two equations are hecesssry, whieh{ ™\

" will be chtained when two conditions sstisfled by the line ard
given. Written in the general form tho equation is ssid to, 1\1?1(3
two degrees of freedom, 7\ ¢

We shall give below a few particular cases.
< 3
Case 1. Straight lines drawn parallel to co-ordinate
axes. \

AN

T 0 . Y
. Il astraight line\is drawn parallel to the z-axis at a
distance b fro it it will meet the z-axis at infinity, Two
points on the line will be (0, 5} and (e, d). To evaluate
P and g in the'general form .
O pr+gy+1=0, |
wWe/motice that on putting y=b, x=w, g becomes infinite
S P 15 zero. Since the strdight line does not lie

w olly at infinity, » must be zero. Further since the
o\ straight line passes through {o, 5),

U gbt1=0, ie, g= ~—-—;—-.
Hence the equation to the desired line is y=b.
This could be more

casily obtained by noticing that the
ot on the lineis &. Similarly the
ne drawn parallel to the axis of o

Y-co-ordinate of any poj
€quation to a straight Y
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at a distance a from itijs x=a. The equations to the axes
of z and y are respectively y=0 and z=1,

Case 2. Eguation to a straight line which cuts off

an intercept ¢ on the y-axis and is inclined at an angle A
tan™! m to the z-axis. \

f~\.

N3

Y A\
« \J/

tan 6 =m ‘..:\s.

o W

Let the straight line cut the\co-ordinate azes in 4
and B. N

N
L g
*

04 =0BSr 0 =="—.
3 - kil
N N (" c
. The co-ordinates of{A’\g}re therefore (——?;lm s o). The co-

ordinates of B gx%\\(b, ¢).
Substitutifg)in the general equation

o pr-tgy+1=0,
(N
sn\;.. [ p.i,.lﬁo,
agd® ge+1=0
*"\,:: m T
\} B.luy =T » = —‘—c_-
Hence the equadon to the straight line is
m I
—— g=—yt+1=0
p ; yti=o,
or y=mx+tc.

‘m’ is called the slope or gradient of the line.
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Corollary. If a straight line passes through the origin,
its equation is y = ma.

Case 3. Equation to a straight line which cuts of
intercepts a and b from the axes of x and y respectively.

N\ ¢
Y r‘\“\
'S

s O

N
(7
@, 00N\
PR x\\ﬁf
. ¢ \ v

Two points on the straight lite are obviously (a, o),

(0, B). N\ )

N
»

NS
\ .

Substituting in the g'gi‘ar-;ral equation pa-+gy-+1 =0,

apd1=0,
¢\J
and KN bgti=o
. S T
beo WD e 4=~
Hence the equation to the straight line is
N
W\ ’ X y
X4 ¥
NS a b
a \Y .
\ } In oblique co-ordinates too the equation to the strajght
Nne cutting off intercepts @ and & from the co-ordinate axes is
»%-+%= L. The reader should verify this by finding the locus

of a movable point on the line, Thus the general equation of
the first de ight line in obligue colordinates
25 well. It should now be sasy b

o see that the condition of
collinearity of three peints s the

same with oblique axer as with
rectangular axes. i ’
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Caze 4. Equation to a straight line such that the
length of the perpendicular from the origin on it is P
and the inclination of this perpendicular to the x-axis

is a.
Y]
N ¢
\ s AN
N
< N\
N
P \\
&r \/
o %

A
Po \d
The intercepts which this line make§ with the co-ordinate
axes are obviously p sec x and prEgsec . Proceeding as
in case 3, the equation to the hnc ‘will be seen to be

X €OS a.-k‘y sin a=p.

The reader should dgducc the above cases by finding
the locus of a moving,point as an exercise,

Case 5. E&X én to a strazight line joining two
points whase dinates are (X1, 1) and {x-, y2).

The equa;mn can be obtained from the general equation
or independently in the form
I
G (: —~4) =y (O —x}F 92— thru=0,
as{sh ywn in $22.

%" This can be written as
m\J

\\ ) a{iy — Yoy —y(x, == ag) = 2 (4 — ) (e —as) =0,
or (=2} (a2) =y —yl) (2 =)
or Y‘—S:1= 3-_3 (x—x).

The slope of this line is ev:dently y_ .
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If (2, y2) is arbitrary so is the factor --Z-‘—-Z—z, and the

1T %2
equation to a straight line having one degree of
freedom is y—y,=m(z—=xy). This equation therefore {\
Tepresents a straight line which passes through the point |
(%1, ¥1,) and which can be made to satisfy one arbitrary’)
condition. ' S

We shall now deduce independently an impoxgmﬁ; case
of the equation to a straight line. o’

# ~\.’
%22. Equation to a straight line pasiii;g through
a fixed point («, §) and inclined at an angle 0 to ths
X-axis. AN

<

Lgtjl{b}: any movable point (x,%) on the given line.

P Wﬁfﬁ {:Q parallel to the co-ordinate axes. Let the
E&ﬂi e 7.

."\.r;’z In the right-angled trjangle 4Pg,
\"\ v AQ=A4P cosl), PQ= AP sin 6,
L., t—a=rcosfl,y—B=rsinf,

or F—a _¥—R _

cos 0 smg
The equation to the straight line is therefore
Rra _¥y—-§
Ll

1 m
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where 7 and m are respectively the cosine and sine of the
angle which the line makes with the x-axis.

If the azes are obligue a straight line through (u, )
can still be expressed as

z—a _ y=B

N

l m N/

where ! and m are not the cosine and sine of the ang\le
which the line makes with the x-axis, but cqnﬁtants
depending only on the direction of the line.
“,\\
The student should note that distances\measured on
opposite sides of 4 will have opposite mgn§

Corollary. The co-ordinates of a\v‘anable point on
~ the line are given by PN
r=g Al Y= ﬁJF }nr

Ezamples 1. A straight 1inc drawn through the point
(2, 1) is such that its paint of intersection with the line
y—2zu+6=0isata d1sz~ance 3+v2 from this point. Find
the direction of the hnc

If (=, y) h\any point on the line,

\ O p=2+1lr, y=itmr.
If this li&mlso on the line
.\ Y28+ 3=0,
Q) (1+mr)—2(2+1r)+6=0,
'\
NS or - rim—2l)+3=0
But r =342, therefore,

(m=—2t)v241=0.

or 242 cos § —+2 sin § —1 =0, since [, m are cos and
sin § respectively. ,

B

Solving, 0=45".

)
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2. Show that the equations of the straight lines pilssing
through the point (1,-—1) and making angles of 150° and

30" respectively with the axis of = are

yti= ¢$3 (x—1).

3. Find the equation of the line through the pofnx
{2 3) which makes equal intercepts on the axes. e\

Ang. Zy=5.
N ﬂ P be the length of the pcrpendicu%@fmm the

origin on the line -—:—4— g -=1, show thas
- 1 I I /
T _.
5- A straight line is drawr :ﬂimugh the point (3, 4)
to meet the curve 224.y2< ¢ in o points. Prove that the

product of the distances of the, points of intersecdon from
the given point is constant for'all positions of the line.

23, Peint of Intetsection of two straight lines.

Let Gz +by+d=20 and a2xtboytea=0 be the two
straight lines 3d\(%', 4 their point of intersection,

Since > &' §') lies on both the lines,
A

N

AN G &' +b y o =0,
Qﬁi’\h @ &by y' 4oz =o0.
_(Solving these a5 simultaneous equations,
oY . 2= D1 G by = B Ot o

o BN
Gy be—ay b, Y ay by—a, by

. AsS aby—ayh 50, both 4 and '~ 3 the point of
Intersection therefore shifts to infinity. 1In this case there~
fore the lines will be parallel, as we shall see in § 24,

The student should note thag a8 the denominator tends to
2era, the numerator for g or ¥ m

2 Numne Ust remain finite if the lines are
te remain distinet, :
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o
o

,f"r!" . - N .
v o Z31. Equation to a Line passing through the point
" of intersection of twe given lines.

Let a1t by e1 =0, s (1)
and tom+ oy €3 =0..c0iinee {2}
be the two given lines, and let O\

oy x+b yroth (B2 2t by o) =0unnen. €)

be the equation to any other line, where  is an afbitrary
constant. '\\'.’

The values of & and y which satisfy (1)apd’(2) simui-
_ taneously obviously satisfy (3) also, whichy thercfore is a
straight line passing through the intersection of (1) and (2).
This line will have one degree of freedom, that is, it can be
" made to satisfy only one arbitrary condition alone.

The student can find the pointef intersection of (1) and (2)
and write down the cquatinm as invc:a’se 5 & 2-2; but written in form

{3) thg solutions of problams arggbtained more conveniently.

e ‘Examples 1. Find ) the tquation of the line joining the
origin to the point of ix{tersection of the lines

x "5} x ¥
it =1 and __+ ~o=1.
3 4 4 3
Any lige“through the point of intersection of the given
xt\"’_
tinesnds) = + Y—1en (B4 L —1)=0.
R ( 473 )
Sinice this passes through (o, ©),—1—3% =0 oI A=—1I
o JFence the required line is
4
Fa¥ L (EiY )= =
— I +3 1) 0, Or T=4,
2. Obtain the equations of the lines passing through

the intersection of 4x— 3y—I=0 and 20—sy+3=0 and
equally inclined to the axes. = = Ans. afy=2;x=y
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3. The base B of a triangle ABC is bisected at the
point (k, &) and the equations 1o the sides 4B, AC ape
hrtly=1 and kx4 hy=1. Find the cquation to the
median through A,

'n\ B
Ans,  (2hle—1)(ha+ by—1)=(R2+f2— (kx4 ﬁ-y—xz.

Ay
4. Find the area of the triangle made by the inter=
section of the lines W/

7N .}.

3ot 4y=2 P\
x+2y=3 ~‘.‘:\\'

32+ y=3
JLdns. 323 5q. units.

232. Equation to a straight_Hne passing through
a fixed point, o

“ X

<N

If the equation to a straight line can be written in the
form A\

~

-t 51y-{*é1+ M@+ by + ¢) =0,

+$ ) . .
where a,, b,, 1 %\{b,, ¢s are fixed and 3 is g variable, the
line passes thrpug the point of intersection of the lines

'Qi&:ﬁ‘“b]yi‘ ¢1=0 and a.x-+ botj+e4=0,
which i§ @ fized point.

% equation of the first degree containing one arbitrary

parameter represents g straight line Passing through a fixed
o point.
mJ

N/ Examples 1. A straight line moves so that the sum of
the reciprocals of jts IDIErCepts on two figed intersecting

lines is consiant ; show thar it Passes  through a fixed
point, )

Take the fixed intersecting lines as the co-ordinate
axes and let the ntercepts be a and 5,
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Then, T

i Y .
_a_+_b_ -
Eliminating b,
. . 3\
Wty (k— E)ﬂl’ O
o\
I
Or ky-—-IJrE(:c—y )-0.

w\,/
N

Since a is arbitrary, the line passes thralgh the point of
intersection of x—y=0, ky—1=0,14.6, ‘hrough (—; ) —;-c-—-

<N
X N

which is a fixed point. N

2. Given the vertical angl‘gfﬁf a triangle in magnitude
and position, and the sum6f Sthe reciprocals of the sides,
show that the base will p‘:&‘s through s fixed point.

A\
Hint, Take the gidéof the triangle as co-ordinate sxes.

A varigbl¢ straight line divides one side of a given
triangle intepnally and another externally in the same ratio,
Prove tharsfhe join of the points ef division passes
thrlpmgpia*ﬁxed point. Interpret the result gecmetrically.

/ f{i;'3'3. Straight Line at Infinity. We have seen that the
sequation Ax-+ By-+C=o0 represents a straight line, Writing

\

: x 8 .
this as—-(-:,—---c"f- =1,we see that the intercepts on the
A B

axes of z and y are respecﬁvely—% and -—%. If one

e enni
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of the quantities 4 or B tends to zero, ¢ remaining finite,
the straight line becomes parallel to one of the co-ordinate
axes since the length of the intercept on that axis becomes
infinite. If however both 4 and B tend to zerg
simultaneously, the lengths of the intercepts on both tie,
axes tend to infinity, The equation which then reduces
t0 C'=0 represents a straight line, lying wholly at inﬁnitiﬁ\'

24, Angle Letween two lLixes. . O

Y]

a\ ® g
# X ,t

o LS

N

. Cace 1. Let o be “the angle between two straight
lines whose Inclinations'to the z— axig are {); and #, and
equations y=m - =Mat 3¢, respectively.

Then, tan bléml, tan @, =m,,
Obviousgyi,w‘a =0;—0,.
- Heng)i;’tan a=tan (f;—40,)
{'\ W
-.%“' = tanf;—tan g, .
A\ 1+ tan f;tan @,

NS

N\
o\ =_Mi—my '
N/ I+ mym,

The angle between the straight lines whe: .
™ and my is thesefora g wihose _SlOpes are

tan~t BT
prebt i



LOCUS AND THE STRAIGHT LINE 31

Mote. The student will Bometimes find that his result for tane is
negative. This will mer+ly meun that jnsiead of petting the acute
angle of intersection he is gesting its supplement which Ry as
well be regarded s the angle of intersection of two straight lines.
Tt is however betior io disregard the sign and thus obrain only
the acuts value of a,

Cor. 1. Two Lines y=mz+e¢, and y=muxtcs are
paratlel if my=+my. For this gives a zero value to the
angle of intersection which is the condition for two lines
to be parallel. ¢

Cor. 2. Tuwo lines y=mzte, and y=mar+ g “Uhe
perpendicular if mymy—= —1, because this obviousl)k(hakcs
the angle of intersection 90°. N\

Note. If the equations to the two straighKIi‘nes are
I

alx+b!y+01 =0, '\,
and agx“}* bgﬂ—’r{}z =0, ) ’t )

. o s \ 6. .
their slopes arc—---bi and— ;a3 can,easily be seen by writ-
1 7

ing the equations in the form g fma+c.

The condition of parallélisin is thercfore

P
. AN by
or O abiasb; =0,

and the cond'i\tic;\:: of perpendicularity is

AT EDE
or ;a5 bibo =0

N\ et
“\'Case 2. If the eéuations to the two lines are given as
\.z cos o4y sin oy — =0 and x cos wy+y sin aa—pa=0,
the angle between them is o “—— a5 for the angle between

two lines is the same as the angle betweeR their perpendi-
‘culars. Two ™ Tinés in this case will’ therefore be

parallel if @) =as, and perpendicular, if gy ——az= .

2,
X

——

N

N\

\

N
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N 2:41. FEquations to straight lines drawn respectively
parrallel and perpendicular to the line artbytc=o
through the point (1, ¥1).

The slope of the given line is—--ﬁ--. Any line through\
(xls le iS o
¢
_ . y-—yl=m(:z:—-xl),............(I) . N
where i is arbitrary. \ .’
- This is parallel to the given line if mz-\—*tg
Hence the required parallel line is N

2%

a .\
¥—ih= “‘bj{‘?>—x1)

or aa—2)R0G—y) =0,
which may be obtai'rged:’ Jrom ihe equation to the given

line on replacing z-and y by x—ux,, y—y, respectively and
omitting the constagiNerm.

Again, (1) i\s:b\erpendicular to the given line if

’ 1. (-—E_>z 1
b

A/
or (%" M=,
& p

™

,"J\ The required perpendiculat line is therefore

e e
\ a
or a(y—y) —b(z—a;) =o,

which may be obmined from the equation to the given
line on replacing = by x—w), 4 by y—1in, tnlerchanging

the co-efficients of & and y, changing the sign of one of the
co-efficients and omilting the constant term,
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“+'Ex. Find the equations to the diagonais of the
‘parallelogram formed by the lines

Ixtmy+n =0, Uztwm'ydn=o,
lxd-myd+n' =0, Vzt+m'y+n'=o0,
and show that they are at right angles if P4+m?=1024m'2,

The straight line through the intersection of the firse
two lines is \,

2\,
N\

P
 {

et my-ta+nlatmyt n)=0 o ...("I)
and the siraight line through the intersection o'f:}he next
two lines is

p §

~NY
letmy+n'+p{etmyt n’{= ve(2)

where X and . are arbitrary. If the yalues of % and . can
be so determined as to make (1) and {2) the same, either
will represent the equation to one diagonal of the paraliefo-

gram. Itiseasyto see that gi=p=—1 reduces (1) and

{z) to

()G —my=o,
which is accordingly\tife' ::quation to one diagonal.

The equation:to the other diagonal will similarly
be obtained By €Hoosing ' and u’ such that the equations

S my bt ) Cadmyn) =0,
an%~ le+my+n +u Patdm'y+e)=0
become identical.

~LXt is easy to see that this condition is satisfied if

\l" = = I
EEIE%OI‘E

and the equation to the other diagonalis

@+ 12+ (mtmYy-+ntn =0

The slopes of the two diagonals are respectively

S PR L

m—" Tmtm
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the angle between them is therefore a right angle if

- Y N
N m—mr>' ( wim /T
i.8,, if B+ mi=124m', N\
242, Angle between two lines when the axes ‘are

~obligue. ¢

N/

/1 / ]
If P be any pointi(t, 4) on the line inclined at an
angle 6, to the a§s of xand cutting off an intercept &
he

irom the y-axis, the triangle PRQ, where PR and QR arc
drawn parauel\{b.é)y and 0X, gives

O R _ PR
2N sin QPR sin PQR °
.~\x’:.\“ * ¥—a

NO S Tsmo,
’:';f;\as the equation to the line under consideration.
»\; ./ This can be written as y =m,z-+¢; where
tan ;= ﬁ&m_
I4my o8 w
If the equation to the line in

chined
the z—axis be § oy at an angle 62 to

we similarly obtain

o <
tan fy=—r2Snw
+ I+Mmg COS
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If » is the angle of intersection of the two lines,
tan o =tan (B,—8;)

tan fo—tan 0;
1+tan ¥, tan f; °

Substituting for tan . and tan {, , ¢\

epapl (e sine
* I+ (- me) Cos -+ myme a0
{., If my=ms the lines are therefore pard?:}}l and if
:// }\{-&- (my+ma) €08 w4 myme=1, the lines are perpendicular.
v - O
Ex. 1. If the straight lines y =mz4-ér and y=mxtco
make equal angles with the axis of @ and be not parallel
10 one anoiher, prove that m) 4 ma-k2m,m. cosw=0 where
o is the angle between the axes, ¥

Ex. 2. Thesides 4B, BE, CD, DA of a quadrilateral
have equations @-+2y=3 =1, *—3y=4, 52+yt12==0
respectively. Show thdt'the diagonals AC and BD are at
right angles. ) i*,\

{Entrance Scpolarship Exam., Manchester, 1945.]

Ex. 3. Find the equation of a straight line which
" passes through the point of intersection of two given lines
and is Ré‘t*{fendicular to a third line in their plane.

\ﬁove that the point (-1, 4) is the orthocentre of the
txiangle which is formed by the lines whose equations are
: ~\’ 3

\‘:J z—y4+1=0, z—2y+t4=0,8v—3y-+1=0,
[Math. Tripos 1912.]

Ex. 4. The three lires =t2y-+3=0, zt2y—~7=0,
22—y —4=0 form the three sides of two squares. Find
the equation to the fourth side of each square,

Ans. y-—22=6; y—20=—I4
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f 2'5. Length of the Perpendicular from a fixed point
> on a given straight line.

N ¢

AN KoY

NS
i) Y \/
P A
‘& ®

7 o)

Let the given line be N\

$
% €08 ady sil a—p=@ytenn. (1)

‘and let the fixed point be P (gith co-ordinates (21, 1)
The perp. OM from the origimarr the given line is thus p.

The equation to a line p&ﬁillel to (1) through Pis
{w—a,) cos a:’ri?f:"yl) sin o =0
o ¥ Cos a+:y§i}1 a—(%1 €08 a+y; sin o) =0,

The perp, O@‘ﬂom the origin on this is therefore

'\“.;’»" &y COS a'i""y] Sin [+ 19
jI]Etﬁ{;\fg,is the perp, from P on (1), from the rectangie
-]

PO
N\ PQ=MN
3 B MN=0ON—OM

=1 o8 gty sin ¢ —p.

Hence the length of the perpenduicular from (xy, y,) on
the line x 008 aty sin g —p=0 is

X; €os oy sin o« —p.
If the equation to the line js

Az¥ By+C =0,



LOCUS AND THE STRAIGHT LINE 37

we can write it as
A — + R B . .{_ . __61____. =0
B T e VT

4 | B
Puttmg W)E COS 0, mzq'sz_ 81a O, and 2\
« A\ ¢
R S 28 A
N TR 5 Al R

we see that it reduces to the form (1), and thereforg:gfhé
length of the perpendicular from the point (i, y;).60 the
line Ax+4-By+C=o01is €7

LY
2y cos 3, sin 8 — P,
or, substituting for cos @, sin § and P, \
Av By +C D7

L
If the given point is the origin, thiukeduces to

- 0
L o 0N
NG NN

The student will find that{};’é value of the expreseion
Awt Bp+C
OV By
in pumerical pmhlerﬁ\\s sometimes positivoe, sometimes negative,
He should disregprd the nepative sign and give the result aa

ys'?we unless there'is some special reason for not doing so.

g 2'B. Cci]id\it'ion that the poiet (;, ¥,) may lie on one
side or gl\ef her of the straight line Ax4 By+C=o0.

oy
s
N

O .
\ i F1Xy, 80 )

M

NN

Let P be the point {x;, #:).
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Let PN be the ordinate through P mceeting the given
line in M.
PHM will be positive for points on one side of the line

and negative for points on the other side, for the lengths PM
will be oppositely directed in the two cases.

The -abscissa of M will be xy, and since f lics on ,the
Is;trau’gh’c line AwtBy+C=o, its ordinate y' will be §iven
¥ \/

N/

A2+ By’ +C=o0, "\
Hence, “\ v
o Amte WY
TR
Therefore PM=PN=JN
= ?11723?5 )
R ’ LAz +C
OB
dx 4y By4-C
“< _ 1~§-_B_U£_1+ -

-

~Z The point @ ) thus lies on one side or the other of the

straight line\Ax+4 By+ C=0 according as the erpression
Am1+B;g}\’-i§0 is positive or negative J

.

If)she expression Az 4 By +C be positive the point

(&‘}';\gi) 13 said to lie on the positive side of the line

By+C=o0, and if it be negative, the point is szid 0 lie

a\0n the negative side.

O
N/

%

) 4

. The same peint can be on the positive side of a straight

¢ and on the negative side of the same siraight line
depending upon how the equation: to the straight line is
witten.  For example, the origin is on the positive side of
the line Az By+C=0. Bug if the equation to the linc be
wHten as —Ax—By-—C'=0, the side on which the origin

]ﬁi becomes negative. The student should try to explain

Q)
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2 Corollary, Two points (w1, 41), (@2, 42) lie on the same
A side of the line Az+By+C=o, if the expressions
\ Axy+ By +C and Az, Bys—C have the same sign. But
if these expressions have opposite signs, the poiants lie on
opposite sides of the line.

Fx. 1. Show that the perpendicular from the origin
upon the straight line joining the points-(c cos a, ¢ $in a) A
and (¢ cos B, ¢ sin () bisects the distance between them.  ¢\J)

PR,
Hint. The points are cquidistant from tho origin, G by

. Fx 2 If p and p’ be the perpendiculars fzomp the
origin upon the straight lines whose equations are-\,

« sec (1 &y cosec ) = @ and x cos i —y sin Q:ﬂabos 20,
prove that 4p*+ pt=a’, " x\ g
Exz. 2. Prove that the product Of :}he perpendiculars

tet fall from the points (J-~a&so% o) upon the line

_

2 ocos o= sinag=11s 2. _ON
@ Th R

3

Es. 4. Find the edquitions of the two straight lines
drawn through the peint (o, @) on which the perpendiculars
let fall from the point” (2a, 24) are each of length a.

Find also tHedequation of the straight line joining the
feet of these perpendiculars.

\\“ Ans, y=a, gx=3y+30=0; 2% +-y=50.

E}"S Find the atea of the parallogram the equations
tovwhose sides are

'\
\"t w le+ m]_‘y'-’r‘ =0, ng"i' m2y+n2:03
hetmytns=o0, Loz oy 1y =0.
Ans (n3—my) (a2}
) Ima—mgls  °

Ex. 6. Tind the distance between the straight line
2x-+y=3 and a parallel to it through the point (—1,—-2}.
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Determine also the lecation of this point with respece
to the given line, Ans. —75-
A

Ex.7. Prove that the triangle formed by joining the.\
points whose co-ordinates are (1,2), (—2,4), (3,—1)

lies wholly on the positive side of the line Tf-gp==1. O\
{
" 2T, Straight lines bisecting the angles between Jtwe
given straight Npes. N
e O

7O

Let the equatim}sj‘;b the two given lines be

al’:s\k\bl’fq{—cl=o cerwen (1),
and (@ tboytea=0 ... ., (2),
X

g’.l.d Iet.Rbé any point (', ') on the internal or externaf
1sectors” The length of the perpendicular from P on (1)
:ul&(z) will have Hﬁ“ﬁﬁé"’hﬁ'ﬁié’f{ggl value.”

.

v\'ﬁ;‘,g‘gt“ﬂlg'wni ,(ﬂ%%imiso written that ¢; and ¢y
~O bavethe same _sigy: ¢ or oint P lie on
N\ the same side of cach line"provided P moves og the Bisector

of the angle contalmqaﬂf_];gaqx_ign,, Tf, However, P moves
-0 the GHHEr Bisecior, the point P_and “the ‘erigin lie on

foe _same side o ©one line and on opposite sides of the:
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The lengths of the perpendiculars from (2, ¥7) on (1)
and (2) are respectively

by o o bbb

Vot b Vap bz
Further, since the perpendiculars from the origin upon

{1) and (2) will have the same signs as ¢; and ¢y Tespectively,

the locus of P when it lies on the bisecior of the angle {\J)

containing the origin will be O

\/ | amtbhyte | ax-
Vlalg—Fblg

L 3 N
N\

a
L 3

_ / The equation to the bisector of the angle n0% Sontaining
" the origin will be o\
atbiyte | aneibyder
oy Na 2+ by? Yari by’

"o ;

lc’e" ‘The important point to be sémembered is that the
equations to the given straighitilines should be so written
that the constant terms in theém are both cither positive or
negative. ~

The student shouldverify that the two bisectors are at
right angle to each géher

Ex.1 Find( the equations to the bisectors of the
angles betwegncthe lines 3v+4y—1=0, and 1224 sy4-2=0.

Writinf)ihe equations such that the constant terms
have th{‘ same signs,

O

= 3z+4y—1=0,
o ~ 125 sy—2=0.
\ ) The equation to the bisector of the angle in which
the origin lies is

3ty —-y 1Sy

V324 42 Vi2i+ 5
ie, 990+ 77y—3=°/
_’/:
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The equation to the bisector of the other angle is
3fqy—1 | -x2r—sy—2
e Vi 5

8. 21B—27y-+23=0. N\~

]

Ex. 2. Find the centre of the inscribed circle of the

N\

triangle the equations of whose sides are 4y4-3ze50)

12y—5z=0and y—r15=0, _ Ans. (1,)8),

\/2‘8. Concurrence of three straight lines. ()
Let the equations to three given lines bc\:m:\ -

\ ¥4

@ &4by y+e =0 O vee (13
@3 &by ytes—p ‘\\ ” v {2},
and @y x-+-by y+c;;z'o":f e (3}
, Let (21, y;) be the commog\point of intersection of the
nes, )
Then, .,';;’.“'
! 2{’;—[—'61 yl‘:—cllos.
{éiél +bs ih —1—62=0,
and

O\ a; x1+b3 yl-—l—c-i:O.

g N/
Eliminatinig 2, ang Y1

\\ ‘ @ by oe |
N\ ‘
N\ ! .
\ . 42 by ¢y | =o, /
W3 i i
N/ ‘ @y 63 Cy

Q which is the

v condition for the
Tines. )

concurrence of the given

here is yet ano . A
. ther test
“Sudy the co > very effective at rimes, to

ncarrenze of three given lines.  [f three con-
SIS D5 1, v can be gy delermined that d '
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N % (o wbby yie)p (o2 a+-by ybeo) v (@ 210y y-h65)
...... {4)

vanishes identically, the lines (1), (2) end (3) will meet
in @ poind,

v The co-ordinates of the point of intersecticn of any
two of the given lines, say (2) and (3), will make the)’
expressions  ag €-Lby y--c; and @y 3485 y¢;  separately”
zero. Since the cxpression {4) vanishes for ail values'of
x and y, the co-ordinates of the point of intersectign of
(2) and (3) will also satisfy the equation \\ )

a; L5 y+¢,=0, \J

i. e,, the three iines will be concurrent. Vy

Exz. 1. Show thatthe [ines 2:1:-%-3«%1"—:0, 4% -1-3y—3 =0,
and 322y —2==0 are concurrent. AV

Ex. 9. Find the value «of & for which the lines
W —4y+5=0, 72—8yf5>=0, and 4o+ s5y+k=0
Ans

are concurrent. " . —45.
ot
\/Ex. 3. In any T{ianglc prove the concurrence of the
following : QO

g ¢ '\s,:
(1) the m{;di?}s

(2) the dtithdes

(3) the'bisectors of the angles, either 2ll internal or
two igdternal and one external

. ‘% the perpendicular bisectors of the sides.
Yy’@ " Let the sides of the triangle be

\\:‘ Uy = COS g1+ Y 5i0 o — P =0,
ii UyT=H COS ga-+y SiM as—pz=0,
’ and =% COS ag-+¥ sin ap— Py =0,
7 Let £ be any point (z, ¥) on the median through the inter-
section of ¥; =0, #a=0,

u_

N
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The perp. PP, is u, ; the perp. PPa is u,. -

2
B PP _DD_sinB N
o -ﬁ:’zl_ DDQ-— smo(?\\'\_\,-/
where DD, and DD, are perp;ﬁ’@l\culars from D upon
Uy =0 and ug—=q. OOy

The locus of P or the eggéﬁbn 1o AD is therefore

2y sin C—upsin B—o, e (1)

The equations ta{thé ;:)ther two medians are simjlarly
@s.iiib’-ug sin A=o e {(2)
and p \nA-—ul sin C=¢ e (3

E;Kddiug (09(2) and (3) the left hand sides vanish identi-
cal!y.x\Hpnce the medians are concurrent,

The student should establish the other results in a like
danner,
' ' NN 2'9..' Equation to o Straight Line in Polar
{‘; " Co~ordinates. The general equation to a straight line in

Cartesian co-ordinates is po-4 gy —1. Converting this into
polar co-ordinates,

Prcos.0+gr sin =1,

I -
or . =P 08 §+¢ sin ,

S
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which in polar co-ordinates is the most general equation
to a straight line.

We shall obtain from first principles the equation
to a straight line in the following cascs.

Case I. Ifpis the length of the perpendicular from

N

the pole upon a given straight line, o the angle which this™ -

7\ w4

e qu’ / ‘,

perpendicular makes with the)in’it'rhl line and (r, () the
co-ordinates of any movable pPoint on the line, then,

W

obviously, N

p=r F{JS’(ﬁt—a),
which is the equatiomyte the given line.
'\\uv . . . .
_ Case II. _Det 'us obtain the equation to a straight line
joining two given points.

N\

Let Q znd R be the given points with co-ordinates
(r15 B1) (2, B2) on the line @R, Let P be any point on this
line.
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Since A OQP=N0QRy AORP,
Freysin (0—61)=3 ry rasin (02—0,)+ 1 r ro sin (1 —0y),
or 7 rgsin ((y—01)+rrasin (§—82) 4 r vy sin (0, —0)=0, ~

sin (0e—0) , sin(6—0s) , sin (O:—0) _ o
NS ©
igh isthe required equation. \

W
N

r r ra

Ex. 1. Show that the equation to th ";i’rai,c;rht line
assing through the pole and making an aﬁ‘}c a with the
mitial line is § =q.
o
Ex. 2. Show that the equatiof ‘to the straight line

perpendicular to the 1inei—=c;pé.:.:(§—a)+ ecos [} is

~
!

V= —sin {f—a)—e sip.:@.’" Obtain also the equation to
the parallel through the pole.

D —tant 05 21
K Ans. () =tan i =
Ex. 3. Find the polar co-ordinates of the foot of the
perpendicular from the pole on the line joining the two
points)rr, 1) and (4, ().

'\\t}lm rirg sin (01—8.)/ \'{rlz—l-rgz—zrlri_-/cos (6,~02)1»

™

N tan-t 72608 Oz—ry cos 6,

ol : . 1 sin 81—'9'2 sin 63 :

N/ Ex. 4. Show that the equacion to the straight line
passing-through the point of intersection of the lines

o v -
-r-=A cos §+-B sin § and T=A’ cos () 4B sin # is

4ar :
=404 cos 0+ (B-+ 1 B) sin §
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EXAMPLES ON CHAPTER II

I. A stick of length [ rests against the floor, and a
wall of a room. If the stick begins to slide on the floor,
find the locus of its middle point.

2. Show that the equations of the lines which pass\,
through (x;, 7) and are inclined at an angle o with the?
line ax+by +e=0 are .\

s
£

x Y 70N
2\
! " N | =0

‘esing +bcosa bsinaix&asao‘

A\ N
3. Prove that the locus of thexgot of the perpendicular
from the origin upon the line joining the poinis (a cos ¢,
b sin ¢) and (—a sing, b cos @)y varying in any manner, 1s

2%t yf)¢:= alr? 4 byt

4. Through a fixgd,point (B, Y) -lines F1Q; and Po@
are drawn intersectidg the axes of co-ordinates respectively
in Py, ¢, and F, ,\Q«_. and making angles §; and 0» with the
axis of . Prove that the conditien that F,¢, may be
parallel to P4y is

O\ 2
2.\ tan {), tan fy=-—5--
N\ g

‘J\\" [Math. Tripos, 1909.]

%75, Ifa straight line passes through a fixed point, find
O the Tocus of the middle point of the portion of it which is
. intercepted between two given lines.

6. A variable straight line cuts off from » given
concurrent straight lines intercepts, the sum of the
reciprocals of which is constant. Show that it always
passes through a fixed point.

Hint. Use polar co-ordinutes.
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Since A 0QP=NAO0QR+ AORP,
Frrsin(0—0y)=%r, rasin Bz—8)+13 r 1o sin (§f —fs),
or 7y 7 8in (B2 —61)+r rasin (§—82)4-r 71 sin (). —f)=o,

o, S (02=0)  sin (90 , s (0,-0) _
r i o

2, )\
is the required equation. O

A’x. 1. Show that the equation to the,’ét«raig:ht line

/passing through the pole and making an anglc ¢ with the

&

N

initial lizte is f =¢.

m\J
Ex, 2. Show that the equatio{ 4o the straight line
perpendicular to theline%-:ces’t(ﬂ;a)-!—ecos f is

— =—sin (0 —a)—e sin 9 “Obtain also the equation to
the ﬁarallel through the iﬁéle.

\ . €08 y--@
i\ Ans., (=tan™i Cin

sift

7

\s..’

Ex. 3. Fl}:l the polar co-ordinates of the foot of the
perpendignlar from the pole on the line joining the two
points {r50;) and (rs, f). :

(N .
’«ém. rirg sin (f1—82)/ Vir 2+ ?’22---2‘?‘1?;2;COS (B, —8)1s

— 2008 {l—r; cos 6
ry 8in ;—r; sin @,

Ex. 4. Show that the equation to the straight line
Ppassingthrough the point of intersection of the lines

I ' )
—=Acos 0+B sin g and —Z?:A’ cos B4+ B' sin § is

Hal N '
7 =(A+R4%) cos 4+ (B4 B sin

A

" o
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EXAMPLES ON CHAPTER II
I. A stick of length [ rests against the floor, and a

wall of a room. If the stick begins to slide on the floor,
find the locus of its middle point.

2. Show that the equations of the lines which pass ()*

through (), 1) and are inclined at an angle o with the
line ax+by+c=0 are o/

T i 1IN
k W
&y ¥ 'Ij\zo

i N\
‘asing 4 bcos a bsinai{lx?&"aﬁ
O

O\
3. DProve that the locus of the fogsof the perpendicular
from the origin upon the linc joinirg the peints {(a cos ¢,
b sin ¢) and (—a sing, b cos @), BWarying in any manner, is

2(2? %) ?vﬁf;i:'—' By,

" 4. Through a fixed pofﬁt (B, 1) -lines /¢, and P.Q.
are drawn intersecting‘ihe axes of co-ordinates respectively
in Py, ¢ and I, Gkfand making angles {i; and i, with the
axis of x. Provesthat thc condition that I,{» may be
parallel 10 PO 3s

¢ 1
N tan {; tan ﬂg:---az- .
&
AN\ [Math. Tripos, 1509.]

433, If a straight line passes through a fixed point, find
w\;"‘the locus of the middle point of the portion of it which is
\ \ “intercepted between two given lines.

6. A varizble straight line cuts off from »n given
concurrent straight lines intercepts, the sum of the
reciprocals of which is constant, Show that it always
passes through a fixed point.

Ld
Hint, TUse polar co-ordinates,

N

A
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20. Given n straight fines and a fixed point O ; through
O is drawn a straight line meeting these lines in the points
By By, Ryyeu.o....Bn, and on it is taken a point R such that

_r 2”_ r O
OR _ = ORp°
p=1 ) :\“\'
show that the locus of B is a straight line. ;\”T\ ~

%

21, The Cartesian equations of the sides B“Q{@J: 4B
of a triangle are >

),
&

7N
M= aT+biy =20, ug=am-byjfPe,=o,

U= 0y by + g =0, A
- and a line is drawn through 4 pargl'fel\' to BC, prove that
1ts equation is o g}

Uy °olw ]

d =0,
(ng)lw—albaf{ S s —agdy

_ Show also that the\equation of the line through 4
bisecting the side B\Qis

: %_ ",
N \ 361—-6&163 G]_bz-——azbl T



CHAPTER:- III

i A\

CHANGE OF AXES. INVARIANTS. O\
3'1. Ckange of Origin. Ler {2, ) be the co-ordinatgsi}
of any peint P referred to rectangular axes Ox and €y

y v “\\
........... P \\
R
DM |
7 %

Let &' be the poinc (&, kj)"an'd' O'X and O'Y lines drawn
paralle]l to ©z and Uy dcspectively. Let (X, ¥) be the
co-ordinates of P re%rpéd o &'X and 0'Y as co-ordinate

axes. If then strafg«h lines are drawn parallel to these
axes, it is easily se€h that

NY z=X4h, y=Y1k

xt\"’
If the™ocus of P with respect 0 Ox and Oy be

Sz, y)y="6, the equation to the locus when the origin is
trangferred 10 O', the axes retaining their directions,
becomes f(X--h, Y4k)=o0 where X, ¥ _are_ the currept-

S

\téﬁrdinéfé's"with Teference to the new axes.

The same law of transformation will apply in the case
of oblique aXes—atsd since it is Tndepéndent of the angle
between the axes. The proof is too simple to be given.

It may be easily seen that this wransformation affects
only the first degree térms in an equation.
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32. Change of rectavgular axes without change

of origin,
'Y' <
p O
a\
N
X 3\
a ) (‘n‘
N fe x P 4 i'"
o A

Let Oz, Oy be changed to the new axe8\0X, O where
6 is the angle 20X or 4OV, Let theyeadordinates of any
point P be (2, ) reforred 1o old axe and (X, Y) referred
%0 new axes, $ :

A

Draw PN, Py perpendictg}gl.r"{o Oz, and OX and 3R,
HQ perpendicalar to Oz, azlqij:‘igiﬁf.
Then,  ON—2 BNy ON—X, Py~
Alse, \"\ LQPM =0,
Inthe triang%'\@PM,
O P@G=PH cos (.
Bui, Mpo—py ~NQ=PN—MR—y_X sin g

Herddy,
\'\\' ¥—X sin § =T cos
i\g t.e. y=X sin §+Y cos 8 e (1)
\\; ~ Also, OB cos 0=0R=0N+N# =2 4+-QM =+ ¥ sin §,
Hence, x=X cos g ~Y sin 6 e (2)

From (1) and (), or independently,
X= =z cos O-Fy sin §
Y=_2zsin 6-Fy cos 9,
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The equaton f (, ¥)=0 is transformed to
F(Xcos @—Y sin 0, X sin 4 ¥ cos ()

‘when the axes are rotated- through an angle § without
change of origin.

If the origin be transferred to (#, &) and the axes turned

through en angle §, the transformation will be given by O\

the reldiions

_,.aé'—.:&-’rX cos —¥ sin B, y=% +X sin §-+¥ cos 0;,,}.‘ ""'

T e

Ex. The equation to the locus of a point is \\

14 2 —gay -+ 11" — 442 — 58y + 71=0, &

Show that if the origin be transferred po{2; 3) and the
axes rotated through an angle tan™! 2, the €duation referred
2 ¥ X
to new axes becomes -, Foo— =L {\Y
o . 4 W M
33 Transformatiop‘cf ob?i};ilé axes to rectangular
axes with the same origin apd’;same zbscissa,

Yl RS 7
\'\\
4~
xt\n'
\:"\\~
e/ w
;j\ 0 7] N X

2\ \Let the co-ordinates of a point P be (v, ) referred to
\oblique axes OX, Oy, and (X, Y) referred to rectangular
azes O0X, OY.

If PM is drawn paraliel to Oy and P parallel to 0%,
then obviously,

X=x +Y cotw

N
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i e, : #=X—Y cot i,
and y=7Y cosec (.

Ex. 1. Obuin the length of the perpendicular from
(%1, 1) upon the line dx4+By+C=0, the axes being
inclined at an angle 1.

. Transforming from oblique axes 10 rectangular ages)
with the same origin and same abscissa, the equatign. o
the given line becomes O

AX—Y cot )+ BY cosec w+C=0, "\
or Asin g, X+ Y (B—4 cos w)+C sin\'@;xo.

The perpendicular from (x1', 11") on this 'i;3'(§ 2'5)
A 0. a1+ (54 cos 0) gy #O%in

VI4F sin® o H(B- A cosipdt] (D

% 3
Since (x, ¥) are the co-ordimites of (2, 41) referred
to new axes, \ o

. &) Z:El’—"y}f’:f':ét s
and Y1=y1".808ec
f.e., ' =8N+ 31 008 w and =y, sin .
Substituting in (iﬁ the numerator becomes
4 sin . (x, —|—y]\:\os w)+(B—4 cos )  sin w4 sin o,
i e., o (4 x4+ By + ) sin .
A\
Henr\é the required perpendicular length is
OY _UntBy10)sing
D VAL B —2 A B cos )
SEx 20 From a given point (h, k) perpendiculars are
L (Ndrawn 1o the gyes and their feet are joined, prove that
\“ihe length of the Petpendicular from (A, ) upon this
V' lineis .
— . REsin g
. N 28 cos (1_))’ :
and that its eguation ig he—~ky=1—12,  being the angle
between the axes, ¢ L s ¢
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34. 'I:ransformation of one set of oblique axes to
another with the same origin.

x4
) O\

P :”\'

P X
S
6 « o e N X

7

Let w, » be the angles between Oz, ,Qy,)and 0X,0Y
respectively and « the inclination of thic” new @ —axis
1o the old. Let the co-ordinates\of any point P be
(z, y) and (X, Y) refesred to old and new axes respectively.

Draw P@ parallel to Oyv&nd PR parallel to OY.
Then  OQ=x, PQ=yand OR=X, FR=Y.

Let PN and RM bei\"drawn perpendicular to Ox and
RS perpendicular toP¥, .

<
In the A* P.Q\:V, PRS, /PRN=w, £PR8=0"+a.
Therefore, 88 w=PN —PS-+ SN = PS+ R

N/

\\“ =Y sin (w'+a)t+X sin a,
N . : ,
‘i.r;,.’,,\\ y=X sin a4 sin (’a +w') ().
R sin v sin w

NS
«<\; " TFurther, since the inclinations of OX and OY 1o Oy
are @—oq and w—{(a +©’), we obtain as in (1),

zsin w=X sin (p—a2)3-¥ sin {w—={(atwi

i _psim(w—a) v sin fo—(zru)i
e v=X sint w +Y sin g - ()



\
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The equation # (z, 4)—o thus transforms into

M=) | psin(=p) Lsing y3ng
f(X sin ¢ Y sin ’Xsinm—r sin  /’

where o and § are the inclinations of the new axes of
@ and y to the old z—axis, Ko\
It should be nozed that the equations of transforinition
in the case of oblique and rectangular axes, Allerorigin
remaining the same, have the same form, namely,

RS AR U S

where ), Bs L'y n" are constants dep@ding upon the
conditions of transformation, N

38. The degree of an equgtiﬁn and change of axes.
In the above we haye seen that the relation between the

old and new co-ordinates in & gerleral transformation of the
axes is of the form N\

T=pX - g¥ dog i;{nd Y=p'X v Y 44,

The expressionsion the right hand sides age of the
first degree gngl jf they replace « and ¥1In any given
€quation, the e of the equation will not be raised,
The degree of \tke equation will not be lowered either,
for, if it Were so, the zapsition from the new axes to
the old will Fesult in ap equation in x and y of which the
flegreef.ﬁ}ﬂl be lower than that of the original equation

2 - . ;
o ’}'he lransformation of eo-ordinate azes therefore does

R0t affect the degree of an equation,
“\\/

36. Remova] of Xy term from ax’-2hxy- by? in
the case of rectangular axes. Since » change of origin
alone does Dot affect the second or higher degree terms
I an equation we shayp assume the origin to be fixed

and rotate the ages through an angle §. If X, ¥ are the
New co-ordinates, ' :
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=X cos —¥ sin §j,
and y=X sin #+ ¥ cos ).
Substituting in the expression ax®4-2hzy 404,

@ (X cos §=Y sin §)2+2h (X cos 3 —Y sin )
(X sin -1 ¥ cos ()4-8(X sin -1 cos 9)"‘,~

E \.
¢\
which can be written as : o\
N
{7 cos® -2k sin f cos §-1 b sin? fI} X N

—2 {{a—b) sin § cos ) —h (cos? f — sin‘e,\r;i} XY
= (a sin® § —2k sin § cos Ktbcos? ) Y2
The term in XY disappears if 'x?\\';
(a—8) sin ) cos ff —h ge's:;é fi=o,
., o\ e 2 h
i.e., if N tan2f= P

%
- O
e

Since a real value of is always possible, the ages
can be so chosen as to @ducc the expression aa? 4 zhey +-by?
1o thg form AXJTBI‘:‘L '

If the expresﬁ'}n ax®+2hry+by® 1s a perfect square,
8.¢., if A?=ab,totation through the above angle will also
meke either/the coefficient of y2—o0, or the coefficient
of ¥ 3=9,\: Ahe proof is left as an exercise to the reader.

”\s;
»” Invariants. If any change of axes transforms
&%‘ﬁ' hzy+by® 1nte a’X2+2h XY +b'Y?, then

»\3 atb—2bcosw  a'4-b'—2k cos '
) sin? o - sin? '
nd ey
sin? ¢ 7 sin? e’ 7

where » and w’ are the angles of inclinaticn of the old
#nd new sets of axes.
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Obviously the origin will be the same for the two sets of
axes. Let (x, ) be the co-ordinates of any point p
referred to old axes and (X, ¥) the co-ordinates of the
same point referred to new axes.

Since the distance OP is independent of the chojce
of azes,

-y 23y cos 1 is changed into X2+ Y24 2X¥ cos ‘a; '\\

Also; by suppo'sition, (‘.'};'

az*4-2hay 1-by? is changed into o’ X* +zk'Xfi\4§'b'Yﬂ.

Therefore, axz-}—zﬁxyT'bygﬂ—)‘ (x2+y2+2a}y cos o) will
be changed into Y,

XM XY LB Vi) (X2h Phg 2 X T cos 0

where ). is any constant. AV

Since the transformation ,réléﬁ;n is of the form
=) X+n ¥, Y=AX+u"Y, any value of ). which makes

one of the above CXpressions.a perfect square will also make
the other a perfect square®)S

The first expresgigm,\s a perfect square if

(@HOAXI2 (42, cos 9)—o e (D),
and the secondyis’a perfect squate if
AS
(@ B0 30— 4 2, cos wPao - (2).

NV .
F:q\ganons (1) and (2) in 3, mmst be the same.

~Rearranging erms in (1) and (2),

'e) )
~ 12 sin?o - (-t be 27 cos wi+tab—A2=o, .. (3),
and 32 8020 (g’ b’ — 23’ 0sw) hta'd —h2og .. {4)

) *_If the first expression as g perfect souare is (Pr= Qi)
At will be changed into {P(}.X—}~p F)eQOU X L e
“es 1nto (P'X Q'Y which is also a perfect square,
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Comparing coeflicients in (3} and (4);

ath—z2hcosw _ a'+b —2k cos w’

— e = (5)
sin? w sin? o
ab—ht alh —n 6)
and e sy e (B) AL
5 e
. ag-+b—2h cos ab— " +N
The expressions ———i  — and -, - ared™

sin® w sin? o O
called invariants for their valucs are indcpendent:trﬂthc
transformation of axes, >

a\
Corollary. If any change of rectangulur ~Q%ey converts

aw? - 2hay-+by? into @’ X242’ XY 0" Y2, thenll

, \0'
a4-b=a’"}-D, .\’ .:\

and ab—hI=g'b’ —?p:“—»' »

7

This follows from (s) and (6) on.putting ©—u'=mr/2.

EXAMPLES ON~CHAPTER 111

1. The co-ordinatesaf Py point referred to two sets of
rectangular axes with the‘same origin arc {x, ¢) and (X, ¥).
If uetey where,wland » are independent of z andy
becomes OX - [ hen

NS out| B = e,

2. If gh¢“system of oblique axes be transformed to
anoﬂler"s\y}tém according to the formula
’\i../ r=mr'fny, y=m'a'+a'y,
the}g}rigin being the same, then prove that
”\:\' ’ nwn’ (P2 1) =mm’ (i 4-n"2—1).
3. Usc transformation of co-ordinates (two dimen-
sional and rectangular) to establish the following reciprocal
relation between algebra and geometry :—

(@) Every first degree equation represents & iine.
{5) The equation of any linc is of first degree.
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4. Show that in the transformation of the equation
ax2+2?¢:z:y+by3+zgx--§-2fy+c =g

from one set of rectangular axzs to another, the quantities
(2+5) and (ub—42) remain uynaltered.

3. Show that if th= linas 4r—3y-+2—=0 and :
374y —1=0 be taken as the axes of X and Y,: AGe
equation S\

L 3

165~ 242y + 9y — 1047 172444 =0
transforms to ¥*=8X, the original axes being Q*e:%’angu[ar.

6. Prove that the value of g+ f* din\the equstion
ax®+2hay+-byt L ogr 12 fyr L o—o remaindy " unaffected by
orthogonal transformation without changeéof origin.

Hiat. The first degree termiin the transformed
equation are 2 (g cos () - f sin 0) X2 (fcos ) —gsinf) ¥
+¢. Square and add the coeffSrof X and Y.

7. Prove that the tramifdrmation of rectangular axes
- Xy,
which convergs = —~~'—---—g— into ax? - 2hvy4-by? will convert

» &
S I
O P— q—A
into N 2heyLby 3, (ab— ) (a2 L)
¢ 0\ w I— (G—I‘b) s ]_ (ﬂb — ]‘2} 2.2
"\ W

\J I |1 I
nt- ._ﬁ-___‘-_l _b- ———=pnh 5"
QH p g T =R

al
NS

D7 Now, XL T gXerpyey (xen ¥4

"\
\\. N

CPTR g—2 Pg—) (prgFar
Divide ab o X2 73
1vide above and below by Pq ; Substitute for <> 4.
P

s

q
I 1

I
0 p F . and get the resu]t.



CHAPTER IV

PAIRS OF STRAIGHT LINES
T ITI e ey N

T . oA
41, Eguaticn ef a peir of stroight lnes. Ay
chapter 11 we have scen that the genesal cquation Nef
first degree in = and i represcnts @ straight line. Let us
consider what focus is represented by the equation':x
-~ N
(At By-=- Y2+ By} 0N =0 \/ (i
YEquation (1) is obviously satisficd byj‘zhe ca-ordinates
of all points which lic on onc or other ofGHE lines

N\

Ry -C=p,\)
and Ao+ Byt Q5o
and it cccordingly represemtd the sbove puir of straight Tines,

If the two factor§on the left hand side of (1) are
multiplied togethe{,'\ﬁw’ get an equation of the form
T s

} gzt 2hay- byt +2ga-2fy -Le—0, 1

where the,Va:lﬁés of a, b, e, f, g, & are easily calculgble in
terms 0ﬁ;>1, B, C, 4, I, ", This_is the most general
equaliQr.ef the sccond degree and will represefit™ a altof
straight lines provided the cxpression e+ 2fivy byt 2w
+8f/FETA be cxpresied’ ) o ling

d as the produci of two linear

R L S— [

A

Y 41}, Pair of lines threugh the Origin. The
equation aa’+zhey-l-by*=c, which is a Aomogencons
equation  of the sccond degree, represenis a pair of
straight lines passing through the origin for all values of
¢, b, and b,
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For, solving for «,

—h - hi—ab

@

]

and the two lines represented by the hemogeneous equatign

of the second degree are RN
- _ :"\. -
ax+ (A+ hE—ab)y =o, s
s N
and ax+-{(h— W —abyy—o. K7, \

\
e 'f‘ue lines are real and distinct, commdent, or imaginary
according as A%> =or < ab,

& \ J
42, Homorencons Equation af \he nth. degree. We
shall prove that the equation Q O
Ay 4 Byl L OJ“‘sz—l. \ +Kxyn=g (1)

in which the degree of each term is » and which is
accordingly called a« {hemogeneous equation of the nth

degree, represents\»«zg\stralght lines cach of which passes
through the ong\l\‘ ’

Dzvn:hng ea;:h term in (1) by a»,
Y+ o (1Y

\\Tlus Is an equation of the wth degree in —x- and will

‘o

\ ./ have n roots which may be denoted by my, ma...ma.
\)

It should then be possible to write the equation as

A (Gmm) (L) (L m)—,

or A (y__mlx) (y_mﬁs)u--...-.(y'—'m”x)zo_
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Therefore (1) is the locus of peints lying on one or
other of the = straight lines

Y= =0, HY—WMaXT=0y.00e0.y ¥—Wp&—0.

Each of the above lines obviously passes through the | 2\
origin. N

The student familiar with the theory of equations will easﬂ{g\“:x
fae that these n lines are not neecessarily real and distinet. L 4 }

4 b 3
..~ 43 Angle between the lines ax?-2Zhxy - hy*=0.
Ler the equations to the two lines represented\by'\'\'"
3O

- (D

ax?- - 2hry—by? =0

b
be y=me and y=—mpx. ’:’,\\“
&
Then, (y—ms1) (o))"
or mymart — (mi-+mA) SY+yt=0
is the same as (1), N
Comparing coefficicnts sy
Myt g I
“ \*\, A
\ “
Ience, N myy= ——,
ON b
PN\Y; 5
and ml—ﬁ-ﬂ?z:_i.
:"\(. f

No/
I B 'be the angle between the given straight lines,
N I et I L G ) e T

4
Q“ I+m1m2 - I-+mqme o
Substituting for mm, and #, +my,

tan § A (422 —64{11’)) :
. -} 2+v(h*—gb)
R =t T M IV ¥
8 an g atbh ; .

e s —
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If atb=0,the lines are perpendicular, and if Bi=ab,
the Tines are cotncident. P e o

sz

Y (Angle between the pair of lines ax®tzhay

+by* =0, the axes being inclined at an angle w.

&N\
Let the equation to the lines become O\
r "\
a'ai 32k ay-byt=0 D
when transformed to rectangular axes. O

If {} be the angle between the lines,

2N g h
1an 9 = __ 7. AN/
o D

W

/

By invariants,

P—ab  h7—qiph

et

2\ -
- NN @b -2k cos—
ang ¢80 =2k cos,4 ) 2

SinfeN T T o
N\ smz?
.'\”'i;"’ 2 ab ‘i"b A
. ¢ — a-+b—2h cos w
.6, hAaeb cr. sand o/ ph s ST O
A& sin? g sin® w

a-+b—2h cos o

:E@: tan f— 28w ‘r}LZ;‘IbT\

...\° N —

\3

If the lines are perpendicular,
a+b—2h cos =0,
Ex. 1. Prove that for all values of the angle between
the lines (@+4-2hm--bm?) a?-f o [(¢=~a)m—(m?—1) hlxy
+(am?—2km-+-b) 4% =0 is the same,

[Math, Tripos]
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Ex. 2. Ifthe distance of a given point (p, g) from
each of two strajght lines through the origin is &, prove
that the equation of the straight lincs is

(py— g =G
Ex. 3. Prove that the equation of the straight lines

which pass through the origin and make an angle z with O\

),
N\

the straight line x+y=0 is A\
’\“l
x?+2zylsec 2 g byt=c, ,.jj.'\
S
. Ex 4 Show that the two straight lines '\\

W7\
éd

2% (tan? {} +-cos? ) —2xy tan -}y sin®\Pe2o
make with the axis of x angles «, f such thajb\\?
tan g = tan B:z.,”,\v

Ex. 5. Prove that bx2~z!(xy,j§r}%'2:o represents two
straight lines at right angles respectively to the straight
lines aa? i-2hxy+by?=o. oY

Ex. §. Find the conditi(;ﬁ:’that one of the two lines
ax? —hg’?}}yﬁ—byz =0
may be pcrpendicq[ﬁx\o' ane of the lines
X tf”;{fiil—zfc’xy—;—b'ygzo,
Ans. 4 (ak'-hb') (ha'-+BR")4- (a0’ —bb" Y =0,
o~

» Ex. i Prove that the product of the perpendiculars
from the’ point (z', ') on the lines aa?-}2huy-+by?=0 is

N

equab o .
Q" a4 ety iy
VN(g—~b) EDT

" Ex. 8. Show that if one of the straight lines given
by the equation
aa? L 2hxy byt =0
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coincides with one of those given by
a'v?+2h' ey by = 0,
then  (ab' ~ab) 14 (ak’ —ha') (b’ —b'h)—=o.

Hint. If y=max is the common straight linc, then

e+-2km+bmi=0 and o’ 4 28'm--b'mt=o0. Eliminate'ay
NS

E 4

4'4. Equation to the bisectors of angies:ﬁgﬁveen

the Yines ax?*--Zhxy--by*=1.

Let 0; and\ds be the angles which the lines represented
by the equation aa®t2hay-+by?=0 make with the axis
of 2. ThaSlopes of the lines are then tan §; and ten O
and we bave

£ )

{\ tan (;--tan §;= ——?: , tan §) tan 92:3 S

K\ ! 5
A~ Let the dotted linesin the figure bisect the angles
\/ Dbetween the lines. Iffis the angle which one of the

bisectors makes with the #— axis, then

. f2—0, T Ba—8
9_91+-———2 or — -%-ﬂri-—z -2
.8,y 20=0118a or w1+ (01462 P

In either case, therefore, tan 20 =tan (0, + 02).
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Also, if (way) be theco-ordinates of any peint on the
bisector making an angle § with - axis,

2
tan 9:-'—’1,
x
&N\
_tanf;+tanfe  2tanf _ 2y
I—tan #, tan {ia T I—1tan® 0 xg_yg 3 r:\t\.

; 2k 2wy O
. e, bma T Ay ~\

Hence the equation 1o the bisectors of the anflés between
the lines az®+-2hay byt =0 is \V

oyl _my N
a—b k(¢

D \®
., Ex. 1. Show thar the bisectdry of the angles between

the lines _ RN
(A Byy'=3g) (By— Azt

are respectively paraligl “and perpendicular to the line
Azt By+C=op. Q

" Ex. 2. Provie\’%i\ia{ the straight lines
G+ 2hay+ byt A (2% =0
have the sghie’ pair of bisectors. Interpret the case
N
}"\'s. )‘:‘—(a"‘]"b).
& .
«\Ex. 3. Show that the angle between one of the lines
o~given by ax?-+2hay+By? =0 and one of the lines
D) a2~ 2hay by x (@ +yt)=0

is equal to the angle between the other two lines of the
system.

Ex. 4. If pairs of straight lines
2 —2pry—yt=0 and 2% —2gry—yt =0
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be such that each pair bisects the angles between the
other pair, prove that p g= —1.

. Ex. 5. Prove that the pair of lines
@tz 2h(a Bay iyt =0 .
is equally inclined to the pair of lines aa?~ 2hay + by —h

Ex. 6. Show that the equation of the bisqctﬁ;r; of
the angles between the lines aa’ 4-2hay+by* =0 ig)
N
ax-Hhy ha by N/
. T
|

P xSl

I @4y cos vy cos @

N AN
the axes being inclined at an angle S

45. Condition that the'jéié‘heral equation ¢f the
second degree should repredeht a pair of straight lines.

~ ¢

ILet the equation

o+ 2hay 4byi - 2ga -+ 2fy o =0 e (D

Tepresent a pair of straight lines and let (»y, 3;) be the
point of 1ntc;'§£:ction of the lines.

) Ifthailpngm 1s transferred to (x, y), the axes remain-
Ing parallel to their original directions, equation (I}
transfarms into

"\

AN @ b ah (T (F )6 (¥ 4y

e

~\J ' +29 (X+a)+2f (Y +1)+o=0,
Vo1 aX R XY b Y 2(am +hyy+g) Xk 2(har by +-HT
tazttohey g+ byt togm o to=0 ... (2)-

Since equation (2) represents a paiv of straight lines
passing through the origin for the new set of axes, it must

be a  homogeneous equation of the second degree in
Xand ¥,
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Hence the coefficients of X and ¥ and the constant
term in (2) must szparately vanish,

Thus,
azr;+hy+g5=0 vee (2)
Ry -k by 4+ f =0 e (3l
O
axy F2ha by Foget2fin e =0 (4,5

Multiplying (1) by =1, (2) by ¥, adding, and sub;racnng
the resul: from (3),

gz te =o ,...,:\\3-- (5).
N R e 4
Eliminating %;, 1 from (2}, (3) and (5),\ \
! a h g ) X;\ w
| b
kb f -l‘ =0,
g f.8 &
which is the condition that equatmn (1) should represent
a pair of straight lines.

Expanding the ab‘&vc determinant, the condition that

the general equm.xgof the second degree should represent
two straight lines

abc-J-ngh —af?— bg —ch?=19

ot

Coxoi}ary The co- ordmates of the point of intersec-
tion ‘of the stralght lines represented by the equation
N\

. \ &% 2hay-+byt-2gr+2fy +e=0

»\ are obtamed by solving for x; and y; the equations
axy Ay +g=0
hay by 4+ f =0,

_hf-——bg = gh—af
ab— 3% > 91T gb—pt "

Hence, =

N\
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If ab—h*=o0, the point of intersection shifts to infinity
and the lines become parallel.

The above method fails when the point of intersection
of the lines les at infinity. We may then proceed, as\
follows :

The equation N\
N
lmz—[—233-23_‘9'-++if?g,rz+2g,1:z:—|—zn;“g,:—|-c:0 M

represents a pair of straight lines if the expression on the
left can be broken up into two linear factorg ©f\the type

let-my-+n and Vo4-m'ydapl,

We then have ¢ Y _
a2t ahay +byt +2g5-F2fy Fe= (g Pmy+n) Uz +m'y +n'),
which gives o\ D

I'=a, mm’'=b, pﬁ:": ¢y Im' Lml' —=2h,
ln’+nl’=zg,fm’+nm’=2f. .
Multiplying tyq@ast three results together,
200 man m I (e ™) ! (A2 -T2
oo (B 1) =8,
which zédfices to
. %%g( 2b2)--b (49" —2a0)+ ¢ (4h*—20b) = 8fgh,
k:—;’i\bq«/ abo+2fgh—aft — byt —chi=—o.
W@‘}J E\x\f Prove that the general equation
@)\“‘\3\:} _ aa?+ 2hay -+ byd | 292 ‘afyte=o0
Iepresents two parallel straight lines if A2 =ab and bg*=af?.

Prove also that the distance between them is

2 ¥g*~ac)
Na(a-+b)
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Substituting %= ab in the general equation,
axt 42 Jabuy+byt 4 2gv+-2fy4e=o,

or (zda+y¥by +2(gz+fy) +e=o,
which will represent two straight lines obviously QO
if gr+fy=).(xvatyb) KoY
i e, if g=iva, f=n+b. e ‘:;,\ i
i:_, 3.3 if 1 —_— !:I? = - 'fc.._ " (’v.‘.

Ve ~b D

&/

i, e, if i=af?, \:;“\\
and the equation to the straight lines becomes \ )

2 x'\ 4
(w~a--y-b)3 4 '_ﬁ\'rg -(eNa+yb) L&

NN

The two lines are therefore QO
xvatyb= _f_?i*_\'y N ae
o
.f};’ Tz“—_ac
or xw‘ﬂﬁ-yx'b—iw\»f . ’:i’— =0 e (1)
':\s.} — [_E_ .
and z e, +})\}’b + 7 --‘-jd----— %o e (2)

The lines a.rg(:&i[i:wiously parallel. To determine the
distance betvqe.gn: them take any point (z, ) on one of
them, say ()" The perpendicular from this point
on (1) is ,\\w'

A\ v2 (zva+yvd)}-Lg+ \'Q‘é—-i

2%

”\’\:' , e (a+Dd)
NSince (=, 1) lies on (2),
va (zvatyvb)+g= g —ac,
Hence the distance between the lines is -
24" —-a0)
va@@+8
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4'6. Sufficiency of the Cendition. Wec have scen
that if the equation aa?+ 2hay+hy? Loga ! 2fyt o0 repre-
sents two straight lines,

i ¢« h g ;' O
A='h b f =o Oy

. ! '\

lg f ¢ "

80 that A =0 is the necessary condition thatPthe” general
equation of the second degree 5hould~_~}epresc_n_t twio
straight lines. We shall show thars this condition is

sufficient also, N
If A=0,we can find 2, and.f;'to satisfy the three
linearly dependent equations PN

0z +hyd g =o
hﬂ’l,*F‘;i’;’;f;‘f"fzo
e =0 _
If the origin is‘go\&* transferred to (z,, ¥} as determined

by any two ofithe™above equations, the general egjuation
of the second deégree is scen to reduce 1o

Q7 X XY 4 by ao,
whiciig the ¢quation to 2 pair of straight lines.
.;;Q:Qo
»{{\47 -Angle between the lines represented by the
m,/l;gquation ax’-’r2h-:vy-{—by2—|-2gx—:2fy—{—c:o.

~O If the origin is transferred to the point of intersection
\/  of the lines, the equation reduces to

aX?42pX ¥ 45 Y2 —p,

The lines aa? |- 2hay by 29w+ 2fy {-c=o0 are thercfore
parallel to the pair of lines

az? - 2hay+ byt —o
through the origin,
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The angle between the lines is then

o 2V 7

ta
at+bh )

The lines are therefore parallel if k2 =ab, and perpendi-
cular if e-Hb=0c,

Alliter. If the lines represented by e
axt - 2hay— byt 2gx-t2fyto=0 \
be Azx+By+C=0, and A’a:--}-B'y-{-(}.":’s:\::
we have (4z+4 By-+C) (A'z--B'y+ C’)x,z{lq;(arcﬂ S2hxy
b gt afyte),
so that (Az+By) (L'x+ B'y) f—*}; ia:}g+2ia.xy4—by2).

Hence the lines reprcsentedzﬁév‘&mz—:_-zhxy‘Tb-yz=o are
Az pBy=o0 and A'z+ B'y=ag, ‘Which arc parallel to the
lines represcnted by the, general equation of the second

degree. :m’\"\
The angle between, the lines is thercfore

\J 2 —
Gt {2 W 1
8 / .

O atb 5
R
Exs\lg’Sb.ow that the equation
J;Q 3?4 1oxy -+ 8yt + 140t 22+ 15=0

¢

,..\{aﬁesents two straight lines intersecting at an angle
\Aan
Ex. 2. Find ) in order that the equation
ATy 4P 5T —TY+6==0

may represent two straight lines, Write down the equations

to the lines paralle] to these and passing through the point

{1, 1}.
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\/

Ythe points of intersection
() Eeneous equation of the second degree satisfied by the
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Ans. g, 20 5 aptq 5TY+24 ~gx —9y+g=g,
3%+ 10zy 4 3% - 162 — 16y--16=q,
Ex. 3. 15 Azt 2hy L byt 29 4-2fy+ec=0 represent

a pair of straight lines meersecting in (zy, ), then the

equation to the lineg bisecting the angles between thein
will be (™,

Y e e S (g &

a=b B3N

Ex. 4. Show that the four lines given bj"‘hl\e equations

288+ 3wy — 292 = 0 and 2x2—|—3xy—-xgg€:{-3x—!—y—:r-1xo
form a square. L

4'8. Equation to the lines jpi;zi;:g the origin to the

Points of intersection of a given straight line and a
given curve of the second deégree.

The equation A\

ax2+2h¢z:{-by2—,'~2gx+2fy+c=o e (D)

Tepresents 4 conidusection of which the straight line pair
Is a special casel, _

Let thp;ééﬁation to the given line be
N lx4-my—1 e (2

N\ )
(I\will intersect (1) in two points.  The equation
W the  straight  Jipes Passing through the origin and

i of (1) and (2) will be 2 homo-

co-ordinates of commeon points of (1) and (2).

Let yg therefy

e use (2) 10 make (1) homogenecus.
We get,

b2y by a1 gy Getmy)te (Gotmyyr=o
-3
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The general values of « and y which satisfy (2}, reduce
{3) to the equation (1) of the given curve. Hence the
straight lines represented by (3) pass through the points
of intersectdon of (1) and (2).

Corollary. The equation to the n straight lines
joining the origin to the points of intersection of a curve
of the nth degree and a straight line is obtained by

making the equation of the curve homogeneous with the

heip of the equation of the straight line,

Ex. 1. Show that the straight lines ioiniug the ogigi’ﬁ«.

to the points of intersection of the line z4-2y—3=g /and
the circle a?+y°—2¢~2y=o0 are at right angles\1o one
another. ’

sty o)
"
Muking the equation a?+3*—2r—2p=s6¢ homogeneous
with the help of this, we get -

Let us write x-+2y ~3=0 as

R

ot gt —. z(xiy}_(gﬁ;] =

0,
O
or %Gy —yt=o0,

Since the sum of thg'Ct;\eﬂicients of 2 and 3* is zero,
the lines are at right ’ﬁ\ngles.

Ex. 2. Prove that the angle berween the straight lines
joining the ozigiy to the intersection of the straight line
y=3e+2 wi.ql,,‘the curve a?-2xy+ 3yt 428y —11=0
is tan? (§A2)

Ex,(3} Obtain the equation to the pair of straight
lines4joining (k, k) to the points of intersection of the
cufve az?--by? =1 with the line axh+byk=1.

N\ ) Find the locus of (%, &) if the angle between the lines
be T.
2
Ans.  (ax?4-by?—1) (@l Dk2 — 1) =(aah+-byk —1)* 3
ab (274 y2)=a+b.

2 AN
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Ex. 4. Show that the straight lines joining the

origin
to the points of intersection of the two curves

az?+ 2hzy+ by*+ 29w =0,

and R N\
will be at right angles to one another, if O\
g (atb)y=gla'~b"). O

Ny

Ex. 5. Show that all chords of the curve .
37— 3 — 204 qy=0 ~.~:\\'
which subtend a right angle at the origit pass through a
fixed point, N
ANy
EXAMPLES ON GHAPTER IV
. Ifaand b are posipi\& numbers, for what range
of values of % can a real A be Tound such that the equation
ax24- z)kxy:k‘?%yz dak () +1=0
Tepresents a pair offints. [Math. Tripos.]
)
2, Show that the straight lines
(qf&%,gbz) xz+-8abxy—|—(b?-—3uz) y=0
form with‘the line ax-ty4-c=0 an equilateral triangle of

$

. o
® @ Fo533
\ 3. The two equations
~O @+ 2hay+byd+-2gr L 2fy oo,

A\ _ ax2+2hmy+byz—zg9:—2fy+c=o‘
are cach assumed o define a pair of straight lines,

Prove that these four lipes enclose a
20
JhE b _ [Manchester.]

parallelogram of
area
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. \/4 If the lines
ax? - 2hay 1-byt=0
be two sides of a parallelogram and the line Ir4+my=1

be one of its diagonals, show that the equation of the other
diagonal is

y (Bl—lhmy=u (am—hi). O\
8. A parallelogram is formed by the lines Y O
’ ax?-2hay +by>=o0, N

and the lines through (p, ¢) parallel to them. P'roﬁlz"t'hat
the equation of the diagonal which does npot pass,through
the origin is O

(01 (ap )+ @y—0) (g pB)2o.
Show alse that the area of the parglfélo?g}am is
arts2ipgigeS
24h—aby, [U.P.C.8]
Eint. The straight lings I;érallel 10
8, =aa’ —1~\2’1€;Q;+by’=o
through (p, gy are
$&8" (v=pt2h(e—p) (v~ Hby—gF=o.
The rqgu}:cd equation is §; —8;=0.
&, \'Qfx”\iw ne drawn through a fizxed point (&, k)

cuisthe i +2ray+-qy*=oat A and B. Show that
) ”jht’.\:middle P of AF lies on the curve

\ ) px%\»zrxy gyt =h{pr-try) HE(retqy).

7. I ax?dohay-s by Laget-2fyd-c=0 represent a
pair of straight lines, prove that the square of the distance
of their point of intersection from the origin is

¢ (@+b) - fig?
ab—h? ’
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Show also that the lines are  cquidistant from the

origin if
Jt=gh=c(bfz— g0,

What will be the distance of the point of intersection
from the origin if the lines are at right angles o oné
another ? A

¢\

/ 8 1If a,x2+2k:cy+by3+zg-v—f—z_[g+cmo represent

pair of lines, prove that the area of the triangle formed
by their bisectors and the axis of  is Y

V@R wg LC
E R A

Hint. The equation to the bisec;@’pﬂ\i'é

B () ) (g
t—& ) h ?

where (z;, ¥,) is the pt. of in:cezféection
If o, B be the abscissae §f the points in which they meet

the ¥—axis, q, § will be the roots of the equation

=0,

S o R TP,
G% _+__I__ﬁ__1__

W ;

3

\5,0’
from which '(a\_xl)_:r(g 1331):__._9L%:b)_.

NG a—) (B — g
N (A~ BT 132
@s-g =# ¥ Ebl 4k -« The area of the triangle
O .
' % Nla—byy g
2A -

\/ % If the €quation et ahay 4 by*+ 22+ 2fy+c=o
TEPIESENLS two straight lines, prove that the product of the

lengths of the Perpendiculars from the origin on these
straight lines {5 -



PAIRS OF STRAIGHT LINES 79

/ 10. 1f 7, po be the perpendiculars from (2, ) on the
straight lines ax®-- 2hwy 1 by* =0, prove that

(P4 )i (@— b)Y 4h* = 2{a — b)(aa® —byf)
+ ghia+ by + 452 (224 3%).

11. A peint moves so that the distance between the
feet of the perpendiculars from it on te the lines -

O\
ax® -+ 2hay+byt =0 O
is a constant 2k, Show that the equation of its locus is”}'«:
(a4 ) — ab) =] (a— by 4it) L
12. A wiangle has the lines ax2+2ha:y-{: bézr—o for

two of its sides and the point (@, 7) for ort}lQCﬁntrc. Prove
that the third side 1s RS

__ (a+b)(pz+qy) =ap’- 28pgt bpt
5’13 Find the area of the ,;r’i}iﬁgle, the cquations of
whose sides are AN\
a0+ byt e, r=1,2, 3
Deduce that the ared\ bf the triangle formed by the
lings aa?--2kxy+h2Ev'and lxS-my+n=0 is
4 \’t' —
N N\ n*\RE — ab
¢ > am? - 2hlm- bI?
14, P,rc(v.e‘ that the equation,
\:@»‘F 2l Bt —2(a—b)ay - ‘@—2h-+ by =0
KA . . . o1
denbfes a pair of straight lines cach inclined at an angle
of45° 10 one or the other of the lines given by
NN ".:
V aa? 4 2hay byt =0,

15. The base of a triangle passes through a fixed
point ( £, ¢) and its sides are respectively bisected at right
angles by the lines aa®-2hey-+ty*=o. Prove that the
locus of its vertex is

{a-+b){a? + 12)+25( fy+gx )+(a*b)_( fr—gy )=o.
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16, If v=arfL2hey+by? +age 2fy~+e¢==0 represents
a pair of straight lines, prove that the cquation of the
third pair of straight lines passing throngh the points
where these meet the axes is

cutg (fg—ch Yey—o. 2\

17. The orthocentre of the trisngle formed by (the

tines az?+2hay+-by? 20 and Izt my—=1 is (x', 3"}, Show
P N A7
that - &'fT=y//m~ am®—2klm4- &2 A0
- 18, If two of the lines given by \::\\\’
0%+ 3baty  3ean? L dyS 9
. 2\
are at right angles, show that ¥

0-i- 300+ 3bd-dhard,
Hint. If y=mx be ons:figf the lines given by the
cauanon, a4-shm-t3emi4dwf—0, Find the condition
that the product of two ofithe roots is equal to - .

19.  Show that t#e of the straight lines represented
by the equation \DQ’& £

qa?\l- bady+ cadye Fdryt-feyi—c
will be at ri%@tﬁnglcs if
xt\i(ﬁﬁ—d)(ad-i“ be)+(a—e)2a-tete) =0,
"\§~

-4

OO

=
N\

'"\ No
N/



CHAPTER V

THE GENERAL EQUATION OoF THE SECOND DEGREE
5-1. The Conic Section. If a cone having a circulap~\

base (not necessarily right) is cut by a plane, the section™
is one of the five curves viz. a pair of straight lines,“a
circle, a parabola, an ellipse or a hyperbola, The {3hape
of the section depends upon the position of theeutting
plane, for example, the section by a plane theough the
vertex will be a pair of straight lines and the $mon by a
piane parallel to the base will be a circle./2If the plane
neither passes through the vertex nor js\parallel to the
base the section will be one of the eurves—parabola,

ellipse or hyperbola. )

The above five curves are for, this reason called the
conic sections. They all share,what is called the focus—
directrix property. That isjSeach one of them is the
locus of a point which meyés'such that its distance from a
fized point bears a constapt ratio to its distance from a
fizxed siraight line, %c” fixed point is called the focus,
the fixed line the \divectrix, and the constant ratio the
eccentricity whigh\is'denoted by the letter “’. ‘The conic*
is an ellipse, 'paribola or hyperbola according as e<1
==I or > 1. yfThe pair of straight lines and the circle are
Limiting cases-of the parabola and the ellipse respectively,
The pag{%oia too is a limiting case of the ellipse.

&'2 Equation to a Conic Section. We shall show
Ahatevery conic section is represented by an equation of
the second degree.

We have seen in the preceding chapter that a pair of
straight lines is represented by an equation of the form

az®4 2hzy+by Lagrt2fy--c=o0

* Conie SBeetion is briefly written ae conic,
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We shall sec in the next chapter that the same equation
xepresents a circle ynder a different sei of conditions,

If the section be an elipse, or parabola, or hyperbola

let e be the eccentricity, (A, k) the co-ordinaies of the ~

focus and Az+By+C=0 the equation of the directrix
referred to rectangular axes in the plane of the sectjgty,
The distances of any point (x,4) on the curve udder
consideration from the focus and the directrix./are

respectively N
_— Ax+-By-.¢ ¥
VE—AZL(y—k)? and TETPYET
( ) +(y ) I \,szi_Bz }
Hence , ::\\:
(Ax By Oy
(=R +(y—ky= 6’—;}1;—? g e (O
which is an equation of the seeorid degree of the form
ax2+2hxy+bzi';ijzgx+2fy+c-=o e {2)s

and whick represents, the equation to a conic section.

If the axes wefeinclined at an angle w, instead of (1) |
we would hau_r_e,vw;G ' e w

:(:{s;—'fa)a-{—(y—k}z-kz (x~h) (y—k) cos w

RIS 2 (A By L )2 sin?

L) T A il By Sl

- \\ (424 B2 —248 cos ) ?
Which again is an equation of the second degree of the
L () same form as (2), :
Vo we shall prove the converse proposition, namely,
that an equation of the second degree always represents
8 Comic section, in a later chapter after the standard
. £quations to the circle, parabola, ellipse and the hyperbola
ve been discussed.  We may state here for the benefit
of ‘the student that the stapdard €quation to the cirele
8 2ty*=a?, the standard equation to the parabole is
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[E—

2 v
* = 4az, the standard equation to the ellipse isi;-- + —g;,-,.:gg,

2
and the standard equation to the kyperbola is g‘% =1

where ¢ and & have assigned values. The student may A
now realise that a suitable transformation of co-ordinafe LW
axes will reduce the general equation of the second )

degree to one or other of the standard forms. AN

We now proceed to obtain certain equations.tih.icﬁ
are equally applicable to all conics and as easy to~deduce
for the general equations as for the standard onés\v

53. Intersection of a line and a conic, ’ﬁ%ﬁe equation
to the line passing through the point P, (#%,%), is '
ems’ _y—y O
B\ .
where I and m are constants;{d’é‘pending only on the
direction of ‘the line and 4S5 the algebraical distanée
of P, i.e., distance with proper sign, from (, ¥).

The co-ordinates al and % of any point on the line
are thus expressible as\

or=¢' +lr, y=y +mr
A\

To find where (1) meets the conic
S=art2hay by 42921 2fy+c=o0
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we substitute for 2 and y their values in terms of &', /',
<4 mandr. We then get

&I f - 2h (24 1) (¢ +mr)+ b (- mryt o 2p(el -1 19)

' +2f (%' +mr) e =op\
or ot (el 2him-+bm?) 4 27 {(ax’ Ry 4 g}t O\
: Oty +fymi+ S =0. (O (2),

where 8 =ar'ttahey’ +by' 4 2gn’ L2 ff T,
- ¢*0
Equation (2) is of second degree in » ~é‘n\d accordingly
gives two.values of r which may be xeal and distinct,
Jit:al and, coincident or imaginary ~depending upon the

ocation of P with respect to the{conic and the direction
of the line, \®

& Every straight line thereforé\outs a conic in fuo points,

_ To the student famiiiér with Calculus equation (2)
48 rather simpler to deduce. For, if §= f (x, ),

£ @i tbmn =1 &, gy (1 om )
&

3 Y ¥y

¢ X
whichitvmediately gives (2).
4 "\ W

'Nﬁlaginary points play as important a role in Analytical
wGeometry as the imaginary numbers do in other branches
(SVOf Mathematics,  To the student of pure geometry a line
"\ in the plane of a conic either meets it or does mot meet
N In Analytical Geometry we are compelled 1o say that

any line in the plane of a copic meets it in two points.
This is so becanse we can have imaginary points, i.e., points
whose co-ordinates are of the form ptig, p, ¢ being real
and i=y~7, Points with imaginary co-ordinates cannot

be shown in & figure but their algebraical significance
18 a well established fact, 8 ’
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5'4. Tangent at any point (x', v') of the conic S=1.

We have seen above thata line cuts a conicin tw&
poinis. If the two points of intersection -coincide, the
line touches the comic at either point and is called a

tangent to the conic, N

'The distances PA and PB of the points of irtersection - "~,\’
4 gnd B of the conic §=o and the line X O

r—a' —y O\
o

from the point (z', y') are given by § 5.3 ’

7% (aB 2him+bm*) £ 2r {{ax' +hy' +g) 1 0

+ (b’ - b S m + & =0,

If the line isa tangent to the conic) at' (¢, ¥’) both the

roots of this quadratic equation in 7 ymust be zero, which
gives oA

Ny ¢
N

() 8 =o. \\ .
(1) (e +hy + ) IP(ha’ 4 by +1) m=o,
Relation (i) srat&\\gat the point {=', ¥") lies on the

conic =0, and relation (i¢) gives the ratiol:m in order
that the line maytouch the conic,

.:'

From cqx;ﬁtic;n (1),
o 4
A Bim=@E=2): (y—y).

o . . P )
,Relation (i) then gives, on eliminating s
NN "j

N (@ by ) (5—a) (i by ) (y—y)—o,
This is the equation to the tangent at (z’, ') and
. & _a_f' -_ _al_
can be written as {(z—=z") 5z +y-3) o =0
where f =8
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. We shall reduce the equation to the tangent to what
is known as the ‘standard form’,

The equation can be written as
-z (@' thy fo) by (' by ) =2 (e +hy Lg) A\
+y (b 4-by -i:{);

02 41 2y -+ y2' )+ byy +g (x+a)+f (e
=artaha'y by o by e o
:0, I '..,:\g 4
which is the standard form, and is abbretidted into 7T-=o.

or

p §

- The equation to the tangent at@:@ ;oos'nﬂ («'5 ¥) of the
conic 8= {s )

T=axth Gy +yx) +byy' g (5 1x) 4 (y--y)+ e=0.

Tke following rule for.zﬁfi’iéng the equation to the tangent

at any point (2, y') of afyconic may well be remembered.

® Replace by 22, 32 by yy without altering -
their co-eﬁic:ept{i;p the equation of the conic.

() Rép_lgcgz\zxy by xy' +yx'.
(#0) Replace 2z and 2y by 2+ 2" and y-- y' respectively.

_ Qf@ “Retain the constant term,

‘\’.\ - L)
" 54l Condition that the lice Ix+my-+n=0 may
3 be a tangent to the conic S=0. If the line touches the
\w\; » comic at (&', 3'), the equation
. ' \ : ozt myda=o
. must be the same as _
MY Y5 )by +g(a-Ha') g )+o=0s
t.e., as m(az'—I—ky'—[-g)—{-y(M’-—{_by’-{-f) gx’ +fy +e=o0.
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Comparing co-efficients,
ax' +hy'+g _ he'+by' +f g2’ +Hfy' te

1 oy nTT ==}, 8ay
Therefore,
' ax' +-hy +g=1) =0,
hx'4-by" +f—mi =o, :\
gz'-}-fy’—}"c'-ﬂl =0. % \.../
We add to these N p
I’ +my +n—=o, \\\\\
which is true since the point (', ') lies on tkc\ given line.
Eliminating =, ¥" and 2, \\
| a h g 1 ..t\J
5w Jom®,
: ’?‘1‘:& L=a,
lg Ax¢ =n|
L |
‘{g\\m w0
O\

which is the required condition. When expanded this
gives Alg-i—Bmh,—Cn ’zi‘mn+20nl+zﬂim 0 where
A, B, C ete.t %Ir},"the co-factors of ¢, b, ¢ etc. in

.".{o i ) }I.
\O | 9 |
.’\
R\ |h & f ‘
~O° lg f el
3

The co-ordinates of the point of contact (=, y') are
obtainable from the equations

a7 phy' g b by galHfy e
1 " n )
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Ex. 1. Show that the line 2x+2y41:o touches the

conic #*+3? —zy+ &4y —3=0 at the point (1, 1.)

Ex. 2. Find the condition that the straight line

" lz+my=1 may touch the conic

(@~ byP =2 +8) (an by + @+ P o,

e
and show that if this straight line meets the co-ordigats
axesin 4 and B, then 4B will subtend *a righg.angle at

(2, 5) when it is a tangent to the conic, Ans, bi—{ dm=0.
\.

55. Tangents that can be drawn framvhn external
point (x', y') to the conic $—0. The c'tkwdinates of any

point (z, y) on the line —x—}'x— =~3_j'ﬁ§.?;ﬁr v (D)

are given by  z=2"4Ir, y=’3;,’i|~inr.
As before, the quadraric'.ih;"; is
rH{ali+ahlm+-bm) + 3r{az’ +-hy L g+ (ha' < by + fym}

RS + & =0,
_If the line is xfénéent to the conic, the two values of r
coincide, and we have,

' (al? 4 2Bbi+ bon?) — Haw'+ by + @ +-(ha S by + fim it
Eligiﬁniing !:m between this and (1),
Bale—a' Pt 2ha— 2 Yy -y ) Ly — gy

AN = by ) ) by )

This can be written as
S(8+8 —21) = (T8,
which on simplification gives '
' S5'=T" e (2)
which is a second degree equation in z and -

Q)
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Equation (2) being the locus of points lying on a
tangent to the conic, passing through {z', y'), shows that
from a point not lying on the conic there can always be
drawn two fangents to the conic. These tangents will
be real or imaginary depending upon the co-efficicnts in
the equation 1o the conic and the co-ordinates of the given
external point. The points of contact of the tangents
will be real or imaginary according as equation (2)
represents a pair of real or imaginary lines.

The co-ordinates of the points of contact arc obtained"

on solving 8§’ =72 and S=0 as simultaneous equations,
i.c., on solving the simuitaneous equations T=0 and'\&:—_ 0.

If the point (', y’) lies on the conic itdelf the two

tangents coincide, since then §'=o0 and,\\e,quation {2)
reduces to I'=c. ¢*¢

RS

Alliter. The line ?S?f’-—=3’-; Y = e (D)

through the point P, (=, %) .;c'tjts’the comic in two points

A4 and B. Let the co-ordinates of any other point on
this line be {z, ¥). Ve

"\
|
> .\3‘..‘”/’-‘-\
N (Jl’,"y) a

4]
If @ is;a point on this line such that it divides the join
of P apd (z, y) internally or externally in the ratio ) : I,
theog{)rdinates of @ wili be

Q\ rete'  Aydy

'.\' —_

C Sar A /)

the plus sign being teken for internal division and the
minus sign for external division.

If now @ lies on the conic
ax? +2hey byt + 29042 fy+e=o,

¢\
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then a ( i'%x Yt zh (.__li%r_i&g’_ ) __?@{_fi:g_‘_ )

+b(—%y_—_t—+?y’—)z+zg ( }f}%:—'-)+zf (— ?}:;j—

+c=0,
ie, a (et L2 (}.zix')(lyiy’)-l—b().yiy’}’ R\,

N
F20 (k) b))+ 2f (k') Ou41) Q3 —o,

Writing this in powers of *s &Y

e (ax"+2kry+5y’+29x+zfy +¢)

| AN
423 {aza’ ol @y-1y's)+ byl g (ot )
T Yy +ch+an? + 2R by 29

*

—f—zfy’-i-c:o, N’

«al
<

ey AT S4a) T4 800,

This is a quadr,atg: equation in ), and shows that there
will be two posi i0ns of ¢ which in the figure are shown by
4 and B, If the Jine (1}is a tangent to the conic the
two values of » will coincide for then there will be only
one positiosf .  We shal] then have

~O Y e
wRith is therefore the equation to the pair of tangents
"\.f'riam (2, ¥") to the conic 8=,

a \ 4

\‘: The stulent will notice that this methed gives the cquation
to the pair of tabgents in the standard form without much
caleulation,

- 1. Pairs of fangenis are drawn to the conic
Lyl =1 30 a5 10 Be always paralle! to the pair of
straight lines AL L oHay s Byt o, ¢ 4, H and B vary in
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such a manner that Ab—2Hk+Bato, show that the locus
of the point of intersection of these tangents is the conic

@ i@ b
ar® +2hzy+ by = p + Xk
The equation to the pair of tangents from (', '} 1O N\

the copic a'a? -+ byt —1=0 18
(@'z21+b'y*~ 1) (@'#*+ b;y"——I):(a’xz'—}-b'yy’——l)?{

N $
WA

or @'t (Byt—1)—20b 2y sy by (@1
_-lower degree terms=o. \: i
Since these are parallelto the lines Az?+2H xy+ Byt =o,

4B oM E
'_dr(b,'ytz__ I) - aub:xry: :"T. ‘b'[a’x*z—-];) -

Eliminating 4, H and B bqtﬁrgc’n these and the equation
Ab—2fR-Ba=0,
a’b(b'y”—-l)-j—{ls wh'z'y +ab. (@'et—1)=0

or ST ahaty A byt= L+ —f,—-
Hence fh¢ f&:luired locus is
) ,

$
¢ 11
A gt ¥ 2haytbyt=, by
N\ a ' b
2 S
,,\fj"Ex. 2. A pair of tangents to the conic axt4byt=
. intercept 4 constant distance 2c on the axis of ¥ ; prove
\/ that the locus of their point of intersection is the curve

ax® (@x?+ byt —1)=be* {ax*—1)h

Es. 3. Find the equation of the pair of tangents
4

. a3
drawn from (x5, %1 to the ellipse- + -gz- =I.
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Show that the angle between them is

PR
tan™ q Mb\/ ';‘a—'{”‘%‘z' -1 } .
2 R Sowry w N

Hence or otherwise find the locus of the vertices of

equilateral triangles circumscribing the above ellipse. R
dns. 3 (w24t —ad BT =4(H* 22+ oty —aBBA)))
N\

Hint. The angie betwesn the tangeuts will be G0°, >
58, Equation to the chord of contact ¢f ‘tangents
that cen be drawn from (x, y) to thelconic S=0.
We have seen that from any point (2, g we can draw
two tangents to a conic. The straight\line joining the

points of contact of these tangents is ¢glléd the chord of
contact, ~AV

P
S

Let the co-ordinates of the poi:nté of contact be (%1, 1)
and (z,. ¥,). &N

The equation of the tﬁngent at (), 1) is
aztyt Moy H )+ byy+ gz Fa) iyt y) te=o.

Since this p ss'\és ’through (&', ), we have

022, -+ W@y -y 21)+ by vy +9( o)+ +y)d-e=0-

Slmd\agl‘y, since (',4') also lies on the tangent at (vo; #2)s

\qﬁ@ﬁk(x'yﬁ ¥'e2) by 'y +g(e’ +ae)HfY +Hye) o= 0

. :j'\From the§e two relations we easily conclude that (xy, %1}
8nd (7, y2) lie on the straight line

N J

e @'Y+ 2) L byy L9’ )4y +y)+e=0,

which is therefore the eguation to the chord of contact of
tangents that can be drawn from {2, ¥') to the éonic

02+ 2hoy 4-by? - 2ge - 2fy - =0,
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This is the same as the equation to the tangent when
(«', ') lies on the conic and can be written as 7' =o.

“T'he chord of contact is a real line which by definition
passes through the points of contact of tangents that can
be drawn from the given peint to the given conic. Siace

the points of contact may be imaginary as well, here we ¢

may have the case of 2 real straight line passing througl(
two imaginary points. « M

57. Pole and Polar. " \
A\

We now proceed to define the polar of @ ‘point with
respect to a conic, and find its equation wheh the conic

is represented by the general equation of {ﬁé\sémnd degree.

A/"-‘-‘-“\B."':
’ U“

Definition. If any secanty PAB, through a given point

P, meets a conic in 4 and B, then the locus of ¢, the

harmonic conjugate iet}P with respect to A4 and B, vz,

such that = -%'S-I\-NZ _2_is the polar of P with respect
PATSPB T PQ P

to the congi ?;{\ld. P is called its pole.

L (P'and Q be the points (o, ¥’} and (x, B) and let
tl{e,f:%ation to PAB be ’ B

O vz ¥y _,

™ I m

As in § 5'3, r1, 72, the measures of P4 and PB are the
roots of
#? (@l +2hbm+ bm*)+2r {(ax’+hy' +9) l
A4 (ha’ +-by’ +-fy m} -8 =0,

N

N
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: . I . I 2
Let PQ be R, Theﬂ, since ‘-Pii"'--l-- .J!J = _IJ{J s

R=2N7 __ 8 e
Conbn T @iy g b lhie' +by S fym " ON
From the equation to the line, Ko N
a—2'<IR, B—y =mp, O
Therefore, 3 ' .

@'+ Ry +g) (a ) +-(ha’ by .'—J"JI‘;'}—-._-;"J-:--S’mo,
ie., dax’ 4k (29" +B2)+bBy +g (« TEN By )te=0 -
N

Hence the locus of & is the strajght“line
b (Y -y dbyy' g @Fz)+f (y+y) - e=o

which is the polar of (x,g}") with respect to the conic
@ +2hay+ byt 29012 fyfoeo,

Corollary. If Pis on the conic, the polar of P is the
‘tangent at P, g

The student Wig;..flntice that the polar of g point is the
ehord _of Lantact\Of tangents that can be drawn from the poins
to the conie. Phis ig Bometimes nused as the definition of the

polar. We ghgyy however treat thig only 48 a proporty of the
polar, ¢} :

Thﬁ'?‘{h" of a poing wish respect to a conic is also defined
a8 thewloeus of

l the points of intersaction of tangents at the
ext:l‘{qutles of chords through thag poing,
S\

N0 The student should fing ne difficulty in using this

Oy 8efinition 1o obgaiy the equation to the polar of a point.

\y For if (s 9" s the given point and (g, B) a point
on the polar, (v, ¥} lies on the chord of contact of
tangents from (g, B) to the conic, and therefore

aaz’ -k (ay’+Bx')+bBy"+9 (@tz)+5 (B+y)+c=0
The locug of {a; B) as before is

@ +-h (' gy +byy'+-g (&+2)+f (y+y) L-e—o.
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5:71. Conjugate Points. We shall show that if the
polar of P passes through Q then the polar of  will pass
through P.

The polar of P, (z, »,) with respect to the conic
axt+2hey+by*429x+2fy-fe=o0is

axxi+k (my+yz )by +g (w--w)+f (3+y)-+He=o. (

\

If this passes through €, (2, ¥2), znf;'
azgey+h @y Yoo + by g () +f (i + JJ)\‘I*G—OJ
which is also seen to be the condition that\\® should
lie on the polar of . N

&

Two poinls suck that each lies on ihe polar of the other
are called conjugate poinis, and the co«ndmon that {z;, ¥)s
{zz, yg) should be conjugale pomts as

axy¥y-+h (Byye+xa) ¢ (321,*;f‘w3)ﬁ'f (s +y2)+e=o.

572. Conjugate L“X We shall prove that if the
pole of a line uy=0 died on another line w,=0, then the
pole of uy=0 liez on -z@v()

Let (x5 3 J]), (:250, Jpa) be respectively the poles of #,=o0,
ﬂf)—o
:j\“
Thelifig %, =o is the same as

azey-ih Gy -Fye)+byy+9 () f Gty Fe=on. (1),
andhiy=o is the same as
V) awey-thaget )+ byyeto(o 42 Hy g +e=0 ().
If, now, (xy, ;) lies on (2),
ax Tyt h (g 1y 1%) oyt g (@ 22+ f Y1+ y2) - e=0,
which is also the condition that (x,, ) should lie on (1).
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Hence if the pole of one line lies

on snother, the
‘Pole of the second line will lje on the first, :

Two such lines are said to be conjugate linea,

N
573. The condition that two given lines should
conjugate with respect to a given conic. . \ N
Let lzd-mytn=o0 z.,’}S .“... (1),
Vatm'ytn' =0 \\ o (2)

be conjugate lines for the conje AS,

aa? +2kxy+by2+2gx+2f4g\\%2¢=0-

Let (z', ') be the pole of (1) with \fespect to the conic,
then (1) is the same as Y

b @Y Ly )by P et ) 1 gLy )bomo,
i.e., as “:.;V.,'
* 0L hy F G0Ny (' by 4-f) kg - fy' b,
N
Comparing ca-efficients,

g bty f _ 9ty +e

N7, P T T ks
Thérefore,
Y
QO . ez’ +hy’ 4 g—1). =0 o (3)s
A W' +by 4 fmy =0 S
N\’ o ¢ ’
V 9% +fy' te—n), =g e €Sh
anglso’ (s ¥} ies on (2) since (1) and (2) are conjugate

chce) l'x’-{—m'y’-{—_n’:o_ . (6)-
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Eliminating «, %' and ) from (3), {4); (5} and (6),

‘a Eog 1]
Jk b fmf
|=0s
!g f ¢ n|
ll' m ow o_l

- which is the condition that the lines Ix—}-my—f—n;zé,.
and Uz--m'y+n'=0 should be conj ugate with respect
to the conic aa? -+ 2hay+ byt 4-2gx-L-2fy+c=o0, AN,

574, Self-Polar Triangle. If the vertiegs." 4, B, C
of a triangle are such that any pair of themmare conjugate
points, the triangle is said to be self-polar OT self-conjugate,
Any two sides of such a triangle will keicenjugate lines.
For since the polar of A passes through both B and C,
BC is the polar of 4, so that each side *of the triangle is
the polar of the opposite vertem.\ The rest is obvious
as each vertex is the meeting'point of two other sides of
the triangle. N

Ex.1. Find the pole‘of the line 6z-+y+5=—0 with

respect to the conic a2 4 99y —yi+2r{4y—1=0,
&

\ Ans. (2,3

Ex. 2. Shgvf‘\'t']i;t the lines lo+my+n=0and Uz m'y

N . a? 2 . .
+n'=0 a;‘e\tsonjugate lines of "E,——l- %2-—1-:0 if atll

Y mm'Espn’,

Ex'3. Show that the locus of poles with respect to
&I}“ﬁ“ “Parabola 32=g4ar of tangents to the hyperbola
¥

3

+ y*=a? is the ellipse 4o-+yi=4a%

5'8. The Centre. The cemire of a comic is a point
such that all chords of the conic pussing through o are
bisecled there. We shail obtain the centre of the conic

az?-t2hey - bt 2geb-2fy-He =0,

¢\
e S\ N
\

N

N
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I (=, 4>

is the middle point of any chord whose .
€quation is

x—a' —

=V, |
T £\
then the chord will meet the conic in two points such Jhat
the algebraic sum of their distances from (=, ') ig Zeto
for ali values of the ratio  : . ®)

£ 3
N/

Asin§ 5:3 the two values of r will be sife foots of
the equation RAZ
r¥al*+2hlm A bm?) + 2] (ax"+hy + {;)l¥fﬁ-v’ +by' +fymi
N —& =0

Since the sum of the roots isgero, we have for all
values of : m

@by LGN @Y by m—o .o (D)

Let [ : my and I, .\‘mgv be two different values of
I:m for which (1) is trve.

Then, :m:\
(@5t by + g ni_l*' b+ by’ - f =0,
L ) 1
.\ ) , I8
d 7@/t hy g) 2 gy f=a.
Ko _ m;
,&a)_tracting,
) (@’ by’ 4-g) (._‘.1 - _32_) o,
O my
'"\ N/
v Since b
mny omy
ax’-{—ky’ +g= 0,
and hence from (1),

f_lx'+by’—f—f=o.
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The centre of the conic ax®+2hxy+-by*+ 2092+ 2fy+ce=0
ts therefore given by the equations

~

ax--hy+g=0
hat+by+f=o, N\
and the co-ordinates of the centre are A
N3
Wty ahoafy o
Cap—iit * ab=p A
W\ 3
which can be written as ,\ 7y
@ F ) A\
o’ ¢ O
PN
where €, ¥ and @ are respectively the cofaQors of ¢, fand
g in the dctcrmlnant ANV
ra hogoiey "
R}

'g..q ¢

If ab—h2=0, ththrc lies at infinity. The student
will sce in a later <¢hapter that under this condition the
comic is, in gencra},“a parabola, :

Alliter, he centre (+', ) of the general conic can
also be foundas follows :

If thg:\ongm is transferred to (=", ') the axes retaining
thcus Girections the equation to the conic becomes (§ 4'5)

\ \ aX"-!-sz} + Y2k 2{ax’ by + @)X Fahy’ +oy Y
'-;‘S"'—Q.
Since the points (X, Y), (—X,—Y) now lie on
the conic,
(ax'+hy -+ X + (k' by’ + )T =0.
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And as this relation is true for all values of ¥ and ¥,
we have as before the equations

ax’+hy' + g =0,
and ha' by - f=o, O
which give the co-ordinates of the centre. L\

The student familiar with calculus will notice }'_hg} the
€quations giving the centre are the ones obtained by

differentiating the equation to the conic pachally with
Tzspect to z and partially with respect to y.

381, The equation to the conic ax! -+~2h:xy+byf+2gx
+-2y+e=0 when the origin is transférred to the centre.

The co-ordinates (2', ') of ce:;tr‘gtx are given by
ax’ -+ hy’—i-g 10 :. ) e (I
and ha' by o - (2).

On transferring the orrgm to {(x', %), the equation of
the conic becomes L.
L

aXN 2R XY 4BV ¢! o,
‘where c?ﬁ}'ﬁ- 2Ry by 2+ 292 +-2fy’ ¢ - {3}
Multip&y@ng (1) by o, (2) by y', adding and using (3),

o ey e—e=o - @
’\\Ejjﬁninating %" and ' between (1) (2) and (4),
) @ h g
s ) A
~O b f | =o
\ 3 !
L9 foe—¢
or Jar JI & h o
2 b o =o

lg f*c"
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OF A=¢ (ab—ht)=0,

Tilay c':-@-_wﬁ—,

where A= ja h g| N\
nb f Oy

:..\:\ 4
lg f ¢l L &7
The value of ¢’ from (4) is gx'+fy"+e, which 1s used
when the co-ordinates of the centre are known. \‘

\ O
Corollary. The equation aa® +-2hxy-+ byzu\—:x fepresents
a conic whose centre is at the origin. :’\ v

Ex. Find the centre of the comicva®— szy-y°--8x
—20y+15=0 and determine its equatmn referred to
parallel axes through the centre. ‘:.:;~

A’.-‘?.& { 4, 0)y AE—S5ry-+y* =1,

5'9. Egquation to the\ hord whose middle point is
known. Let (a,,_,:)bq ¢ middle point of a chord of

the conic
S-—a"cz—hzhxy—,—byf’f -2ge+2fy4-c=0
\/
The ],1(1 - ?:-:1;-:"-—:?‘ v (1)

N

cuts, the ‘conic in two points whose distauces from (2, y)
au’\tﬁ‘e roots of the equation

\ V7 P el - 2him+bmt) 20 (ax' Ry 93 (R’ by Hf)m}
+8'=0.
Hence, as in § 58,
(ax’ +hy + 0+ Az’ +ly £ fym=0
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Eliminating I : m between this and (1}, *

(02’ +hy’ +g)a—a") - (b’ -by’ | f)y — ) = o,
which can be written as (§ 54)
axr'hlay' +ye) by +olv-| )+ fly -y te
=ax L 2ha"y by L aga'-l-afy 4o L\

The chord of the conic S=0 whose middlc point 1s
(*', 4") is T=S' where 7'=0 is the cquation to tha tangent
at (', y') when the point lies on the conic and\\S” is thff
value of S when « and  have been replaced &%+ and y
respectively, $

Ex. 1. Chords of the parabola sy~ gax subtend a
right angle at the vertex (origin). Find’the locus of their
middle points, ANV

If(«', ¥) is the middle goint of one of the chords,
its equation is o8

yy'~2a@¥-2") =y —gaz,
or yjy’—-zaw:y’z—wza.r’

. The equati {b'éhe pair of straight lines joining the
origin to the .pz%ts of intersection of the chord and the
parabola is . ()

\¥;
O Ly —2a2)
y;z__ Py L
%\ﬁ} Y (Y'*—202")+ BaZa? 4ay’zy=o.
.“\.T;'o These are at right angles if
\\ ¥i—2az 4 8a%=o,
Hence the required locus is ¥ —200-F8a% =o.

—

:t\“' f}g = 4&3}‘

“The climination 515 I av Ty’ s—o snd Tu-£37
H7=o0. In this case (%', ¥') is the centre of the conic and
any chord throy

or 8h (¢, y) satisfies the condition of the
PICpOSsition,

1]

[
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Ex. 2 Find the locus of the middle points of chords
of the conic ax*+hy*=1 which subtend a right angle at
the centre. Ans, (a--b)(ax? LbyP=—ate? byt

Hint. The centre of the conic is at the origin.

Ex. 3. Show that the tangent at an extremity of a N
diameter of a conic is parallel to the chords bisected by
the diameter, K, \)
591. Locus of the middle points of a systemi of
parallel chords of the conmic ax? + Zhxy +by? + 2gx T 2fy
4e=0. '\'\’

Ler a system of chords of the conic be parallél to the
line y=me. If (¢, %) is the middle point of a chord of
the system, the equation to the chordis D

axx’ + ?a(xy’+yx’)+byy’+g(:r+{c'34%}(y+y’)+o=S’,
ie, w(or’ +hy' + @) HYRE +by Af)Fo=S'
This is parallel to y=mz % n,lf

e
{x"+§)y'+f =

Hence the re i@a’locus is the straight line
'(G$y+ 7)Fmha by +fH=o.
This obvi’pliS“Iy passes through the point of intersection
of the lings~
‘k\ az-+hy+g=0 and ka-+by--f=0,

wlfﬁ,ch is the centte of the given conic.
7N\

. 592 Conjugate Diameters.
\ 3

Defipition. The locus of the middle points of parallel
chords of a conic is called a diameter. Two digmelers are
said to be comjugate when each bisecis chords of the conic
parallel to the other,

We have seen in the preceding article that a diameter
of a central conic passes through its centre. Let the
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diameter drawn parallel to y=-m'z bisect all chords of
the conic aa?+2hay+ byt 2ge4 2fy--c=o0, which are
pa.'rallel 10 y=mx.
The equation to the diameter from the preceding
article is A
(w4 hy - g) - mha+-by +-f) =05

or w(a-+-hm)+yh-+-bm)-+g--fm=o. ‘“\ ~
Since by hypothesis this is parallel to y:m’x,' ﬁé'ﬁﬁve
_akhm__ N
h-bm v
ie., a+hmL (bt bmym =0, (N
..,

a-+h(m +m Y bmm’sg.*ts\

From the symmetry of this gélation in m and m' we see
that the same is the conditien in order that the diametes
parallel to y==ma may bigeet chords paralle} to y—=mz.

Hence the digmefer . S,
conjugate | fe ?*ﬂggWS parallel to y=mzx and y=m'c oreé

: a-th{m+m' )+ bmm' =0.
+BE;§' ;éﬁéd the condition that the lines Aa+2Hay
“ﬁ;‘i(i’;xy-{_z?gz ,__b:_ conjugate diameters of the come

L
W\, et y=mx an o ? . .
X given conic, d y=m'z be conjugate diameters of the
77N X 2

Q”

Then (y~m)(y_-m’w)=o must be identical with
Axt+2Hay T8y =0, which gives

p 2H .
wt-m =g -and mm’ =

]

But, &-+him +m)+-bmm’ =o,
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. 2H d
Hence, a—h B 4B =0
.00, oB—2hl-1bd =q,

which is therequired condition.

EXAMPLES ON CHAPTER V

1. Show that the locus of the poles of the tangenfs)

to one conic 4 with respect to another conic B is a third
A &
conic.

&
2. Prove that the line joining two points in ~€h} plane
of a conic is the polar of the point of intersectien of their
polars with respect to the conic. N

3. Show that the locus of the pmnt\s such that the
chords of contact of tangents drawn from them to the conic
ax?+ shay--byt=1 subtend a right «dpgle at the centre is
the conic a

22(a -+ 1)+ 2h(a+ B)dght g2 (h2+ 12) =+ b,

4. The two lines &~a==0, y—[B=0 are conjugate
with respect to the hypetbola xy=c®. Prove that («, B} 1is
on the hyperbola gy*zc?=o.

5. The polat’ of the point P with respect to the
parabola ¢?=£4a¥ meets the curve in ¢, B. Show that,
if P lies "01:1\’chc straight line Az -+ By+C=o0, then the
middle}@ﬁt ‘of QR lies on the parabola

A(>g00) +2a(4z+ By--C)=0  [Math. Tripos 1911].
~ 6. Prove that any chord of a conic drawn through any

\point P will be cut harmonically by the comic and the
polar of P.

A Through the point P (o, B} two straight lines PLM,

PL' 3" are drawn meeting the conic

az® - 2hay4-by?-2gx-L2fyLe=o0

N

¢\

N
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m the points 7,

CO-ORDINATE GEOMETRY

M, I, M’ The lines 2307, 1731 intersect

in ¢. Prove that the locus of s

(a+kB+g)e+-(ha 1B +Hu+ga+f8+e=a,
when the directions of FLM, PL'M’ vary. O\

8. If the tangents drawn from external points to(thé
Conlc represented by the general equation of thessgeorid
degree be at right angles, show that the locys of theitpoints

of intersection is the circle

3

(@b —A2) (- g2y — 2(hf—bg)r—2gp, *ﬂf Ef

+HQID) g —op,

Show also that this circle is mnceng%}c'wlth the coxic.

O\

Nete. This ig known ag the DirecleiN@ircle.

9. From 2

/
s N

point P (d‘péé""ﬁ, d sin @), tangents PT,

PT" are drawn to the ellipsg™

Show thab ds

ﬁi‘:; yz
St =1

At T
»
f

N
C

) vari X h . . hard
Ty describeg?he curv:nes ¢ midde point of the chor

NS
m~\J
3

’\w
N (L

Lk &

%
N W

A%/

£ )
7
7\V

¢

Show that ¢h
of contact i the

[Manchester, 19451.

BE0LS at right angles are drawn to the ellipse

T
_a?' +_'lb'3—"—=I.

¢ locus of the middle Points of the chords
Curve

AT AR
(a?rﬂ?) ~atrg
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11. Show that the locus of the middle points of chords
of constant length 2¢ of the ellipse
mz , ?;2

¥
PLERN O

] 2 ] 2 . 2 2 2

. a0y sy , € ro,

15 ( 2 .4'..41_. _I><__..E- i_>—1— T(_J -l-__J__ =0, 7
a* b at bt ath? Ng? B 2

! 19, Tind the locus of the middle points of the chowds
of the conic : \ s,

ax?+ 2hxy -+ by +2gx-2fy =0
that are parallel to the line Iz my+,\?t%\(ii

The ends of a chord are cquidispanﬁ;ﬁ-ém a fixed point
(z,, .). Prove that the locus of ghe- middle point of the
chord is the conic N

<

(2— ) (he by ) — ey )z +hy+g) =0
RS [1.C.S. 1941]

)
_13. Prove tha’l\‘sh’é co-ordinates of the centre of the
comnic X

&L ohay byt -2get2fy+e=0

G BN ., - =
are (?\3\50), where ¥ = gh—af, G=fh—by, C=ab—"".
O
i the diameter parallel to the tangent at P on the
. onit passes through the origin, prove that P lies on the
$ diameter ¢(Cz —G)4-f(Cy—~F)=0.

14. Show that any two comcentric conics have in
general one and omly one pair of common conjugate
diameters,

Hint. Two concencric comics can be written as ax?
+2hay--byt==1 and ¢'z*+42h'eyLb'y?=1. The diameters

N

\.

)\ *
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Az 2Hay{ By = are conjugate with respect to both if
Ab-2Hh{ Ba=q and A6 —2/4' 4 By =0, from which
the equation to the common  conjugate  diameters is
(ka'—a-h’)x‘*—(ab’~—a’b)xy+({)h’—-b’h)y2=0. A
15, Show by transformation of axes that the &qua,'m}}
of any two concentric conics can be written as ¢(\)

z,.i\ “
ozt byt =1, aw 4 b'yt=1, ™
the axes of reference being oblique or rectangglai\\g

' 4
L4
>\ .
N
N
'\C/
N
NS,
O
X ¢
N\
™
N
?:\X
N
O\
N\
.'”\\
\
\ K
O
oy oo/
{A Kv}
>
31\50/
&/
\{u./
O



CHAPTER VI

THE CIRCLE

§1. Equation of a circle. Let {2, k) be the centre . .
of a circle and a the radius. The equation to the circle is{ ™)
Fa

easily seen to be OV
(w— B+ (g =d* S ®
A\
) RN
N\
TN -
0 ‘w:;:.‘ _};i

for it expresses the gf‘a}t that théfdistance. of any point

il

{z, 7} on the circle ‘ﬁr\bﬁi’the centre i$ d.

If the axes ,w:g:ré oblique, instead of (r) the equation
would have MBeen (2~ h)+(y—E)+2(z—R)(y—k) cos w
=a®. Weo3hall however work only in rectangular

co-ordi@}?gs;
"\

;I};}ansferring the origin
\M\} 3 ) m5+'y&;-—'a’,
which represents a circle of which the centre is the origin
and radius ¢. This form of the cquation will be very
frequently used.

“ %), equation (1) reduces to

Equation (1) can be written as"t
w9 —2hw — 2ky+ R+ —at =0, “Q

’
[ Y

¢
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and since it represestts any circle in the plane of rectangular
azes we conclude that the general equation of the second
degree ax® - 2hay-by’ +2gr+2fy--e=0 represents a circle
ifa=b, and k=0,

The general equation of & eircle is therefore O
oLyt 2gwt2fy-bo=o, K O
where g, f, ¢ are constants. AN >
Writing this as M\: ‘

(#4004 (Y=g AN
and comparing with (1), the centre Qﬂﬁ:us circle is (—g>—fl»

and the radius Ng'+% ¢, O
The circle is real if g24f*>c, imaginary if g*+f?<0
and a point circle if g?--f2=.

. b1 Equation of*the circle one of whose diameters
15 the line ]_uining:the points (xi, y,), (xv, y2r. We s'hall
use the property*thar the angle in a semi-circle is 23
right angle, \\

I (2,%)"be any point on the circle, the slope of the

Tiag joinin (= d is 3% 1 of
Vo 5 (2, ¥) an (2qy ) 1s , and the slope
¢ E—xy

7N\
Che ne ot i
“.z\\ ¢ line joining (2, 4) and (%tg?) is i‘:_gg
N “\ 3 Since the two lines are at righé' aﬁgles,
N S .

=g =ay b

or | (x"*xl)(_x—’xé)—}‘@*3’1)(?“‘3’2)“03

which is the required -e(jﬂﬁtion.

| )
: y
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612. 'The constants in the gemeral equation of a
civcle. We have seen that the general equation of a
circle is

o? -yt 4-2g0-i-2fyF =0

If, therefore, three independent definite conditions are
satisfied by the circle, the values of the three constants
¢, fand ¢ are determined uniquely and the circle is also )
unique. For example, the equation a4 y?—2pr—20y=8)
represents a circle passing through the origin. Ifilin
addition, the circle touches the axis of 2, p=o0 fer on
putting =0, the equation becomes 2f—2pr=0 @nd the
two roots of this are wero if p=o0. The egtation of a
circle touching the axis of @ at the origin\is therefore
af4yf—2gy=o0. A third condition is needgd}to determine
¢. Ifnow we fix the radius of the circle.'g “will be deter-
mined but not uniquely. But if the direle passes through
a fized point, the value of ¢ will be’ umique.

Thus the circle touching the#xs of z at the origin
and having a radins equal to ¥ 1s either x*-4g?—2ry=0
or @417 +zry=o0. But thé~cdircle touching the axis of
w at the origin and passing through (a, 6) is only b(z*+3%)
— (@ 4y =0, 'i...’\ )

A circle is determincd uniguely if it passes through
three given point§ hot on the same straight line, but not
uniquely if it sduches three given straight lines. Thus the
circle thropgh>the points (0, 1), (1,0) and (2, 1) 18
5%2+L'3‘2—2m’(-%2y+1=0 and the circles touching the straight
lines ,@"’3}=6, x—gy—42=0, and IT—7y-+42=0 are
(2z—O) L (2y—0)?=18, (z—2)-+(y—12)"=32, (x—12)%
F#= 2y =32, and (@434 +(y+3)" =72

“\“The reader should verify these results by evaluating
9 f and ¢ in the two cases. In the second case he should
use the property that the perpendicular from the centre
upon a tangent is equal to the radius of the circle.

Let us now proceed to find the geometrical meaning
of the' constant ¢ in the general equation of the circle,. the
meanings of ¢ and f being already known. .
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Any line _x;';'ﬁ_:ﬂ%*i_ =t cuts the circle g8
“-2gr+-2fy+-¢=0 in points 4 and B whose distances from

P (&', ') are the toots of the equation
PE )2 @ O f Y} ooyt 2
F2fy Fe=p.
(\AH
The product of the roots, o\

‘2 Ty * r ,::. Ny
ie., PAPB=Z"H07 207 1afy 4 e\
P+ m? .

r

&
="ty aga” Lo b,

since I=cos f), m=sin § where 0 is the \ibclination of the
Iine to the 2-axis. | O

Ifa'=0, y" =0, PAPB=c, \%

W

Thus the constant ¢ is the. fé’etangle under the segments
of chords through the origimey

§13. The point (x3'V) and the circle x%-y?{2gx
+2Hy+e=0. The nt (z, %) obviously Iies y(m tie
circle o2 Y9 t2gedeafy 1 oo 'if @44y L aga’ Loy 1 e—o,
If it lies inside %’cirde, its distance from the centre is
lf;ss than the, radiys 3 it Jies outside the circle, its
distance from Jthe CERUre is greater than the radius,

Xpressed, }aﬁalytically, the point (=, ') lies inside or
out5151e,\’)the Circle mz—!—y2+2g:c+zfy+czo, according
2 APy + fr<ors g +f—e,

"?\ Ecording as x‘2+y’3+2gx’+zfy’+c<o or >o.

Y ..; T}B?&'& x? +yz+29' + f .
' M o TC21Y+ € <0 expresses analytically all
O\ DO insids i, tircle g4 yzingx o fy+g= o Y Py
x +3f2+29x+2fy+c>0 all points outside i, circle.
614. Equation of ci;'de i ibi i
. . Circumscribing a given
Iriangle, Let the €qUations to the sides o iang]
be %a+-b,y+-0, =0, ro 1 2,3, | f the triangle
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‘The conic

(a0 b+ (aer-Lbyyt e+ n(ege+ by +eg)(agr+bayt-eg)

4l +byy +-¢2) (alx—!—bly—}—cl):o ~(1)s

>, p being constants, passes through the vertlccs of the
triangle for the co-ordinates of the points of intersection of
any two of the given lines, which make two of the

AN

expressions ayr-Hbytcy, aprLigy--c, and aqu—bgy+cd\

SImhltaneously zero, are easily seen to satisfy the equat:lon..
t0 the conic. N

Eauation (1) can be written as W'\'\f
ZHlagap+) GJ“ﬂ‘l’}Lasal)“xJ{(albz‘Fﬂz 1)
+ h{aghy - aghy)+p (b +bsma) - 2(‘5‘{*&4‘15253
-+ 0.baby }-+lower devreg terms —=o.
This is a circle, if the Co—eﬂicmnts of 2% and y® are
equal and the co-efficient of zy Ia %eto, which gives
aya;—byby+ 7\(“2“3“6”3’3)—?—}1«(&1@1‘5351) =0 ...{2),
and albz—}-blﬂz—i—)\.(a f’s+a:sbz)+}x(ﬂsbl+baax) =0 ...(3
Wrmng cquatlon\ a3 '
1 S . I

csz{—bay%—¢3+alm+f)lchl " agmtbytez 0
and eiimig&ti}:g":)., . from this, (2) and (3),
T\ S S S
SN bbgley aptbiyta agxt+by-rop |
\”\’“\ i 103 —b1by agtts —bghs @yt —bsby §=0,.
;@b by aghy+bats aghy+-boay |

which is the equation of the required circle.

Ex. 1. Show that the locus of a point such that the
ratio of jts distances from two given points is constant is
a circle. _



‘ T 15=0, @is a point on the
% Perpendicular bisector of PQ) is the line o—
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Ex. 2. Whatever be the value of o, prove that the
locus of the point of intersection of the strajight lines
oS a+ysima=aand x sin g—y cos g =5 is a circie.

Ex. 3. ‘Shpw that the equation of the circle passing, >
through the points (x,, ¥1)s (25 72)s (g, ¥s) is o

s = P | O
P+m? o1 N

ar P

=== \\
Tt v oy o1 |00

| 2typ ¥s I\\l

Ex. 4. Find the equation tg t}% circle which passes
through the points (s,7) and (6 6) and which has its
centre on the straight line 2Tg—1 =0,

8% Aas, 2Ly —gr—6y—=12.
Ex. 5. Lines d.raw‘ﬁ’through the points (a, 0), {—a, 0}
make a constant angle o with one another. Show that the
locus of their points'of intersection are the circles
N
\ N ¥y~ a2 +2ay cot 4 =o,

_Hepc’.s“s}low that the angles
a cirgle.ate equal,

)
Qfx. 6 P is g point op

in the same segment of

the circle a24y2l221 6y
line 72+y+3=0 and the
Y ¥+1=o, prove
WO positions of the point 2 and find their

[Math. Tripos 1941}
Ans. (3, 0), (—4, 1).

the cirgle ciré:.;mscribing

at there are
co-ordinates,

Ex. 7. Find the o uation of
the triangle formeqd by?.he lines

Tty =6, Wry=4, x42y=3
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The equation of any circle circumscribing the triangle
formed by the given lines is
(e+y—6)(22+y--4)-rl2a+y—a(et2y—3)
+plzt-2y—5)z+y—6)=0
where 7, and . are so chosen that the co-efficients of 2?
and 3 are equal and the co-efficient of 2y is zero.
7'\

Simgplifying, Y

(220 p) ey F3) e (a2
—2(16+ 142 -~ 1I0) —y{10-+ 13}.-:—17;;.)—}-24{—201«?5@ =0
: 2420 =IF2h 2 woe(1)

) x:\ W

and 3+5xn+3u =0 L& ce2)
From (1), p=1 O\
. from {(2), py =—’—F;

R

The equation to the cﬁclg«iﬁéﬁ:fore becomes
S22ty LHha =y +30=0
. e\
4. €., 22 yH— 17— 10y 1-50 =0,
S
62. Eguationof tangent.

A . ’
_ The eqpation of the tangent at a point (', y") of the
<ircle z?-4-48=0® is (Chapter v)
Nl ax’ -y =a®
~ "i.The line joining the centre to (2', y)is
\ 3 T yf —_ xr j— 0,

which is seen to be perpendicular to the tangent. This
Property may conveniently be used in the case of the circle
to find the equation of the tangent.

Thus the tangent at (z'> ) is the line which is perpendi=
cular to the radius through (x> ¥')- _
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The equation of the tangent at a point (', y’) of the

circle
: x2—|—y2+2gx+2fy+czo .
. - . , -~ O\
is T3y Fgle+-2 ) LS g+ 9 L e=o.
ne.Y
621, Condition that the line y=mxgi¢ may bhe’a
tangent to the circle x> yi=a2 W

The # co-ordinates of the points where theslige cuts the
circle are the roots of the €quation ~\

2 (- )Pae,
\J
or (1 +m2)+- 2mcx—f—o\z‘:\a2 =g,
The line touches the circle if'the two points of inter-

section coi.ncid? t.e., if the two Values of x obtained from
the 2bove equation ase coingidght,

Hence, m ) 1 ¥ o
$ueey 0o m?
. O — —
. TEE line (4 ~maetquiTm is tangent to the circle
PPtyl= g2 for}ll values of i,

\ Vg

£\ .
m\./ The Co-ordinates of the point of contact are also easily

3\ ) obtained. I (@' '} is the point of contact,

Ty =
and Y=matayiEm

are the same,
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Comparing co-efficients,

Hence the point of contact is

( — a )
T T ——= §.
N vE-+m?

Ix. 1. Show that the line xcos oty sin a—d<0
touches the circle x?%-1-y%=a?. (Y

Ex. 2. Find the tangents to the circleN %}i'yzza’
which are parallel to the line N3-y+3=0. s\

Ans.’ns\fé'x—f-yizcl: C.
Ex. 3. Show that the line m—}-y’z,rz touches the circles

Ly fag==1 and at4-yi-hsx-3P—4=0 at the same
point. N

TN

Ex. 4. Find the condition that the straight line lx—+my
“+n=0 should touch the cirels

%8 -N{{—’zgm +2fy-F-o=0.
Ans. (c—f%) 'Z?,%’,zjglm--b(cmgzjmz-—zn (gl+fm)+ni=0,

W/ .
. Ex. 5. Pid the equation to the circle whose centre
is at the{({lﬁfﬂ' (> B) and which passes through the origin,
~and prayexhat the equation of the tangent at the origin is
AN N ar+By=o.
)
}h‘: Ex. 6. Find the co-ordinates of the verticesof a
Thombus, the sides of which are tangential to m”+;}z=2:§.
Its longer side is v2 times the smaller one in length and is
parallel to y—axis. Also show that the area of the rectangle
obtained by joining the points of contact is # ¥2 sg. units.

Ans. {I,=+3), (11443, 0)-
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Ex.7. AP, BQ are parallel tangents to a circle, and
4 tangent at any point € cuts them in P and @ respectively.
Show that OP.0Q is independent of the position of the
point C. {Math. Tripes]

. Q!
Ex. 8. The straight line pz--gy =1 makes with
' ax?-2pay+byt =c & N,

a chord which subtends a right angle at the origiay ® Show
that o(gy=atb, LY

and that the chord envelopes a citc{e‘ whose radius is
R .’t\ .

. The equation to the pairtef lines joining the origin
with the intersections of o8

Npetgy=1
and 2 2pry +byf=c
is o - 2pay+ byt =o (po-Hqy)'s

coctl. of af2sa—cp?
coeff. of\g/’ =bh—eg?
\;:\;Hence the required condition is
M{\ a—epf =b—cqt
\\ i ¢ (P Let)=altb w1}

Now, the line pr+gy=r can be compared with the
giil;?;al equation y=mx-+aVi--m?* of the tangent to a

Comparing coeffs., we get
»

—E =y R ey
3 7 GNL-+M

g
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1 1
=————F == = - —G
gyi+m? - Npi4gt a-tb

$22. MNormal. The normal at any pointofa curve
is the straight line drawn perpendicular to the tangent

at that point. .
)

from (1) above.

ince the tangent at (&', ') to the circle a--yi=al is\
:’cx’ -yy" =a?, the equation 1o the normal at (', ) which™
is a line perpendicular to the tangent at this point is N

xr (ly__yr)__y! (x__wf)_____o, '”‘:\\‘
ie., ¥’y —y'T=0.
O

x‘\ W
Corollary. The equation to the nofpial to the circle
a? - Laga 2 fy--c=0 at the point (#'g} is

y @)z @'+ ﬁ\f%i—”éy’ =0.

The stundent should note tllaﬁ:é\’éry normal to & circle passes
through its centre. "

Ex. Find the loc@® of the feet of normals from (%, k)
to the circles 2%+ 2% 2x@=0, where A is variable.

Hint. Theofeer of the normals will be the points
where the line” joining (h, k) to the centre meets the
circle. ThéMocus of (, k) is obtained on eliminating X
be“"ﬂen\thc equations

O

“:3 L b - =
N\:..\;., yﬂl——-m--' (x~k) and a¥ g —2) T =0.
\ 623. Length of the tangent from (x',y) to the
circle x*--y*+2gx+-2fy +-e=0-
IfP is the point {2, "), ' the point (—9

is the centre of the given circle and P7 a tangent
P, then the triangle PCT is right-angled at T and

—f), which
through
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PPt T2
=GP ()

=2yt ogr’ afy e

o N
N .
<\
(62 N\S ¥
O
g ¢ u:s

Hence the required length of the tangangﬁéﬁiu
N\

T e Ty
Corollary. 'The length of thc%éhgcnt from (&', %'} to0
the circle ea® oyt agy L 20y Mok o is

%

J— e — -—
; 29 2f ¢
12 R ’ ¢
e et A S Y U
\/ "f\"fv a + Pt a

s
LN

6:3. Pair of tamgents. We have scen in the precedicg
Chapter that we, draw two tangents from a given
pomtstoacom \Afthe conic happens to be the circle
24yt=a?, the equation to the pait of tangents from
@99 will'be seen to be
SN0 oy (e gy e

£

TR . . .
'bo?th tangents touch the circle in points whose
x\m-ordmates _Simultaneously satisfy the above equation
2 and the equation
AN
\\ Fpyt—gieg,

Hence, the points of confact are given by

P xx’+yg’_g2=0

Lyt piag
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s R

Eliminating #, gt ——— > -0,
Y

$8uy e a? (2t y' %) —2a%3’ a7 (i —y'?)=o0.

The values of ¢ will be real and distinct or imaginary
according as

> : {
W L e ’ £ N\
at2? or a? (0?—y'%) (@5, A
< « \J
> SO
f.¢, o or y? (@—z*—y"?). R&Z
< ¢ 3

Hence the tangents will be real and\distinct if the
point lies outside the circle and imdgimary if the point
lics inside the circle. If the point licson the circle itself
the tangents will be real and coingident.

The results of, this artiele could also be obteined
by finding the values of m for which the line
y=mae-La1 ——m? passes threugh (@', #)- 1t will be found
that the values of b are real and distinct, real and co-
incident or imagin y.according as the point lies outside,

on or within the Ggele.

631, TK&<erd of Contact. The chord of contact

of tangents Mrom («', ¥) to the circle a?-+y?=0% 1s
(Chap, ;ﬁi

~,‘\ an’ -y = a®

“\ If the point lies on the circle the chord of contact

\‘:

coincides with the tapgent at the point. If the point
is inside the circle the tangents fiom the point to the
circle are imaginary, yet the chord of contact is @ real
line passing through the imaginary points of contact.

_ Ex. 1. Secants drawn from 2 given point P cut 2
given circle in peint pairs A1 813 Ay Ba jeee s A, B
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"Show analytically that P4, PB,=.....=PA4, PB =PT*

where PT is a tangent from P to the circle.

. “Ex.2. Show that the equation to the pair of tangents
drawn from the origin to the circle z%4y?-2g22fy--¢=0

is (gr-+fgy=c (5. S

Ex. 3. The distances from the origin of the ;‘\éﬁt?es
of three circles 22+y2—2)a==c® (where c¢ Is,_ Cghsrant
and ) 2 variable parameter) are in geometrical progression;
prove that the lengths of the tangents drawn io them
from any point on the circle x2--y2=p2"are also in

geometrical progression.

- Ex.4. From any point on the gm:&
m2+y2+zgm%3fif>%t;=o
tangents are drawn to the cirgle.”
P22y St () costa =o,
Prove that the angle befween them is 24.
o 5L T s e o 0 s 1)

angle fortied by them and : a2
their points E%contgct ‘s the straight line joining

o) L Gl
2 e
" The equation to the pair of tangents from (%, &) to the

(\ircle 2242 g2 s

($2+?]2“ (12} (hﬂ _rr'.kz___aZ) —_ (xk _:_ yk —_ 02) 2.
The angle o between these tangents is
s 2R = 3 ety
R ey

= =1 i VI_}f.._E" E _—?

TR T2
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Thercfore, sin a=2m’ﬁ*¥k2?a§fh2+ 12, The length of
each tangent is VA?-k®—a%

TIence the area of the triangle is

i — NI —a?
3N k"*-—a”.\‘k2+k2——u2.—2a hi-kE—a”

L
a (hz-!—?c2-a2)3fz . ) )
== Ke
g4 Pole and Polar. The polar of the pqimt(x}z ¥)
with zespect to the circle A\
circle eyt L agutafy o =08 !
x'\ W
is (Chap. V) RS

rr gy g ke A @) te=e e (D

The line joining the centr,g{(l:-'“g, —f) 0 (@ y)is

N

yH=E @t o
q
Equation (1) gdthbe written as
z @5g)ty (Y N+ +fy +-e=o.
‘5'\ /: . .
Theproduct of the slopes of this and {(2) is gqgal

10 - 1+ (Hence the polar is perpendicular to the line joimang
the {Q&mm to the pole.
:"\‘:‘;; The length of the perpendicular from the centre
\\on (1) is
R it M
V' +oyr @ Y
Since the denominator is the distance of the pole

from the centre, and the numerator the square of the
radius of the crcle, the pole and the point of intersection
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of the polar with the line joining the cengre to the pole
are inverse points with regard to the circle,

The {nverse poing of A with reqard 1o 4 circle, centre C,
s another point B if OA.C'B:(mdms)Z.

Again, if the polar of 3 point P passes through anotiter:
point @ then the polar of @ will pass through P, \ e

The student shoyld Prove this statement. N
Two points such that each lies on the polar ;ofike other

are called conjugate points gng Lo lines\ ool that each
contains the pole of the other are calied conj dgitte lines,

There should be no difficulty in seei’}\"ﬂaat the points

G2 (2, 95) are conjugate with<xespect to the circle
Atyt=q if oty =a?, NN

Ex. 1. Prove that the po’l;i'r of a given point with
TeSpect to any onie of the cireles

NS Y NI RN

where is a varighle always passes through a fixed point,
whatever be the valie'or £,

&
If (&', oy is % given point, the polar is

O by kb (o) e e,

Which Qa:g.aés through
\™
N\ —, T
R\ _ ( w y _) '
\\\ ;-nixc': 2‘% tll:'irtd the locus of the poles of the line ke3-my

o TESpect o circles which touch the y-axis at
the origin, :

TI}‘? general equation of the circles touching the
¥ —azis ar the origin js

2‘2+3f”+2fw=0,
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If {2, 3) be the pole, the polar is
xa+yp+h (wto)=0,
or z (o+k)+yg+ha=o0.

N\
This must ke the same as 5
£ \
_ N}
Izt my-t+n=o, A\
O
Comparing coefls., ) ,\§
ath B ke O
I Tm o’ A\S)
. % J
.6,y k:—--B—. ,*:\\'
am v
28 O
Hence & AR
? U S
.*"““
or azm—}\@E :aﬁz.

N\
Hence the requirgd\"]bcus is
A \\ ma++ny=ayl,

or \ ‘\, R (fy —mx)=ny.

Ez. i?ni’&how that the lines le+my-+n=o0 and U'z+m'y
+?L'@~ﬁre cenjugate with respect to the circle a2--y?=0?

if 33 (I +mm’) ot =nn'.

N L

./ Ex. 4. Prove that the distances of two points from
the centre of a circle are proportional to the perpendiculars
drawn from one point on the pelar of the other.

Ex. 5. ABODisa quadrilateral inscyibed in a circle.
AB, CD meet in O ; AC, BDin P, and AD, BC, in @
Prove that Pg is the polar of 0. -
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Jx/. 6. Show that the locus of the poles of the line
x
e +%:I

with respect to the circles which touch the rectangular axes
is given by the equations O\

(hx—~ky) (hy— ko) -k (ht-k) (z4-y)=o. O

N

Ex. 7. The lengths of the tangents fromxfm}?} points
4 and B to-a circle are  and I/ respectively. <{If‘the poiats
are conjugate with respect to the circle, show. that

ABP=p 12, D

6'5. Equation to the chorglf:th-n:;se middle point is
given. We shall use the property) that the perpendicular
from the centre upon any chord. bisects it.

Al S

Let (=, 4} be the‘r.ni”d.iill: point of a chord of the
circle " "mﬂo—l-y“:a”.

The equation g@}he straight line joining (z, ') to the
centre is \\

\ xy — yx' =0,
and the e%u'atibn to a perpendicular to this through (', %'}
P\ ¥ Y=yt (z—z')=o0,
‘. .:’:\'s. xx;_l__ !=x}2 L
\'{ vy +y

. This therefore is the €quation to the chord whose middle

\* PoImt is (a7, 4},

We could obrain this equation i i
quation independently as in
(flhaptef V for the general conic, and then we could deduce
wat the line joining the middle point of a chord of 5
curcle 1o the centre i perpendicular to the chord.

Ex- l- Fin.d t'_he middle H t of irel
#*+y2=a? lying al ong the lin!;°5+0myt]:n(fhord of the circle
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(2. B} is the middle point, the equation to the chord
is
_ a?-4 B2 —af =g +yR—at

or za-+yR=a’4B*

N
This is the same as A L
()
lx-tmy=n. N\
Comparing coeffs., . ) f”.}‘.
24 @2 >
%=£=i1:__ﬁ_ cksay QY
3 N 7-2 Y
And BAmE g NN
7 O
; o 7
iy \.’:‘ k—lﬂ';l,—_nﬁ'
N In
Hence & a= g
¢
<\ mn
\ N\ P=Fim

L >

Ex. 2. (SHOw that the locus of the middle points of a
series of/jparallel chords of a circle is a line through the

centre, { )
) “ﬁi- 3. Show that the locus of the middle points of

(e chords of contact of tangents drawn to a given circle
\\ffom points on another given circle is a third circle.

Ex. 4. Find the locus of the middie points of chords
of the circle 2%-} y2=a? which (i) pass through the fixed
point (A, k), (1) subtend a right angle at the point (¢, 0)-

Ans. (5) g ty2—ah—yh=o0, (i) 237 —2ex+e?
—a?=0.
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§'6. Common tengents to two circles,

We know from pure geometry that we can draw iwo
direct. common tangents and two transverse common
tangents to two circles which are snch that one circle Heg M
wholly outside the other. In the case of one circle touch®
ing the other the two tranverse common tangents coineifle
and we can draw three common tangents to the two { dircles.
If the circles cut one another in real points, only)the iwo
direct common tangents can be drawn as real sitaight lines,
In the limiting case of one circle lying whelly” inside the
other and touching at a real point, thegdirect common
tangents coincide and only one real tangént can be drawn
common to the two circles, o\

4
W

7

1t will bé.seen that the two direct common tangents
meet the lifle,of centres in the same point 8 and the two
_transve:ngé.cnmmon tangents also meet the line of cenires
in thefSarie point &', and that S and &' divide the line
of Cfaf!trcs externally and internally in the ratio of the radii

‘ '\@\f"j‘he circles.
QA The points 8 and 8" are called the Centres of Similitude.

&\ Ex. 1. Find the common exte
} . rnal tangenmts to the two
N\ circles #2-4 42—16 and “‘2+y2—}~6x~8y=o.g

The equation to the second circle can be written as
@43+ (y—gpp=25 .

Its centre is therefore (=3, 4), and radius 3.
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, The distance between the centres of the circles is $,
which is less than the sum of their radii which is 9 ; hence
we can draw only the direct common fangents to the

circles.

The point which divides externally the line joining
(—3, 4) and {0, 0) in the ratio § : 4 is

5_;’::3 5:2.:% ,  due, (12,—I6). \\\
The equation to any line through (12,—16) is . (“}'g "
y+16 =mr—I12). \:,,,:\“\i"
This touches the circle x2432=16, if O g
2.
"l%lﬁ NN

On solving,

O
Y N/ =
N 4

Hence the required tangeﬁt.‘s’_va:rc
631 49-~8 = - ~6(z — 12).

Ko
Ex. 2. Find th& equations of the common tangents
of the circles O\

"/

NGyt — 240+ 2y - 120=0

and :..\‘?,\w 24t [-200— 6y —116=0
\%' Ans,  24x-}7y=156, 48—3y=26
7y —24Y =233, 35+4Y=57
\”\x:\Ex 3. Prove that the circles
’ -tyitaarte=0
2 y-2byte=0

touch each other if - ', +——="1.
a? bt c
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Ex. 4. Ifzcos ftysinf=2 is the equation of the
coimmon tangent to 2P 4yi=4
and 2 y2—643% ~ 6y--20 =0,

find the value of §. Prove also that the angle between the
pair of direct common tangents to the two circles, 48

tan™! (4"’?’7)\- Ans. }' T Or é ﬂicos_;t{‘:%)'
Ex. 5. Show that the commen tangents of th«s:’\ eitcles
2Ly ax—o N
and 224 g G =0 AN

form an equilateral triangle,

&7, Parametric Representation,'of the egquation of
a circle. (€

The co-ordinates of any poiften the circle z?fg2=a?
can be expressed as z=0 039, 9=0a sinf, for on substi- .
tation (« cos 0, « sin §) satisfics the equation of the circle.
Since now the circle can-be* regarded as the locus of a point
which moves such.\that its abscissa is @cos and
ordinate a sin §, whete  is a variable, we say that the
equation to the circle in terms of the parameter 9’ is

\\ X=a cos {)
C ¥=—a sin {)
The oint (2 cos 0, asin @) is, for brevity, called ‘the

poing 6

v

N

;.:r it may be noted thar § is the ang'e which the line

ad
¢"

’.\’.

O

ng the point 9° 1o the centre of the circle makes with

“the z-axis,

Ex. 1. Tind the equation to the strai ght line joining
the points %4* and ‘B’ on the circle a1 y2 =gz,

_Htin(,:ff deduce that the equation to the tangent at the
PoInt “a’ is © Co5 g1y sin ¢ —g,

Ans, z cos—c—tiz—-B

—-y sin =d.

atg
2
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Ex. 2. Show that the parametric equation

_a(r—1?) y—a— - 2t
-2 7 1--2

tepresents a circle of radius «.

EXAMPLES ON CHAPTER VI, ¢\

{ N
1. Show thatthe locus of a point which moves such)

that the sum of the squares of its distances from the vertiges

of a triangle is constant is a circle whose centre is\the

centroid of the triangle, ' S

2. If the co-ordinates of the vertices of a qtiadrilatetal
are (0, ¥3), (I, 243), (4, ¥3} and (71, o), praye that the
quadrilateral is cyclic. Also find the co-ofdinates of the
centres and the radii of the inscribed and(the circumscribing
circles, )

3. Show that the circle )
By g a4y +4=0
touches the axes of co-ordifates.

Find the equatiuns}i(} the tangents which make equal
intercepts on the axes.bf co-ordinates.

o [Camb., 1939].

4. A venisble chord PQ of acircle subtends a right
angle at a'fixed point, and € js the centre of the circle.
Show tlé'the feet of the perpendiculars from O and € to
the line P¢ lie on a circle whose centre is the middle point

of QO

N\ ) 5. Find the equation of a circle which touches the
~axis of y and passes through two points on the axis of =
‘on the same side of the origin.

Two circles touch the azis of ¥ and intersect in the
points (1, ¢), {2,—1}. Find their radii and show that
they both touch the line y+2=c. [Math. Tripos, 1912]
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6. Find the equation of the circle circumscribing the
triangle formed by the lines
axt42hxy+byi=o0
and Zcos gy sin g—p=—o.

Find also the arza of the triangle and hence the producgl ™
of the lengths of the sides of the triangle . A\

7. Show that the circle on the chord N

zcosatysing—p=o
of the circle 2+ y*—a?—o0 as diameter is

AV
@ g —at—2p (x cos 4+ sin G =0
Hint. The centre] of the :equi;e{k,’circ[e is {p cos g,
P sin a) and the radius Va7 —z?, RS
'8. Show that the equation of\a xstraight line meeting
the circle 2-t-yf—a? in two \pdints at equal distances d
from a point (z,, 7,) on the cireimference is
wx1+gyi‘;—'az+%d2:0.
Apply this method“o find the equation of the tangent
AN '

7

at (1, g1,).

9. From a'goint O on a fized straight line ‘are drawn
two tangents'tp a given circle meeting in P, ¢) the tangent
at A whiclv §¢ parallel 1o the tangent at either point where

the fized'Sffaight line meets the circle, prove that AP - 4¢
is co”n\sgfaﬁt. .

M. Circles are drawn through i y i
) gh the point (o, %) touching
'L'h} circle o2 =a®. Show that the locus of the pole
N\ of the axis of ¥ with respect to these circles is the curve
49 G- bpt=(a - 1?) a2 (k= 2)?] 22,

11. Prove that the orthoc
angular peints are (@ cos o,,

entre of the triangle whose
4 s C{r)a =1, 2,3, is the

. A 3
Point (a ¥ cos q,, a 3, sin %
r=3 =1
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Hence prove that the centroid of any triangle divides
the join of the circumcentre and orthocentre in the
ratio 1: 2, .

12. If circles be described on the line joining the * <\
centres of similitude of two given circles as diamete
prove that the tangents drawn from any point on it to rg\
iwo circles are in the ratio of the corresponding radii. ;

\\\\
4
A\ ¥
AN
N
N\



CHAPTER VII

Systems of Circles and Polar Egquation.

N

A

¢
71 Angle of Intersection. The angle of intersection
of two curves at a point of intersection is defined t0 be
the angle between the tangents to the curves at thiat point.

For example, the circleg 2yt —2y=0 gnf&‘x2+?;2 422
—2y==0 intersect at the origin at an angleof 45° since the

tangents to them at the origin are respectively y—~o and
y=a which include an angle of 45°. /"

72. Orthogonal Circles. Twovcircles are said to cut

orthogonally when the tangents at'their points of intersec-
tion are at right angles,

We shall o
that the circleg

ay

btain theviecessary and sufficient condition

P2t afy oo,
2420wt 2y o g
should int;r.s;:ct orthogonalty

and

~C mt of intersection’ wil] be 9o° and then
N\ the square of the distance between their centres will be
of the squares of their radii,

( ?he ;;ntres of the given circles are (~g, —f) and
- — all'l the' . . || —.
-\Jg’2+ffg_c,. It radii I§Spect1vely \gz—}-fz— ¢ and
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Hence, if the given circles cut orthogonally,
(" =] =g o =y
%..8., zgg’“i'sz;:c-i-c’_

We thus see that this is the nmecessary condition for
orthogonal intersection of two circles. Working the

algebra backwards, it can be seen that this condition is {/
sufficient also. O

Ex. 1. Find the equation to the circle which paSSes
through (¥, 1) and cuts orthogonally each of the c:rcles\

w2y —8z—2y- 16 =0 and 22+ Y2 —42 = 4y<de=0.
Ans. 307k 3y — 147423y —15=0.

Ex. 2. Prove that two circles whichspass through
the points (o, a) and (o, —a) and touch th;:’ line y=mx-¢
will cut orthogonally if ¢?==a? (2+ mﬂ)

If (%, o) be the centre of one cn'cﬂe (the cenire obviously
lies on z-axis), the radius of the! cm:ie is Vk*--at. :

The condition of tange@ of y=ma--¢ gives

\rfsAkY 4+ e

Squaring angl\sgnphfyL 4
\'kz—zmck—l— a2 (1+m2)—c’=0 e (D)

Thcc\,lsl s cut orthogonally if the sum of the squares
of their(radii is equal to the squate on their line of centres.
chce if (%, k;} be the roots of (1), the orthogonality
CanTitmn is satisfied if

\ ; ( k2)2_...k Z_La2+k22_|_a2
i.e., if ko= -a?
Substituting for kk; from (1),

a? (1m®)—e= —at
5.8, if (24-m2) a?=c2
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Ex. 3. Show that if AR be a diameter of g circle,
the polar of A4 with respect to the circle which cuts the
first circle orthogonally will pass through B,

Ex. 4. If the equations of two circles whose radii
are a, a’ be respectively §—o, Y=o, then show that the
circles <\

8, & O
a;_i? =q R

%4
< %

will intersect at right an gles, i '\(‘

73. Radical Axis. The radical agisNGE two circles
is defined as the locus of points from where the lengths of
the tangents drawn 1o the two circles{r,e equal.,

To find the radical axis of the %ireles
Pty 20043 fy o,
Pyt 2@y bo' =0,

we assume (2', /') 10 be'any point from where the lengths
of tangents drawn poithese circles are equal.

Then e 2\J
’- ’ K >\
2Ly 2f|“'~{§' "tafy + c=x'2—:—y’2+2g’z’—[—2f’y’+ e,

b N BU) P12 () g oo,

wWhich by definition s (he radical axgs

'\

g \

\\;n.

Hencethe locus of (', ") is the straight line
N\
%J 2(g—g) x+2 A~1) y-te—e' =0

3

of the given circles,

It may be noted {hat if §=o0, &,
of two circles such that the co-efficients of both #* and ¥
In each are the same *ay unity, the equation of the radical
axis is S~B{1=0. Bat S—8;=o passes through the points
of intersection of §=o, 8)=0, ¢ radical axis of two
circles is therefore the common chord of the cjrcies. If
the circles touch one another

: the radical axis is their
Common tangent at the potut of contacy,

=0 are the equations
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7'31. Some Theorems on Radical Axis. We shall
give below a few theorems connected with the radical axis.

Theorem 1. The radical axis of two circles is perpendi-
cular to the line joining their cenires,

Let the two circles be

w9 L agx2fyd-e=0 \ K

and @i Ly tog'e2fy-te’ =0,
The centres of the circles are (—g, —f), (— 5? )\Tf )

The equation to the line of centres is

%

_ f=f 7.\
y+f_ g— _(}__(x+g) ..\ v

Also, the radical axis is Y
2—gz+2( f—f)y+6—c =0,
The product of the slops& Of these lines is

( 7=t )Z""

which shows that t}:e rad1cal axis is perpendicular to the
line of centres. { )

Theorefn 1[ The radical azxes of three civeles, taken in
pairs, WE“’\W a point. Let the equations of three circles be

P\ §=0, 8,=0, &=

the‘eo-cfﬁc;ents of 2% and »? being unity in cach equation.
) "The radical axes of the circles, taken in pairs, are
\

\ ’ S—8;=o0,
SI—'—Szj—Oj
S —Slzo

Adding the left hand sides we find that their sum
identically vanishes. The three lmes represented by these
equations are therefore concurrent.
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The common point of the radical axes of three circles,
taken in pairs, is calied the Radical Oentre,

Theorem IIL. The difference of the squares of the tana-
genls to two cireles from any point in thesr plane varies as

the distance of the point from their radical azxis, \

; O\

If we take the line of centres of the circles as the“gkis

of ¢, and the radical axis as the axis of y, the equationis of
the circles are written as RGO

x2—]—y2-}-29x+c=o, \‘ ‘
2Lyt ag'z o=, ]
. .. w\/
For the radical axis is » {g—9)e=0{Be., =0 and the

S

centres ate (—g,0), (—g’, o), which\'evidently fulfils the
conditions for this special chojce ofrages,

Now, let (z;, ;) be any pointin the plane of the circles.

The difference of the sdguares of the tangents drawn
from (x;, #,) to the circles 1 equal to

&ty 2ga ‘{'*C?* xiz‘—?f’lz_zﬂlv’ﬁ —e=2{g—g¢")a,,

which varies 35 thHiCh is the distance of (z,, from the
ax1s of y, that f.he radica] axis. T 1)

Theorent41. If two circles cut g tpirg cirele ortho=

gonally ieradical gais o the two circles passes through the
T e of the thivd eirele, / e '

{Gliosing the line of centres of two circles as the axis
30 and their radica] ayis ag the axis of y, the equations
{"of the circles are

a
\
\

TRy 4 oga . ¢=0...(1),
and

_ w2+y2+2g'x—i—c=o...(2).
Let byt ol 2Pyl O=q... (3)

be a third circle which is cyt orthogonally by (1) and (2).
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We then have
2gtaP.o=ctC,
and 20y L2Fo=c}+C.
From these, =0, O=-—¢,

and equation (3) reduces to

a3yt 2Fy—c=0 o (@R

The centre of (4) is (0,—F), which lies on the axi§ “of
of y or the radical axis of (1) and (2). \\

Covollary. The radical centre of three cifeles is the
centre of the circle which cuts them orthogo iy and the
radius of this fourth circle is equal to theMlength of the
tangent from the radical centre o any «ane”of the three
given circles. P\%

Theovem V. The radical apid Sof two circles bisects
one of their common langents. N\

Theorem VI T'he rafdéc;i.{’ cenire of three circles des-
eribed on the sides of o triengle as diameter i3 the orthocentre
af tke triangle. ¢\

™
The proofs of \the last two theorems are left as
ezercises to thesstudent.
A

7. 4. ”;Ihe“ equations §+151=0 S+xua=0.
1f §2o and §;=0 be two circles, 8-+18;=0, where
7. is a'constant, is also a circle for the co-efficients of * and
923m 8458, =0 are equal and the co-efficient of zy is
~gerd. Further, the values of « and ¥ which simultaneously
\ saiisfy =0, §;=0 obviously satisfy S+ »8,=0.

Hence S8, =0 is a circle which passes through the
points of intersection of the circles S=0, 8=

If S=o, §;=0 are 1wo conics, S+4+218;=0 is a conic
which passes through the points of intersection of S=0,
8,=0.

&
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Again, if 4 =0 is the equation to a straight line and 9o
the equation to a circle, S+ Au=01is a circle sinco in this
equation the co-efficients of 22 and #* are equal, and
there is no term in ay. This circle passes through the »
points of intersection of S=0and u—o,

Corollary 1. If =0 and S;1=0 be the equatighs e
two circles, the equations of any two circles havidg) the
same radical axis as S—o and 8 =0 are S%):(S\:o,
S'Jl_)LgSz:O. S

Corellary 2. 813 u—0 is the equation.,\sf a circle
such that the radical axis of it and the citcle¥' S—0 is the
line =0, \\

Ex. 1. Find the radical centre pf'tfié three circles

Py g,

205129+ 334+ g g,

aud N+ y—o.
The radical axes ofthe first and third circles and the

second and third circles are respectively 4x—y-t7=0 and
“+y+3=0. Thellines meet in (—2, 1), which is the
radical centre of'tfe given circles, :

Ex. 2. Find the equation of the line joining the points
of intersedgén of the circles represented by a?442=4 and
9\

N x?—zx+y2-4y—}—1=o,
qu\\ﬂi'e length of the common chord,
S \ { Cambridge, 193g. ]
\«} “  Since the radical axis is the common chord of two

circles, the required equation is evidently
R S PR
%-73"‘,‘43:5 e {I)

The Iength of the perpendicular from (c, 0), the centre
of one circle is 3
V20

t.e.,

The radius of this circle being 2,
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the ength of the common chord is
) —
/=
.. NI

¥x.3. TFind the length of the common chord of the.

circles whose equations are (z—a)*+%*=a? and &*+(y—b)" A\

7

=42, and prove that the equation to the circle whose.

diameier is this common chord is . O
(a?4-82) (2®4-y2) = 2ab (bx-Fay) A >N
Ans., LI
a2 62

Ex.4. Find the general equation ofqt&c‘_ system of
circles any pair of which have the sande “radical as the
circles PANY;

ot 2p— gy—4 =0 and 2®py> Br—gy+6=0
Show that the cquation to that® member of the system
which passes through the origifris «*+¢°+ 2z —4y=0.
Ex.5. Prove that. by a proper choice of axes the
cquations of two cir{&'@cﬁn be written
@yt agha+c=0 and @y 2ge+e=0.

Show that" fhe circles are orth'ogox_lal if gga=¢ and
that this cg\qfsi’ﬂy happen for real circles if ¢ 18 negative.

E:;,’%“Obtain the equation of the circle which cuts
orthegonally the circle
ov\\: \ a2 +y2 _}_6:3_‘1_ 49"—3:0:

passes through (3, ©) and touches the axis of 7.
Ans. 1622+ 162—30—24Y+9=0/

Ex. 7. Find the equation to the circle cutting ortho-
gonally the three circles

N
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a*+y*—2x+3y—7=0,

w*+y’+ 5z~ 5y+9=0, and a?-|}y?iyr—gy-Lzg=o.
Ans.  a?yP—160—18y=4.

Ex. 8. Show that the locus of points such that the £\
difference of the squares of the tangents from them to ryo
given circles is constant is a line paralicl to their radicih’
axis. e\

Ex. 8. Ifa circle cuts orthogonally three cirdlesiS, =o,
S;==0 and Sy=0, prove that it cuts orthogonallqgémy circle

A8+ 8,--v8y=o.
Hint. The condition of orlhogong&g@':
29 Ogtpgatvgs)+2f (Uﬁ;&fﬁ? ves)
=04 +v) c—[;:(’zﬁcltl.; 116z 4-ves)

is slatisﬁcd since the cofb‘ﬂ;lﬁients of ) p, v vanish sepa-
rately.

Ex. 10. Show,hat if §,=0, S;—o0, Sy=0 be the

equations of three ‘sitcles of which each two cut orthogonally,
the equation | \é\ - ? Bonaty

" LS +18 4+ 1,8 =0

TEPreschis a real circle except in certain cases where it
YePIESents a straight line.

\7-5- Coaral Circles. Defimition. A system of circles

MR which the radieal aris o el pai ; :
"\ 12 called a Co-azal Systemjf wack pasrof ciroles &5 the same

) 2

The centzes of such 4 system of circles will all be in

] 4 ch will be perpendicular to the common
radical axis E'Jecaus'e the line of centres of any pair of circles
cuts the radical axis gt right angles. .
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Choosing the line of centres to be the axis of = and
the radical axis the axis of #, the equation to any member
of the system bas the form (Theorem III, § 7'31)

x2+y2&;_2gx+c;o ‘ {I)

For different members of the system, g will be different
but the constant ¢ will have the same value. O\

. . . "\
If 9= e, the radius g>—c becomes zero, that is, the.
circles become point circles. &N

The point circles belonging 1o the coaxal sytém (1)
are thus two circles of zere radius, with theid\scntres at
(4 +c, 0). The peints {-+¢, ¢) are known as\t,he limiiing
points of the system under consideration. /A"

R4
Any two members of the system (1)dre

2?3 -F 2012186,
and @212 2 F e =0,

The #— co-ordinates /6f\the points of intersection of
these two circles arg*z\ro and the » co-ordinates are
+-v—c. If, therefors, ¢ be positive no two members of
the system intersget 1n rcal points although the limiting
points are real¢» ¥ ¢ be the negative, the limiting peints
are imaginary,” but any two members of the system
intersect i/ feal points which are the two points in which
any mes{b:éf’meets the radical axis of the system.

AN 3 = - - * n
‘The limiting points are thus real or imaginary according
agthe circles of the system intersect in imaginary or real
o~

\ppints. In the latter case the circles are seid to beof
the Interseciing Species.

Corollary 1. Circles passing through two fixed points
form a cosxal system.  For the common radical axis of any
pair of such circles is the line joining the two given poinis.
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Corollary 2. The equation to a coaxal system of which
one taember is the circle §=c¢ and of which the common

@

radical axis is the line uw—o0 is S—j—%ﬁu-:o where ), is a
constant. (See § 7.4) s

7
W

Corollary 3. The equation fa ‘a coaxal system of which
two members are §+0 and §,—oJds §-}- 1 §; =0 where » is
a constant.  (See § 774) ™

5" 1
\

S

Ex. 1. Show that as}ioc’:\;aries the circles
2 Jl—l')y—[— L (etmytny=0c
form a coaxal sys;t‘;é]. Find the equation of the radical
axis. N\ Ans.  lztmytn=0

Ex, Z:Emd the limiting points of the coaxal system
of Whmhl}m members are the circies

Y661 4=0 and o*4-yP— 20— gy-+3—o.
':\\The €quation of the coaxal system is
\\, Py by 41 (#*+y? =22 —4qy-+-3)=o0,

\ $
& M or x4 2___2_(_3:}'_1_)33_ _.2(342)) 4130
\ Y I+ ST A
The radius of thig cizcle is

=0,

(zﬂfﬂajr_zy’_-—(fr A} (4432)

TgE Rl
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and the centre is
3% 372

140 1R
The radius is zero, if
2A 11+ 14=0,

The two values of 3, which ‘make the radius zero N
therefore—2 and —Z. W

Hence the limiting points are (—1, 1} and (4, £}. 50

%7

&/
Ez.3. Show that the lmiting points of tﬁ:i:.\ coaxal
system determined by the circles

p §

N\
Py ety ry=0 (&

and Ay gt 2y + 5=2Q v
are (=2, —1) and {0, 3},

Ex 4. Find the equation_ ~pi’f“the circle which passes
through the origin and belongs to the coaxal system of
which the limiting peints aze\(1, 2), (4, 3).

O\ Ans. 222yt —gw—13y=0.

¢ ’\~,. .
Ex. 5. Show ’Lh}t the locus of points, the tangents
from which to o given circles bear a comstant ratio is
a coaxal circle N\ ¥/

Ex. 6. . Sﬁow that the chords of intersection of a fixed
circle wiﬂgﬁle circles of a given coaxal system pass through
a fixed point. [Math. Tripos]
~LEx. 7. Prove that the limiting points of a system of

\fg‘:\ﬁial circles ars inverse points with regard 1o every circle
the system.

751. The Polar of Limiting Points.

We shall show that the polar of one Limiting point of a
coazxal system with respect to any circle of the system passes
through the other limiting poind.

. s



“which passes through the other limiti

N
® ‘.
\. N

7

N
%
\ )
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Taking the line of centres of the circles of the system
asthe »—axis and the radical axis as the y—axis, the
equation to any circle of the system is

2?9229zt c==0...(1).
The limiting points are (ve, 0}, {— v¢, O).

N

)\
The polar of (ve, o) with respect to (1) is AN
2ve+g(z+ Vo) =0, )

that is g+ Qe+ ey =o., @

D
Since g — ve the polar of (e, 0) is thénJine 2 vo=0,
ng,point (¢, 0).

We can, similarly show that the poldr of (—vc, o) with
fespect to (1) passes through {e¥0).

The limiting points are tf;gzré fore conjugale with rvespect
to every member of the systesps

T52. The OrthogonalSyttem.

We shall now obtain the equation of the circle which

cuts orthogonally.gach member of a given system of coaxal
rircles. - }

Taking the axes as in the preceding article, the equation

of any cizcle belonging to the given coaxal system is
\ o+t 2gx-He=0...(1).
\Zfi’et the circle whose equation is

22ty 4 oGz 2Fy4-C=o... {2)
cut (1) orthogonally.
Then

; . 290 =c+C,
If this relation is wue for all values of g, ¢ must be
2ero, and then O=—,

Hence the equation of the circle which cuts every
member of

the given coaxal system ortho gonally is
Pty 2Fy— =o..(3).
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Since ¥ is arbitrary, we have a system of circles cutting
the given system of coaxal circles orthogonally. The ortho-
gonal system is also coagal, the radical axis of any two
circles of this system being the x—axis, and the line of
centres the y —axis,

Every member of the orthogonal coaxal system is seen W\
: . = v . € N\
to pass through the points (4 v¢, 0}, the limiting points of PP\ N
of the given coaxal system, \

The Hlmiting points of the system represented hyj(ﬁ’
are (0, +v—¢) through which passes the system represen-
ted by (1). Further, if the limiting points of o€ _system
are real, those of the other system are imaginarya)

The length of the tangent from (0,—F);‘the centre of
a member of the orthogonal system to (% v(F*+c), and
1s thus equal to the radius of the member\of the orthogonal
system. o\ o

Ex. 1. Show that the points, yéhiéh have the same polar
with respect to every member of'a system of coaxal circles
are the limiting points of thesyStem.

_ Ex. 2. A circle cuts\ orthogonally two fixed non-
Intersecting circles. Pfove that it passes through two fixed
points on their linehof eentres.

Prove also t}r@”t:t'he two points are inverse points with
regard to eith{ruof the given circles,  [Math. Tripos 1911]

Ex. R%"‘If‘ ‘the origin be at one of the limiting points of
4 systemp-gf coaxal circles of which

N 2Lyt fogat2fy+ =0,

\ '\. - -
S\a" member, the equation of the system of circles cutting
}hem ail orthogonally is

@+ y2)g+pf)+oledpg) =o.
The equation to the given coaxal system is
22 tyftagrtafy+e+ (a2 + yH)=0.
Let 22yt 2Gu 2 Py +C =0
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be the circle which cuts orthogonally every member of

this system.,
Then 26+ 2 f=c+(1+ )0
Since this is true for all vatues of )., ¢=o0, and N\
F= _{3;2__({91_ . & ’\:\. '
2 f :"\\ “

. .2 N\
Hence the equation to the orthogonal system sy
N\ 3

Sryriatn 20 o (D

Ny

or (LD + zG(x+p—_2(2§9; y )%'5-

&= 20\
E S
205\ f) =c.
The required orthogéhal system is, therefore,
(w?(‘stz)ig-l- ph) ezt uy)=o,
< ® e
T6. Pnh{\]}quatnon of a Circle.

Let ;{rg{;co-ordinates of the cenire € of a circle be
{6, a).  L&r'a be the radius of the circle and P any point

Writing

{rs Q)\bg’fhe circle.
G »
O
N
oY
~O
\ P

(4]

In the triangle O0P y PC =g, O0=¢, OP =r and the angle
POO-—- —a. . . T i
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Therefore, using the cosine formula,
af=y?+¢?—2¢cr cos f—a),
which is he equation of the given circle.

Corollary 1. The equation of the circle passiog N .
through the pole is r=2a c0s (§—a). For then ¢c=a, (AN
NS ©
Corollary 2. The equation of. the circle passing
through the pole and having its centre on the injtial Line
is r=2a cos ). For in this case ¢ =a and 4 —o. ,\’(;

Ex. 1. Ois a fived point and P any point of avgiven
straight line ; OF js joined and on it is taken a ];g\ipt ¢ such.
that OP.0Q=k? ; prove that the locus of € is.a/ircts which
passes through Q. _ \

Take O as the pole and a perpendiculay from O to the
given line as the initial line. The equation to the given
line is then p=—r cos (). Ny

ol

Let (v, ;) be any point "P’ ou this line. The co-
ordinates of any point ¢ onOF are (R, 0y). :

QO
By the problem, = %\

@7 e
Bu, since”\@;\’“él) lies on p==r cos 8,
N\ ri=p sec §;

R
‘0'0

N ‘_‘ . . a
Spbstituting in (1), E— %cos By

\Hence the locus of Q is the circle
2 '
r=-——cos (.

. The point @ is called the javerse of the given straight
kine with respect to O, _



!iSD CO-ORDINATE GECMETRY

Ex. 2. Find the polar equation of the circle described
on the straight iine joining the points (a4, z) and (b, B}
as diameter.

Ans. ri—r[a cos( —a)+b cos (0 —p)]+ab cos (4 B)-_—o.\
Ex. 3. Show that the straight line

oA\
I . \S
?:A cos B+ 183 sin § s M
.

" [
touches the circle r=2a cos §, if a2B2-4-20.4 ;;t;

Ex. 4. Find the equation to the\sherd joining the

. Doints on the circie r=2a cos § whose \vectorial angles are
¢ and B, and deduce the equation, 40y the tangent at the

poine g. Ans. ¢ cos{fna —B) =20 cos a cos B.

Hint. Any lize in polar p(;-nkdinates is
p=r0s (§—0").
This passes tllrt;ligh the points (2¢ cos a, 2) and
(2e cos §, £), ifmj\&za €os o, €08 (g — (') =2a cos 3
\\ cos (§—0") ete.
_()EXAMPLES ON CHAPTER VII
10K certain point has the same polar with respect to

egghé;of two circles ; prove that a common tangent subtends
right an: is poi
) {{" gle at this point,

N 2. Two circles intersect in the point 4 (x, ), and

* the line joining the other extremities of the two diameters
through 4 n:gakes an angle ) with the axis of . Prove
that the equation of the radicel axis of the circles is

(@—) cos §-+-{y—y,) sin =0,
3. Two points P and Q are conjugate with respect to

a given circle.  Show that the circle on PQ as diameter
is orthogonal to the given circle, '
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4. TFind the co-ordinates of the limiting points of the
coaxal system determined by the circles

a¥+yt-t20—6y=0
and 207424 — 10y + 5 =0, ~
5. Prove that the polar lines of a fixed point P with \

respect to the circles of a given coaxal system pass through'’)
a fixed point Q. [Math. Tnpos, 1942]

6. Given two circles, a tangent to one at P meets the
polar of P with respect to the other in P’ prQyQ that the
circle on PP’ as diameter will pass throngh jiwo fixed
points which will be imaginary or real as theé\given circles
intersect in real or imaginary points. D

7. 1f two circles cut orthogonally, prove thatan indefi-
nite sumber of pairs of poinrs, ¢an be found on their
cormmon diameter, such that either point has the same polar
with Tespect to ene circle that! t‘he other has with respect
to the other. Also show. that the distance between any
such pair of points subtends & right angle at one of the
points of intersection 0( the two circles.

8. If the fou&ﬂ'}omts in which the two circles
P ettt ar-by-He=0,
\“\ 22yt a’w 4By =0
are j tc"\s.ected by the straight lines
‘.'..:\ Ax—|—By—{—C’~o,
\ ) A'z+ B'y4-C'=0
\ Tespectively, lie on another circle, prove that

a—a b—& c¢—¢ l
4 B c
AF B' G'
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Hint. The circles
w2ty Lax4-by 4o M(dzx-|-By [-C)==0,
and B+t ta’y by ¢u(d'e- By =0 N
are identica],

: . SO\
9. Show that the general equation of all circles ::cgt‘tmg

at right angles the circles represented by W

N

Pty* 202 —2b,y 1-0; =0,

L &

AN
xz—i—yﬂ——zazx—zbay+cz =B3,/
is ‘ 2%t ¥ ‘ ’ qy\\'y 1

N\
‘ 4] a, 3)1 ?—}—fc,_;‘}al by 1 ;=0
 § >

! Ly Tz bg ,w":}’ “w T, bz I

10. ifA_, B, ¢ be Iljé;:;entres of three coexal circles,

i‘ﬁld b1, 1y £5 be the tangents to them from any point, prove
at A
K
"‘\

) '\3397f12+CAt33+AB£32:o.
11. If the circle

NOT Pprecanagyteo
is the:f,?_i;r‘cfe of a coaxal System having the origin as a limni-
n%:ppmt, show that the other limiting point is
O (5%, _Be
AN Lt )’
\\ " and prove that the equg

ations of this system and the conju-
2ate system are respectively

1(32+y2)~2ax-25y+c=0

(@t B)e gy oy Ly)=o,

1] Vvaria ble Parameters,
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12, Oisa fixed point, P is any point on a given
circle.  OP is joined and on it is taken a point ¢ such that
OP.0G is a constant quantity. Prove that the locus of
() is a circle which degenerates into a straight line if the
point & is taken on the original circle,

13. A circle passes through the point (ry, 0;) and

N\

touches the initial line at a distance ¢ from the pole. Show A
that its polar equation is {{\ K
< W

r2—2¢r cos i +¢ _ ryB—20ry 008 e

i

r sin 0 ¥, 8in §; .~.{\

{ &
14. Find the centres of similitude of the cirde@;\
r2—2ar cos 0 +¢® cos® a =0, \
*2— 2By cos §--52 cos® g =*0\*

and show that the circle whose diamet¢ryis’ the line joining
the centres of similitude is given by
(a-+byr=2abe0s §.

L Y
L

Q .
QO

d\J

\\



CHAPTER VIII
THE PARABOLA QO

8-1. The Equation of parabola. 7he parabpleyis
the locus of @ point which moves such that ils distanc€ from a
Jied point (the focus) is equal o its distance from o fived
straight line (the direciriz). \ 3

\\
M— 7 ’
Y 7\
/ A
o B 7

5N

Let s be ﬂ}?f'-"':llﬁ and ZM the directrix of the parabola.
Let.8Zbe the perpendicular from § on the directrix
and 4fe middle point of 7.

\*d:’l_"lie point 4 lies on the parabola, since 48=dAZ;
Jand is called the vertex of the parabola,

AY Let A8 and the perpendicutar 4 ¥ be chosen as the
@ co—zordmate axes, If P be any point (=, %) on the parabola,
\ PS=(z—aPr e whore 490, Also, PM the perpendi-

cular on the directrix ig equal to NZ whete PVis the
Perpendicular on A,
But NZ:AZ+AN=¢+3;

"Hence,

@—aP -y =(zta),
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§.2. yi=4ax. _—
which is the standard equation of the patrabola.

The line 48 produced indefinitely is called the. axis
of the parabola. The perpendicular PN is called the
ordinate of the point P, and the double ordinate LSL
through the focus is called the latus yectum of the
patabola, ¢

N

Since AS8=ga and the point L lies on the paraboll,
from (1) Si=26, 8L/'=--20. The length of }Qﬁ'{ latus
rectum of the parabola represented by (1) is thus 4@

The equation to the directriz is 3-a=0pm\J

From equation (1) we see that corrc§ponding to any
positive value of z therc are two equal™and opposite values
of y. That is, the points (z, ¥} and\ (¥ —y) both lic on
the parabola.

The parabola is thus symwmgeirical with regard to its
axis. ~

The parabola (1) do{es:ﬁot extend on the nerzative side
of x—axis for y i§fimaginary with negative x. Also,
since & can have a;} positive value, as great as we choose,
the parabola extends to infinity- on the positive side of
z—agis. If In¥y) we put r=o0, the two values of ¥ are
separately geros

Ny ..
The\p-axis is therefore tangent to parabola (1) at the
vertexs

) ~“Further by a suitable transformation of axes, the
\:g;gneral equation

aw? - 2hwy+ byt L agr+2fy 4 c=0

can be reduced to the form (1)if itis the equationof a
parabola.

By invariants, therefore,

ab— =0,

2 AN
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which is the condition thar the general equation of the
second degree should represent a parabola.

This condition is however not sufficient,  The general
equation of the second degree may also represent @ Pair
of parallel straight lines if ab—h*=y. Butif ab—hi=0

| A 0'\:\
|- / O

and | 2 b f |50, A\ )
lg 1 R4

it represents only a parabola,

It can further be seen that the eqqa,tih‘f
= —gar - @)

ypresents an equal parabola lying wholly on the negative
side of 2-axis, AN

By rotating the axes thrdtigh 90° we obtain from (1) and
(2) the equations %— 494 and 2%=4ay which accordingly
represent equal parabolas of which the vertex is the origin
and of which the axe§\je respectively in the negative and
Positive directions of the y-— axis, ' '

N\

TY Y
5
_ A
X A g X
) S
:..\': -
o \Y
\ )
= —-4ax 2i=yq Fh== e
Larus rectum=4a Lams y kg

Tectum=4e Latus rectum— 4u

It may be noted that the e i

qQuation (1) expresses the
fact that the square of the distance of any p!({)?nt on the
parabola from the axis is equal to the product of the latus
fectum and the distance of the point from the tangent at
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the vertex. This is a very imporiant characteristic of the
parabola.

Thu« the equation
(ax-by-t+e)t=k{bz—ay-+e)

represents 2 parabola, whose axis is the line e
azt+by-te=o0, X )\
and the rangent at the vertex is the line ”’\s
bp—ay-+o¢ =0. . \{\;\'\,"

These 1wo lines are at right angles. O
’\ >4

Writing the equation to this parabolaxes

+ b
(_E:E]_;zz_y;;c ) = szw‘&( '-:aaﬂ'y“}‘ﬂ )’

we see that the Jarus rectum,is‘t»ﬁe numerical value of the

: N
expression G
P .\ a2+52

(\J
811, POSIth!\I\}f a point with regard to the para-
bola y*==4ax,,
P, \,/
INY
\i"\.{‘
O

.\‘:;

Let P be any point (=, ')

. -Draw PYM perpendmular to z-axis apd let it cut the
parabola in . -

P
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The point P lies outside the parabola if P ~ P'M.
But PM=y', and P'4* = gazx’.
Hence the point P lies outside the parabola if
¥ > qax. o
Similarly, the point (2, ¥') lies inside the parabolag if'\
y'2< qaz’, O

Y

If, however, y'2=4az', the point obviousiy.,’jiié'éi on the
parabola. R4S

812, Parametric equation.

The co-ordinates of any point (x,@'ﬂ on the parabola
¥*=24ax can be written as AN
x=—at’, ye2 at,
where ¢ is a parameter, AN

The point (a2, 2af) is for brevity, called the point %’.

The parameter t,will’ be scen 10 be the cotangent of

the angle which the tangent at this point mekes with the
axis of . )

. N\ . P
Ex. 1. ,S}ow that the focal distance of the point (', ¢')
on the parabsla y2=4az is z'ta,
Ex\ 2\ " Trace the parabola

S M 202 gay—0,

n be written as
R @=a)= —ga(y—a).
$ ) M Transferring the origin to (g, @),
of which the vertex is

the vertex ¥=0, and the
direction of ¢~ axis,

V' The equation ca

AN
this becomes x*=—4ay,
(0; 0) latus rectum 4e, tangent at
axis © =0 running along the negative

Referred to old

axes, the vertex is (g, a), focus (g, 0)
tangent at the vertex Y¥=a, and the axis x=q. :



THE PARABOLA 159

Ex. & YFind the vertex, focus and direcirix of the
parabolas

() P+t 4y—3=0;
(i) 22— 2yb4-b2=a2,
Ans. (f’) (%:_2)3 (%5_2)1 =II

© ("5 o Um0

Ex, 4. Find the cquation of the parabola WhKQ focus
s {—3, o} and the directrix a-5=0. Auns. 4w+ 4).

Ex. 5. An equilateral triangle is mgcnbed in the
parabola y?=j4ox so thar one of its Q‘lgﬁlar points is at
the vertex. Find the sides of tnangle Ans.  Sav3.

Ex. 6. A double ordinate of the- parabola yi=4az is
of length 8z ; prove that the Imcs from the vertex to its
Iwo ends are at right angles .'.}:s

' Ex.7. Prove thaf the chords of a parabola which

subtend a right angle at@c vertex meet the axis in a fixed
poiat..

Let y== mﬂ‘—e-&b\any chord of the pazabola y* = 4az,

The equauon to the pair of lines joining origin with
the i mtEI‘SCgtlQns of the chord and the parabola is

O~ —mz
s\ _ 402 (z; ~m)
3 a5 ) ey — 4azy + qumzd=o
./ These lires are perp. if
¢=—4qam
.The equation to the chord can, therefore, be written
as . y—mz—4am,

..ot : y—m (x—4a)=0.
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Since m is arbitrazy, this passes through the intersection
of y=0, v—4a=o0. "That is, (44, 0) is the fixed point
through which the chord passes.

Ex 8. Show that the centre of the circle which touches™
the line a+y=o0, and which passes through the poing
(#, @) lies on the parabola \)

_ 22—y 1y —gax — gay+ qa—0, O
Determine the co-ordinates of the vertex of this,fﬁ%fiabola.

A (afy, 4l
Ex. 8. A parabola is drawn to pa%‘s\,‘through A and B,
the ends of a diameter of a given eirgle of radius @, and
to have as directrix a tangent\fo,a concentric circle of
radius b ; the axes being AB and 8 perpendicular diameter,
prove that the locus of the focus of the parabola is
PERRN Y
il e

Ex. 10. A Matiable chord of the parabola ¢2=—4az
passes throu%h“'&iﬁked point.  The circle on this chord
as diameter euts the parabola again at two otber points.
Prove that the line joining these two other points passes
through driother fixed point of which the ordinate is equal
in ma'en}tude to the ordinate of the first point.

\t}z Tangent and other Loci. As for the general

Goe in Chapter V, or regarding the parabola y*=—4az as

L84 particular case of the general equation of the second
(" degree we have the following results

N/ The tangent ar o peint {&', ¥) on the parabola is
Yy =20 (w42’).
The equation of the Ppair of tangents from (s, 7') is
W~ 4a2) (42— 4as') = {gy’ ~ 20 (1212,
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The equation of the chord of contact of tangeats from
(&', y') or that of the polar of (', %) is

Yy =24 (ua'),

The equation of the chord whose middle point is (&', %"

is Yl —gux' =gy —2a (w37,
£ ’\
d.e., Y -zar =gy —2a0 U
8'3. Inmtersections of a straight line and = Parabola.
The z—co-ordinates of the points of intersection, of the
line y=mz4-c and the parabola gf=4a¢ are theévroots of
the equation N

$
(ma--epmgan, (0

or miz? -2 (mc—2a) P20,
Being a quadratic in z, this wiilhave two roots, which

may be real and distinct, rea} and ¢oincident, or imaginary.
If m—>0, one of the valucs of aends to infinity,

We thus see thar any stracght line cuts & paraboly in
twe points, If the dine is parallel to the gxig of the
parabola, one of the phinis of intersection is at infinity.

X the rogfsiof the above quadratic are rea] and

<oincident, | )
X'\
\"\ ' {(me—2a)2=m2e2,
O

A\ a
SN €= -—.,

{ ‘\. iz
O

) !
7

Phe line y=mx| 2 therefore is n m?zgeﬁt lo the porg-

bole y2—dax for all yalues of m,
COLTACE, We compare it with the equa
at (', y'), viz., with the equation ¢y

'I_‘o find s point of
tion of the tangent
=24 (w4 '), :
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We then have
r 2a r
Y= =2mes
. . i za «.\
which gives By &
g m?’ " .
2
Hence the co-ordinates of the point of contact are
<~L 28_ (N}‘:
m’m /" >

m;\'\.'

Further, if the line y=mzx - —:-:; p{ﬁsc; through a given
point (%, &), R4

:_“;"_T'x

k=m{&;{' }'n a

or ‘Whetmb+a=o.

Since this s a Quadratic in m, we can draw two
tangents from a ﬁ)oint {2, &) to the parabola y?=qax.
These tangents #ill be real and distinct only if k2> 4ah,
.., if the poiqk(k, k) lies outside the parabola,

. E‘l\x _“li‘g'nd the equation to the chord of the parabola
j =&={{;10mmg the points (ot)2, 2at,), (at?, 2af,). Hence
d tj\ the equation to the tangent at the point *°,
.,~'§“The line joining the points (at,2, zat,), (ats?, 2af) is

™

N® 2
\J y—2al, =
\"\3 . T

or % (t;f‘[*tz) y::c-l—atltg.

{z—afy?),

If ty—+1,, this becomes by =2+ at,®,

The tangent at the point ' is thus ty =z} ai?,
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Ex. 2. Tangents to the parabola y®=4gax include a

constant angle a. Show that the locus of their points of
Intezsection is the curve

yi—4qar==(a-4-z)® tan®z.

What happens to this curve if g — : ? O\
'\
Ex. 3. Find the locus of the foot of the perpendiculaf
drawn from 2 fixed point to any tangent to a parabola,

Ans, x(x—h}ﬂ+y(:c—~}a)(y—k)+a(y'\-—%)3=o.

Ex. 4. Two tangents OP and 0Q areNdviwn to a
parabola represented in rectangular cartesi{n)oo-ordinates
by ' =4z, from the point O, the co-ordimates of which
are (4, 5). Prove that the line joigif® ‘the midpoinats of
OF and 0Q touches the parabola, () [Cambridge, 1930}

Ex. 5. Show that z—2y{4n=0 is 2 tangent to the

parabola y®=gaz. What are the, co-ordinates of the point
of contact ? N\

The inclinations () an.gucp of two tangents to the parabola

y*=4qax are given by .
XN m
.t'af:l'ﬁ——;, tan ?“7'

Show that asgh Varies, the point of intersection of these

pairs of tangeiits traces a line parallel to the directrix.
\”\ [Ans.  4a, 4a).

Ex"\ﬁ Show that the locus of the poles of chords of

thewparabola y*= 442 which subtend a constant angle § at
~the vertex is the curve

4 (*—4ox) = tan?0 {x+-4a)2,

Ex. 7. Any chord of the parabola and the perpendi-
cular to the chord through the pole of the chord meet
the axis of the parabola at £ and ¢}. Prove that P and (o]
are equidistant from the focus of the parabola.

[Birmingham, 1944]
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Ex. 8. Prove that the area of the triangle formed by
the tangents from the point (%}, ) to the parabola y®= jax
and the chord of contact is :

(' - qam)i2 _
28 N\
If the tangents at {at,2, 2at,), (a2, 2a/,) mect at (x}'h};\l},
#y=ahiy and yy=a{l,+i,). ‘Inelength of the chdx ot
contact is M

a(ty—to) N +1)°+4

R .
e Yyt — ez, VP40 00
ey ___7a'

W
N

p §

AN
The equation: of the chord is  ¢'C
YY1 — 2a{z-pdy)==0.

The perpendicular from (&, ;) on the chord is

_yif-qam

T 4
Hence the area(of the triangle required is

¢ \J
87 gy

: A\ 2a :
Ex3\8. Prove that the area of the triangle formed by

thrg ofnts on a parabola is twice the area of the triangle
formed by the tangents at these points.

L\ Ex. 10, Chords of a parabola pass through a fixed

s pomt. Prove that the Jocus of their middle points is a
()" parabola having its axis parallel to that of the given
\*  parabola. [Indian Audit & Accts. Service, 1942]

) (@, y)is the middle point of a chord of the parabala
"= 4az, its equation is

Yy — 20z =y 20y,

It passes through (%, k), a fixed point. Therefore,
. ky' —2ah=y? — 20z,
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Hence the locus of (2, 3’} is the parabola
¥ —ky=2a (x—&).
The axis of this parabola will be seen to be y:iz— . 2\
84. The Normal. Oy
NS

The equation of the tangent at a point (+, ') of the
paraboia ¥ =dax S
- .
15 yy =za{x+a"). e

The equation of the normal at (¥, y:}Qi,}e., the per-
pendicular to the tangentat (x', ') is €

26(y—y")+y (@ —a') 208

PR
’ ?} ’. 2 r

or Y—y = = '),
T2 )

yr “?;; v
Put ~—ZL. =g, Gy Yy = —2am.

26
N\

Since  y2=y {\‘x'} = mme.

Hence the norgzsl at the point (am?,—2am) is

N y2am=mz—an?),

f.e ‘1%\ =mx—Zem—am?

-3 i”\. Y m-.
o/

Siq@m is a parameter, the above equation represents
anymetmal to the parabola y*=4ax.

D) Tnstead of using the above form of the equatior of the

/

ormal we could obtain the normal at the point (a#?, 2at),
which is Ytx=20i-Lq'l,

.We can use any of these two forms in problems on
normals.
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Ex. 1. If the normal at the point (at?, 2¢1) on a para-
bola.y*=4az meets it again at (at?, 2at)), prove that

2
zl.—_q(H— ., ) &
. . s s T t“ )
The equation to the line joining the points ..’\’\\“~\'
(ai?, 2at), (at,?, 2al)) O ) 4
4N
_ 2
is —20l= Ax—at®)., (D)
y—2a ity (w—a )\:"(‘52*

\ ¥4

But the normal to the parabola at (aQ,‘ 2at) is
x’\ 4
y—{wfx:zaz-{—g,({.i.

Since this is the same as (1,0

«l
0’05

23

— =t

. S+

ie. <\h= ~ (it zi)

A~

Ex. 2, Skq\'\;”fhat the locus of the poles of normal
chords of 3P 451 is the curve

N\ (m+20)y* + g’ =o.
2 [U.P.C.S., 1940]
'Q\‘Ifet {#', ¥') be the pole of the normal chord
“\‘?::; _ y=mr—2am—amd...(1).

\\ ) The polar of (2, ¥')is
4 WY =202 20z,
This must be identical with (1).

Comparing co-efficients,
1

-

=M _ __20m-{am?

¥ 2a 2ax’ "
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2y gat
Hence, 2 aytgd)
¥ Ty
or ¥4 &'+ 2a0) 4403 —0,
Hence the locus of (v, y) is
¥ zt2a)+4a’=o0. ¢ \\
O

841. Co-normal points. ~\

S

The equation of the normal at the point (a{r‘né{';zam)
of the parabola Y =4ax N4
is y—_'-mx—-zgm-._q_y.n\\:\.:

If this passes through (&, &), O

k=mh—2am —amd.
This being a cubic in m.has three roots of which ar
least one must be real. R\

From a given point“we can therefore draw three
normals to a parabnla, ©F which at least one must be real.

If b-\E} ic,
my, Mg, mg b ilie roots of the ab ove cubic,
NOT mymypmg=o.
_But ;hé;}fdinates Y1s ¥z Yz of the feet of these normals
are —2}m], ;mmz, —20Ma,

S

~ Hence, N+ Y2 +ys=o.

. \ Y
N/ That is, the algebraic sum of the ordinates of the feet of
the normals from any point to the parabola is zero, N

- Ex, If the normals at two points of a parabola be
inclined to the axis at the angles 4, ¢ such that tan § tan ¢
=2, show that they intersect on the parabola.
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The equation to any normal to the parabola 5 =4aw is
Y =Mz —2am—am®,

If this passes through (2, k),

E=mh—2am — am?, QO
Arranging in descending powers of m, \:\
amdt+-m{2a—h) +h=o, O
If my, my, my be the roots of this equation, { ™
Myt 4 mg=o . &EIJ:
mlmz‘{—mzmg—i—m‘_}mlz- 2—%—3{‘ ..-(2);
rem By
Theﬂ m-lmgmgz -—3‘?;-}\ (3).
Let my, m; be tan §, tan'y respectively.
Then Oy =2 (4
From (1), (2) and (3,
. &N\ -
P ‘:“}\ 2—myh == ia?ﬁ -.(5).
From (3) and (4),
:’§'X Ma= 2a - (6)-
. i»l.j'fﬁminati::lg ™3 between (5) and (6),
™ k2 2¢6—h
~l’~.\\ S =_'a_a_’
AN .
m\: W L.e., ¥y =4ﬂ}6,

or the point (%, k) les on the parabola.
8‘42. Circle through Co-normal points.
Let the normals g the points P, Q, B of the parabola .

¥==4az meer in (A, &), s
the roots of the Cq!l(atimz The “m’s’ of these normals are

W+m(2a—fa)+k=o_
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Further, since ordinate y of any of the above points
and the slope of the corresponding normal are related by

the equation y= — 26,
the cubic giving the ordinates of P, @ and R is
4+ 4a(za— )y — 8a’k==0 - (1) O
Let the circle PGR be :,.g\'{*:ﬁ'
w? -9 2ga-F2fy+-c=o0. (\,}‘s../

The y—co-ordinates of the points of interseaﬁiin of this
circle and the parabola are the roots of the eguaton

y4_Lz,_.yz_4_._ Y,
Ter YT g nyti%a,
by y4-i—yﬁ(16a3+8ag)+3za.3fy%:; t6a%c=0 e (2).

Threc roots of {2) are thg:ﬁgﬁ}ﬁe as the three roots of (1).

Let 4y, 4, ¥z be the§§:ﬁ1rec roots and y; the fourth

root of (2). \”\
Hence fromy( {)L )
O -ty ty =0
Also frbmiz),
{‘\‘,\” ih+ye -ty Y=o,
“;.'{\ “l:xercfore ys=0.
o w\,' “ Hence the circle PQE passes through the vertex of the

N\
\, parabola,
From the equation of the circle, we then have ¢=o.

Substituting for ¢ in (2) and removing the common
factor ¥

13+ y(16at-+Bag) -+ 320%F =0 ...(3)-
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Equations (3) and (1) are now identical.
Comparing co-eflicients,
16at -+ 8ag =8ot . 4ah,
and 320 f = —2g?k, . X

AW,
~ From thege, 2¢=—(h+2a), and 2f=“"5" S

N\

The equation to the cirele through the co-nof-m}z%. potnts
2z, & Ris )

N\
(200 3y =020

Ex. 1. Prove that the chord of the \parabola y*=—=gar
whose equation is y—x\fz+4a\f2=0'\xs. 4 normal to the
cutve, and that jgs length is 6+/3a. X

3

Ex. 2. Prove tha; the length of the intercept on the
normal at the point p (a#%, 2at)of a parabola y* =40z made
by the circle described on “the" Jine joining the focus and
P a5 diameter i5 aN1-FENS

Ex. 3. Prove that the locys of the middle points of

Bormal chords of & parabolg Y—4or=0 is
S
o AR
'.. M za y3

A

Ex. 45}: The normals a¢ two points P, @ on the parabola
y:_= g Gbtersect on the cyrye, Show that the ordinates

ot 23 are the roorg of the guadratic ¥ +-ky+-8a? =o.
Sl}&‘ also that p, passes through 3 figed point on the
axis of th

NS

=220,

€ parabola,

Ex. 5. pgis 2 chord of a paraboly mormal atr P, AQ

" is drawn from the vertex 4 5 and through P 3 fine js drawn
Parallel to 4

meeting the axis i B. Show that 4R is
double the focal distance of p,

Ex. 6. Proye that the chord of the parabola Y¥=4axr

- Which is normg) at the point whose abscissa is 20 subtends
. @nghtangle a¢ the Vertex,
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Ex.7. Prove that the locus of points such that two
of . three normals from them to the parabola *=4az
coincide is
N
As in § 841, the equation in ‘m’ of the normals passing . |

)

through (h, k) is
A\
ey §2)

274y = ¢ (x—2a)°.

am’-m (20—h)+ k=0
Since two of the normals from (#, k) coincide, th% ro0ts
A\
N \

of (1) are my, My, M.

Hence, O
2my+ma=0 (7 (2)
-
2yt gt =T (3h
Nk
mitmy=— o (4)

Substituting mg.—-miim, in (3) and {4},
# is‘} M—k
S 2

L >
» hod

O }’ Zmlaz—a' .
ﬁ\ﬁtﬁihating m; between these,
,\ 20—k \? (k_ 3
& e
; 27 ak? =4 (h—2a)’.

Hence the required locus is
27ayt =4 (x—2a)°.
Ex. 8. If three normals from a point to the parabolé
2% =4ax cut the axis in points whose distances from the
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Veriex are in  arithmetica] progression, show that the
point lies on the curye

270yt =2 (r—2a)2, A

85, Propositions on the parabola.
(1) The tgn
the angle ety
rerpendieular o

Oy
of a paralold bisects
of the mg‘jgz("aud the

gent al any point
en the focal distance
n the directriz from the

Let P be any

D
point (at?, 2af) on the pa‘rgbola Y =quam.
The equation of the tangent at P i5 y

7

poind. 8

ty=a:+a,t2’xj\\“ o (1)
i N\ .
The equation 1o the focq] chord through P ;g
A
2 =—‘iz:—;:i~ (x—a) - (2)

* The tangent of the af;g'vlé which (1) makes with (2} is

AN
2

O T

which isWfiesame g the sl

(2,
Hepce the Proposition,
%) The Portion of ¢ |,

L37)

ope of the tangent,

gent fo o pargboly intercepled
Curve sublends a right angle

Let Pheg point ¢ op the parabola ¥*=4ar. The
fquation of the tangent at P g

Yy =x 4t g2,

ie . . 2‘_'"
This meets the directriy THa=0 in (——-a, _a; 7 —)
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The slope of the line joining this point to the focus
__fi
(a, o) is 2z 2%, and the slope of the focal chord through

. 2t
P 1s- :
12—

The product of the two slopes is =1, which proves
the proposition.

'\
(3) The tangenis at the extremities of a focal chord
of a parabola intersect ot right angles on the directria, { N

Let (ai?y, 2aiy), (al?, 2als) be the extremifiés’ of a
focal chord of the parabola % =4nz. G

The co-ordinates of the point of intersaction of tangents
. $
at these points are jaif iz, & {tFia) L

The eguation to the chord1s A\
% (o) y:x:}sigﬂlfé.

Since this passes through shgMocus {a, o),
a4alta=0

.6y "\ {fe=m=1 o (1)

NI . . . .
Hence the m)%(xﬁrdmate of the point of intersection
of the tamgenfs, i —«, or the tangents intersect on the
directrix of the parabola.

X/

Furthﬁi“the slopcs of the tangents at the two points are
oV 11

Noo L — -

‘s'\\ 6’ s

,.\'ff"Frcm (1) therefore, the angle between the tangents
\\6 a right angle.

This proves the propesition.

(4) If 8Y be perpendicular lo the tangent of a point
P of a parabola, then Y lies on the tangent at the vertex and
S8Yz=AS8.8P,

Let P be a point (at?, 2at) on the parabola 3 =40,

2\,
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The equation of the tangent at P is

ty =a+at? e (1)
N
g
Y )
A, 5§ 'S N
N/
O
NN
The equation of the perpendicular\from S (z,0) on
this tangent is w\)
. (D
t(x—a) —I"y?Q,s.
or et yat e (2)

The x—co-ordinate of tjag}:'apoint of intersection of (1)
and (2) is evidently Zero. v

Hence Y lies on theltangent at the vertex.

Also, B —a? (14
\'\*} =a.(a+at’)
) =AS.8P. (Ex. 1, §8'12)

(s) jl{?w’sub!angent of @ point on a parabola is bisected
@ theyertex and the subnormal is of constant length.

R\ y,)

TASN 6

Definitions. If the ta

ngent and normal at a point
of a parabola meet th e

€ axis in 7 and & respectively,
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and if PN be the ordinate of P, then N7 is called the
Subtangent and NG the Subnormal of P.

The equation of the tangent at P {af?, 2at) is

ty—z+att.
This meets the axis in T of which the co-ordinates areas .
obviously { —ai?, o). £ V).
Thus AT=af?=AR. O
Hence the subtangent is bisected at the vertex. \

The equation of the normal at 7 is A ?\
tety=2at4-at?. AN
Therefore, AG =2a+2at{..x\ gt
Hence NG= AG A‘ N=2a.

The subnormal is thus equal to the semi-latus rectum
of the parabola. o

\"
‘,"

(6) The artkocenttg of any tiiangle formed by Ihree
tangents fo a parabofa‘hes on the directriz,

The tangents?t\thc points “,°, %, ‘4%, of the parabola

yi=gqax are
O try=z-+at,? . (D),
:\" oy =+ at? co (2)
J'{\ tgy =2+ ats? o (3)

\

3% The point of inteisection of (1) and (2) is
tatity, a (t+He)l

The eqguation to the perpendicular from this point
on (3) is

o\Q,

ty(z—atyle)ty—a (i) =0,
or taxty=a (f-Fia-Hitats) {4)

N



w\"

O

176 CO-ORDINATE GEOMETRY

Similarly the equation of the perpendicular on ( 1) from
the point of intersection of (2) and (3) is

tixty=alb+ t4tit,t) e (8)
From (4) and (5), the co-ordinates of the orthocentre ate
$—a, alt +t Hs i)l '

Oy
S
Ex. 1. Prove that the circle described oa”:’any focal
chord of a parabola as diameter touches the djr?{.‘trii.

which accordingly lies on the directrix.

AN
If (aty? 2081}, (atg? 2a8,) be the extrothities of a focal
chord of the parabola 3 = 4az, we have\t}ti,: —1I.
NS

The equation of the circle dgsctibed on this chord as
diameter is \/

(v—at )o@ T-(y— 2at,)(y— 2ats) =0,

or &byt —aa(lt-2,) -v—j‘?:fzfg}(t’l—[—iz) 4 afy2% 0 qatli, = 0,

or at-.gt :ém(zﬁ F197) — 2ay(t -£.) — 3a2 =0.
Putting x=;\iE;

¥ Haf(ti 1% — 2ay(t;+t;)~-20" =0,

o AU Pttt —2aylt - 8) =0,
or \:\“ yi—2ay(ty+1s)+a?(t, 1) =0,
sO% {y—alty+ini*=o,

3% | The directrix therefore meets the circle in two coincident
., bowts.  Hence ic is a tangent to the circle.

Ex. 2. Ois the pole of a chord PG of a parabola ;
prove that the perpendiculars from P,0,Q on any tangent
to the curve are in geometrical Progression,

. Ex. 3. A chord is a normal 1o g parabola and is in-
clined at any angle § to the axis ; prove that the area of
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the triangle formed by it and the tangents at its extremities
is ga? seci) cosecif.

Ex. 4. Prove that the circle circumscribing the triangle
formed by any thrce tangents to a parabola passes through

the focus. O

Hint. The tangents at the points %4, s, “of the, ()
parabola y*=4az form the triangle whose vertices are the\ °
points. s

Salyle, alty+1,)1 etc.

Determine ¢, f and ¢ so that the circle P\ N

at ot -2gr2fyte=o0 O
circumscribes the triangle. \‘\\ :

% 3

The equation will be found to be M\

bt a1 eyt fgtat ol <t -t —Difats)
N ettt -t ) =o0.

Ex. 5. A circle passes through the focus of a parabola.
The tangents to the parabola from a point of the circle cut
the circle again in points\R,3. Prove that PQ touches the
parabola. \\ [London, 1945]

86. Para]lglfChords. If (+', %) is the middle point
of a chord of the/parabola y? = qaz, its equation is
"\\ yy' —2ar=y't—202
If E%cﬁord is paralle] to y=mz--¢,
‘w, 24 —=m
A Hence the locus of the middle points of chords of the
parabola g*=gax drawn parallel to the line y=—ma-te

is —2a
¥ m’

which is paralle] to the axis of the parabola.
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Any line drawn paralle]l to the axis of a parabola is
called a diameter,

Thus a diameter of a parabola bisects a system of parallel
chords which are called the ordinates of that dinwmeter. ~

861, Tangent at the extremity of a diameter, (The
‘equation of the diameter of the parabola y*-=4aziwhich
‘bisects chords paralle] to y=ma+¢ is \J

A
L N
Y= Qg

This meets the parabola in the poi{t‘whosc co-ordinates
AN

" /
are = -&)
md AN

The tangent at this poir;i{is
& e
NV yEmet

which is parallehto the given system of chords.

Hence ‘thwangmt at the ealremily of o diamelsr of @
__pambo? a 88 yparallel to the chords whick that diamefer hisecls.

A%/

This ponld be proved more easily by considering the fact that ab
tl.lpze Temnity of the dirmeter the chord which is bisectcd hy thab
difimeter becomes a tangent to the parabola.

:§~..
Q T 8-62. "fa,ngents- at the ends of a chord of a parabela.
he slope “w’ of the chord joining the points (ai1?, 2241)

(atz% 2at;) of the parabola yr==qax is —2_

_ hitie

. . Hence the diameter bisecting this chord is
y=alty-4,).

But a(t;+,) is the y— co-ordinate of the point of inter-
section of the tangents at (aty?, 2aty), (at?, 2ata). ’
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Hence the tangents at the extremities of any chord of a
parabola meet on the diameter which bisects the chord,

8'63, Equation of Parabola when the axes are . /\
a diameter and the tangent at the extremity of that
diameter. L)\

‘\ ’

\ Y

N/
-

Let P be a point (af?, 2at) (m ﬂ;e parabola yi=4az.

Transferring the originte P retaining the direction of
the axes, the equation of the parabola becomes

, (P2at)t = qa(z-+ai?),
&

Now fet the'hew y-axis be rotated such that it coincides
with the tangént” at . The new co-ordinates (X, Y) of
any pointﬂgg the parabela are connected with (w, ¢) the
co-ordingies of the same point referred to rectangular

axes &h\i‘uugh P by the equations (§ 3.3)
* \ a=X+7Y cos g
,\:\ y=X sin w,
N\ where w is the inclination of the tangent to the diameter,

The equation of the parabola referred to the tangent
at P aad the diameter through P is therefore

(Y sin w+2at)2=4a(X 4 ¥ cos w+at?),

that is X2 sin? w42 Y (¢ sin w—~cos w)=4aX.
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. 1
Now, the slope of the tangent at I’ 15 tan o ==

Substiituting this value of tan « the equation of the para-
bola can be written as

Yéi=ga(1+t9)X ’ \;

But {1 1")=PS=bh say, O

The equation of the parabola when the tamgéiﬁ: at P

and a diameter through P are taken as co-%‘dinate axes
“is thus

2=4hx. N I
ki bx :,\\’ ( )

Tt will thus be seen that ther~eguation yi=4ax i@
particular case of the equation of the’ parnbela referved to
the tangent at any point and the cofresponding diameier.

From equation (1) we.see that corresponding to any
value of & there are two tqual and opposite values of #
This therefore confirms the fact that chords parallel to 2
tangent are bisected \by the diameter drawn through the
point of oontac‘Qvf‘ the tangent.

N\

- Ex.1. Show that the normals at the extremities of a
system of gayallel chords of a parabola intersect upon &
fixed 11;1\eﬁwhmh is a normal to the parabola,

If‘;ji: #2 be the ordinates of the extremities of a chord
of\the parabola 92=4aw, drawn parallel 1o y=mz+-v

Wity, =%- If y; be the ordinate of a third point on the

O

parabola such that the normals at these three points are
concurrent, yo—— 42, which fives the third point. Hence

the normals at the extremities of a s llel
: ystem of paralle
chords of the parabola intersect upon a fized normal.

Ex. 2. P, Q,and R are three points on a bola and
s & parabola a
the chord PQ cuts the diameter through B in V. Ordinates
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PUH and QN are drawn to this diameter, Prove that
DM BN==RV2,

Esx. 3. The ordinates of three pointson a parabola are
in geometrical progression. Show that the tangents at
the first and third points meet on the ordinate of the .

second point. ¢\

'\

Ex. 4. If the diameter through any point O ofa

parabola meet any chord in P, and the tangents @ri\the

ends of that chor i meet the diameter in @, ' ; sHdw that
OP == 00.0¢", AN

§87. Eguation of the parabola referred to two
tangents. In the preceding article we hayévSeen that the
equation P=gbr L ©

represents a parabola whether th€\'¥zes be oblique or
tectangular. \ o

")

If the axes are now transformed in any manner, the
the new origin being (£, k)athe new x-axis inclined at o to
the original axis and the’angle between the new axes
being o', we write“faK:z: and ¥ respectively (§ 3.4)

@sin (o)) | sin fo—(ato)l |,

Sil sin w
Qw'sin ¢ sin fa + o'
and NSty —-u-._i——)—]—k,
¢\.. Sl o SIN iy

Where\i{,-}ié the angle between the original azes.

" },'I‘\he equarion of the parabola then has the form

O (Az- By)i+2g-2fy-+c=o0, v (D)

W

This meets the axis of % in points whose abscissae are
the roots of the equation

AL oget-c=0,

If the parabola touches the axis of # at a distance @
from the origin,

gi=A%, —g=A%g

Q"
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Similarly, if the parabola touches the axis of y at a
distance & from the origin,

f2=B%, —f=B%%.

Therefore, B =A%t =c, O
from which, B=ta :..:}}.%)
Taking the negative sign, '\x "

B= "'_{I;’ g=I—A’a, f=— \s’é\-’l?a’

»

\0

Substituting in (1),

J 3
)—mx— ¥ ytat=o0,

or (____1;>‘ S “'- +-g—)+1=0,
o (fd\*fr) BCRE DA
) T
or ¢ \ _]_.._.,.{__.{.,2 fowy
C ol N

°‘\?\w (\/ ZEAN /Y ) =1,
W er X /_Y_ = ... (3).
RO 2+ \/ 1= o)

V), If we had taken the positive sign in (2), equation (1)

would reduce to
E ity o

which represents a pair of coincident straight lines.
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Note. The radical signs in (3) can be either positive
or negative. Thus in the anmnexed figure the abscissa
of any point on the portion PAQ is <=, and the ordinate
<b. For this portion of the parabola both signs are

positive. For points beyond P, the\dbscissa is >a, and
the ordinate <. The equation Jfepfesenting the portion
bevond P is N

'
'\/_ev_.;\'/‘@t:x.
Mt{\ b

e . .
Similarly, the equatidn fepresenting the portion beyond Qis
:_" * - _iJ.. =1I.

) i
o .
Theréisno part of the curve corresponding to two
negﬁ;i{@%i’gns.
'"\3'7’1. Focus of the parabola
N 'x v

{ X
[at N vt

By working in rectangular co-ordinates it can be easily
proved that if the tangents st £ and ¢) to a parabola meet
in O, as in the figure of the preceding article, then. (1)
the angles OSP apnd OS¢ are equal, (1i) O8*=8P.8¢.
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From these two properties it follows that the triangles
OS8P and 08¢} are similar, The angles SOP and $QU are
therefore equal,

If now a circle is drawn through €, S, and (), the lin&
OP will be a tangent to it at 0. \

The focus § thus lies on the circle which passc.‘;{!{mﬁgh
{0, b) and touches the axis of  at the origin. \J

\J
- . - . "4 "}"
The equation of this circle is AN ?

$%¢ 2

@? -y’ +2my cos o=y, \\

the angle POQ being \
O
The focus § also lies on the“circle through P and
touching the axis of ¥ at the origia.
This circle is N

O

w? bl Poxy cos w=ax.

. The co-ordinages of the focus, which is the point of
mtersection of the two circles, are

(S (Mab? atb
& +2ab cos w-+b2° ¥t 2ab cos w | B )

8:72:% Axis of the parabela
4 t\ No/

Oy E_ :1_
O V a +\/ b

\T."’ Since the tangents at the ends of a chord of a parabola

meet on the diameter which bisects the chord, the line
through O and the middle point & of P will be parallel
to the axis AS of the Parabola, ‘The co-ordinates of B are

G

"The equation to OR is y= b
- 24

Ir
v
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The equation w the axis, which is a parallel line
through 8 is therefore

e b ab (@*—b*)
CY— = T oab cos w +b2

8:73. Vertex of the parabola

Vi3 3 S

The vertex is the point of intersection of the axis .\
@ @—¥)
a*+2ab o8 w—+ b Voo
AY;

d th ;’:‘£+ ?J_ ':’:\
and the parabola \/ p b -I~\

Writing the equation to the pargbola as

ay—br=

w7
£ _ Y gy 4
(G-53)=0
we get on solving this {ﬁd (1),

(\Jab? (b+4a cos )t

CASTaC el
(u?t-2ab cos -8 F

s\'o a2h (a—l—b cos LIJ_)i_

\ o ¥ _(azﬂci—b_c'oW%- BEyE
whic}i\\ii\e‘ihe co-ordinates of the vertex.

W\
"{:"’8‘74. Directrix of the parabola

o»\; “,’ T ‘ y_
N NEaE
To find the equation of the directrix we shall use the
property that perpendicular tangents mcet on the directrix.

If we can find points on OF and 0 from which the
tangents to the parabola are respectively perpendicular
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0 OP and 0Q, the line joining these two points will be
the directrix itself.

If the point on OP is (g, o), the line perpendicular

toe OP is N
y=m (x—g), whete 14+m cos w=o0. O
O\
<\ 3
The equation is thys N\
3 N/

Z+y cos w=g. (N}‘.

This touches the parabola

\/ \ ‘“‘i:

or (— y) -—1_.0,

if the roots of the quadratlc
(9 ycos © ?,r). ’Z(J —§ €05 ) zb?f 1=

44

K7,
N
)

are equal, m\

The quad\i*a\lc canr be written as

B (wﬁvém @f =2y [bg (a-+b cos w)-+ab (a—b cos v)]
-+ g% — 2ub’g+a?bi=0.
o\ '
\;“‘I“he T00ts are equal if
O b9 (@b cos w)tab (a—b cos w)}? ,
:‘.\N:’ =(a-+b cos w)? (b%g* —2abig+a*b?)
\\ Y b if 4@%g (a+-b cos ) =4a% c0s o,

from which _ @bcosy
t-+b cos w

. b
The point ( #2008 w " o) istherefore on the directrix’
a-+b ¢ COS 1
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ab cos w

is oni the directrix.
? ‘bt cos o

Similarly the point(
The equation of the directrix is therefore
@ {@4-b cos w)-+y (D46 cos w)=ab cos w.

£75. Latus rectum of the parabola

fx ‘\/ ,Cz.\"/
3w =1 RO

The latus rectum is twice the perpendicular( c?tstance
from the focus

\ /
( abt___ why >
2% 2 2ab cos w- b dit2ab g@ b

3
N/

on the directrix o\
x (a+bcos )}ty {b+ g:c‘es m)-ab o8

Using the result of Ex. 1 § 3 3, the latus vectum after
2 little siimplification is <\

% A\ 4a2b2 sin®ew

Fx.1. Findt ,thc equation to the tangent at any point
(&', ') of tbq\parabola

N

~ “,The straight line joining the points (2, 3" (&> y") is

\ -

y—y' = —y,, - (x—a').
' —a

The points (2, '), (v, y'”) lic on the parabola, if

foa P F [l fr
e ¥ oy = ¥
\/ ?"5"\/ ?}'--—-Iv—- P -+ b




Y curve p?oy2
e N
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fag't ’ [IVCS
. . YAy i Vi
8.8, if Y N

\:b | i .__.\.a'.. .. ...l___[)

Writing the equation to the line as

Ny =Yy Ny A s
Y—y = (\.'E""-— i;.}-)(\x + ') {(x—z'), '\““\

and using (1), \ 7

Wby, (O
vy F_\/ N5 -'_x’ (‘r_"s"".}\

In the limit when 3"~ and % x\-’c, this reduces to
\/ " "'\.Iy - .._x ,
\ oy
o e\ T\

which is the equaT{ml to the tangent at (z’, y').

Ex. 2. Ra‘rébola, whose latus rectum is i, slides in
contact with each of two fixed perpendicular btralght lines.
Deternnnc the locus of its vertex referred to these 11ne9 as
axes, \: Ans.  AxB Al (2213 g0 =

~Bx. <. A parabola touches two given straight lines ; if
h&“"“ﬂs passes through the point {p, g}, referred 1o these

A€ as co-ordinate axes, prove that thc focus lics on the
—PTi-qy=o.

EXAMPLES ON CHAPTER VIII

1. If 3

parabola touches the axis of % and Y at
(242, 0) and (

0, 242} respectively, find its equation.

v 2. Show that the polar of any point on the circle
R N i " Y P
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with respect to the crcle
2yt 200 — 302 =0
will touch the parabola
y?-Haax=0.

N

3. From the point where any normal to the parabola {8\/)
yt=400 meets the azis is drawn a line parpendicular 10
this normal ; prove that this line always touches an gq’ga
parebola. "

A4

4, Find the locus of the intersecton of \pormals at

the ends of a focal chord of a parakola.

5. Find the locus of the point of i,m{:r?ection of two
normals to the parabola y?=4usz whichaT® at right angles t0
another. O

.\

6. Two equal parabolas have the same vertex and
their axzes arc at right anglés® Prove that the common.
tangent touches each at the énd of its latus rectum.

7. Tangents drawn\rom a_ variable point T tothe
parabola gf=40% %s;n a triangle of constant area 4 with
the tangent at théwyebtex. Show that the Jocus of 7' 1s the
curve oS 2y —4am) =442,

A&
8. Proweithat, if the dijference of the squares of the

perpendjculars on a moving line from two fixed poiots is
const:\u\kt; ‘the line touches a fixed parabola.

~Mint. Take the middle point of the line joining the
~Jized points as the origia.

9. Show that the point of intersection of two tangclﬁ
10 a parabola, which intercept a constant length on a fix
tangent, lies on an equal parabola.

* 10. Show that if tangents be drawn ta the paral()i‘)lt}
¥'=4ax from a point on the line x4-4a=0, their chord o
contact will subtend a right angle at the vertex. '
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11. The normals to the parabola z%:-4ax from a point
P meet the axis in 4, B, .~ When 2 is the midpoint of
AC, show that the locus of P is
27ay* = 2(x—2a), A~
12, The normals at the extremitics of a chord of, the
parabola 3?=gaxr meet on the parabela.  Show thac the
locus of the middle point of the chord is the parabgla

¥ =2a{x+ 20), N

13. Show thar the locus of the middle point of a
vaziable chord of the parabola y*=40x sulh) that the focal
distances of its extremities are in the r{tio 2:1is

9" 202 = ga¥(az —taz +-a).

14. Tangents are drawn af the'ends of a normal chord
of the parabola ¥*=4ax. Show that the locus of their
point of intersection is the ciirve

(e ey - 4o —o,

1%. A tangent.to ‘the parabola %*= - 45x meers the

parabola of =402 46\P, Q. Prove thar the middle point of
PQ lies on the ,p‘;iébola F
&

N\ ¥*(2a4-b) = 4atz.

18.,, Prove that the middie point of the intercept made

on 3%8{»‘111: 10 a parabola by the tangents at two points
P :agd. lies on the tangent which is parallel to P,

E are the feet of the normals drawn from a
. Onthe parabola yi=gnx, prove that the

(0" locus of the point where QR meets the tangent at P is
the curye

3oyt + 40 + 441602 (% +a) =0,

18. Tangents are drawn to the parabola #*=4az from

the point (x, §). Sh .
contact is B)_ ow that the length of their chord of

ts? -4aa)(13“+4a*)}§/a,-
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and thaz the corzesponding normals intersect at the point

Bt _ aB

18. Show that if a chord of the parabola y?=4ax
touches the parabola 3?=4bx, the tangents at jts extremities
meet on the parabola by*=4a’x, and the normals on the ()
curye {aa— DYyt = 4% w24k o\

98, Prove that the area of the triangle formed by tht
feet of the normals from (f, &) to the parabola y’:@@x is
{4afp —20p 27000 '

Y,

21. If the lengths of the tangents dedwn from an
external peint to a parabola are ¢ and! k) and the angle
between them is 8, prove that thé yparameter of the
parabola is o0

. > 3
N
N

_ 4att sin? N Dublin, 1
(u.z—{—bz_}-za.b COW)BH [ Ubun, 945]

22. If two norm:algto the parabola y*=4ar make
complementary angles with the axis, show that their point
of intersection lieg omone of the curves

P az—a), yi=ole—37)

23. Tﬁé"hormals at three points P, @, B of the
parabola g2= 40 meet in (k, k). Prove that the centroid
of the(friangle PR lies on the axis at distance 3 {(h—2a)

fromtiie vertex,
)N

)24, Prove that the line Az By-+C==0 will touch the
parabola

' ; le+my-+n)?
(r—z" ) (y—y )= it __;*%mT,_,

if (42 B+ my +n)=2(A1-+ Brm){d2’ + By +0)-
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Through each point of the straight line a=myLb is
drawn a chord of the parabola ¥ =4ux which is bisected
at the point ; prove that the chord touches the parabola

{y-20m)?=8alx—h). .
[Indian Audit & Accts. Scrvice. 1940

e
25. Prove that the triangle formed by three ¢normfals

1o 3 parabola is to the ‘triangle formed by wbe three

corresponding tangents in the ratio Q)

(mytmot-mg)t @ 1, w7

where m, ms, m, are the tangents of the aﬁgles which the
normals make with the axis. x\\

26. A chord LL of a given"}lrcle has its midpeint
at O and its pole at P; 3 (Pafabola is drawn with its
focus at O and its directri¥\ passing through P : prove
that the tangent to this JDarabola at any point where it
meets the circle passes through either 7 or 1,

21. A triangle eircumscribes the circle ?+yt=a?, and
two apgular poidts® lie on the circle (x—za+yf=2a" :
prove that the \third angular point lies on the parabola
y2=a(:c——f.‘;a).\%mve also that the three curves have two
real and twO\impossible rangents.

\¥;



CHAPTER IX
THE ELLIPSE
91. Equation of the ellipse. Ax ellipse is z}w locus ¢y
of a point which moves such that ils disiance from a \\ -
Jimed point (the focus) és e (1) times its distance from. n

Jiaed stralght Line (the directriz).
e is callad the eecentricity of the elhpse, m\

Let 8 be the focus, ZM the dirveclriz and @ perpend1—
cular from § to the directrix,

M.
N,
el

@

The poing 4‘6!1 87 such thar 48=e.AZ clearly lies on

the elhpse >
‘€< 1, there will be another point 4’ on ZS

Si
prodyeed such that
o S4'=eA'Z.
\”\ This point will also lie on the ellipse.
Now, AA'=A8+ 84’
—o(AZ L A'T)

—2¢CZ, where C is the middle point
of 44',
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If, therefore, AA’—=2a, cz="2,

[
Also, SA'—~AS=e(A'Z—AZ)—e. A4 =20,
But SA'=801 €4, and AS—CA—08, &>
Therefore, 8C+04—(CA—CS) :e.;m,it}' '
R 208 =20, O
or CS=ae, A

‘& ® .
Let C be the origin, and €4 and a ’pé;pendicular CB
as the axzes of # and y respectively.

Let the co-ordinates of any poi&f’:}‘; on the ellipse be
)8 QO

N\
L >

. A, Oy . e
The equation to the dirétrix ZM is T=— and the
co-ordinates of the focug S are {ae, 0).

By definition, §R=—e.PM, PM being the perpendicular
to the directrix. .
L}

7\
¢ N/ "
Thi.s giveg \ \\ (x_ae)ﬂ+y3= ez- ( i __x) 5

feo NY S bp=a(—e),
O

PR z* 2

20" T AN —

N\ )

\ .
Putting a?(1 —e?) = 12, this reduces to

2 2
§T+ %2 =1 ree (I)

which is the stendard equation of the ellipse.
If in equation (1) we put x=o0, y=-1b.

The points B, B 'in which the ellipse cuts the
H-axis are thus at distance 4 from €. ;
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g-11. Szome properties of the ellipse. Since the

. 2
equation iz--+—bg-=1, contains only even powers of
and y, the ellipse represented by it is symmetrical with
regard to both the co-ordinate axes. Also, any chord of
the ellipse is bisected at the point C, for the points

(z, ), (—=, —y) simultanecusly lie on the curve. The\'

oint (' is therefore the centre of the ellipse, 4
p p h

The points 4 and 4’ are called the vertices, 44" (£2g)
is called the major axis, and BB’ (=2b) the minor ~axis of
the curve, The major and minor axes are the\axes of
SYmImetry. ’

If ® >a numerically, ¥ is imaginary,:\\and if y>b
numerically, » js imaginary. The ellipse is therefore
confincd between the lines z=-Fa, ¥4, and is thus
limited and closed. N/

The symmetry of the equatiogi'shows that there exists
a second focus 9 situated on thed major axis at the same
distance from € as &, and\ad second directrix Z'M’ for
this focus curtting the majofaxis at right angles at Z’ such
that %' =02, AN

The line PN pefpendicular to the major axis is called
the ordinate of the'point P. If PN produced meets the
cllipse again in ¢, "PN P is called the double ordinate of P.

A double ordinate through a focus is called a lasus
rectum. o\

Sirlcethe co-ordinates of § are (ae, o), we get from the

_edustion : xz ,,},.y_g..z I
\ 9 ) at ' b
SLA
& g =1
' ]
or SIA=t(1—c) = Oy
B

1.e,, Sh="., .
a

N\
WA
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-

' - . 25*
The length of either latus rectum is thus R

From the equation of the ellipse we easily infer that
if the perpendicular distances py, 7.2 6f 2 moving point Py
from two perpendicular coplanar lines u,=0, u;=0 Ies™

pectively are connected by the equation ¢\
2 2 N\ ©
o 23‘.’__=I, .\
at v 4R -

the point P describes an ellipse in the plane, Of‘the given
lines provided o and b are real quantitics.,~Rhe centre of
the eilipse is the point of intersection of\thévtwo lines and
if a>b, the major axis lies along ug=p and is of length

2¢. The minor axis will be of length )20 lying along the
line %, =o0. 'S

ﬂa' et g b re-
Corollary. The equation, 4z =y =1, @ >b o1
presents an ellipse of which'the major axis lies along the
y-2xis and the minor axis\along the z-axis. The foci are
the points (0, - aede,

. Exl. Obtaﬁf}x\the equation: to an ellipse whose focus
is the point (1, 1), whose directrix is the line 2 —y+3=0
and whose gecentricity is 4.

N\ Ans, (a2 +y¥2xy -+ 10(x—y) +7=0-

E’x\é Find the latus retum, the eccentricity, and the
&ie\—ordmates of the foci of the ellipse 527 + 4z =2.

al

. a2 2
The equation can be written as —; +L =1
E) T
Since } >3, the major axis lics along the y-axis. Here
- 2 |
#*=}, B=Z. The latus rectum:—%% :—-‘g‘-;-g.
The eccentricity=-vi1—%=+1/5 and the co-ordinates of

the foci are (o, 4 _\r% .
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Ex. 3. If the angle between the lines joining the foci
of an ellipse to an extremity of the minor axis is go°®, find
the eccentricity. Find also the equation of the ellipse if
the major axis is 242 units in length,

C Ans, A} it 4yte1

Ex. 4. Find the centre and eccentricity of the ellipse
3(30—2y-+4)1+2(2x-+ 3y — 5)0=26. AN\
Wiriting the equation as ‘

A
?

(3% 2y+4) <2w+3y*5 5‘:%:\\7

VI3
< 39:-—2y+4_ \;
or ~13 2439 5
3 I3\,

we see that the major axis is of length 2 with eguation
3x—?y+4—o, and the prinor axﬂs vis of length 242 with
equanon 2,::—{-3?; 5==0. The~ Co-ordinates of the centre
which is the point of mtersecnou of these two lines are

(‘_153'1%) o .

\—
The eccentnc;t{\ AT &= 1.

Ex. 5. Findithe'eccentricity and latus rectum of the
€llipse o 34yt -6 —8y = 5.
N \ / Am % 3

Ex. 6\ \Fend the equation of an ellipse whose axes are
of lcng‘\(;]gs ‘4 and 2 and their equations ¢—y+3=0 and
39+J’— =0 respectively.

\. Ans. 528 —6xy+ 5yt -+222—-26y+29=0,

) 912, A Geometrical Property. If PN be the ordi-
nate of a point P on the ellipse

22
+bz—-13

Q

ON? PN

a,=+bz_
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: z z 2_ N
Therefore, P_g_ =1 —O—af—-- == Qé_af ----- - =
PN B(?

Hence ANNAT ADY

Similarly, if PX be drawn perpendicular .
axis,

~PR: A A\
BK.KB'™ BC?” N7
Wile
& PE* COK®
or —+ 5 = \
a b \
N

913. Sum of the focaldistances of a point
a point (z, %) on the cllipse)

a3
St

PSS e.PM =(0Z —ON)=a—ez.
And m\"\“PS’=e.PM’=e(CZ’—‘;ON)=a—|—ex.
He{{é«‘ ' P8+ PS8 =2a.

. The sum of the focal distances of any point on
.p{flma equal lo the major axis.

{37 'This ptovides a means of tracing an ellipse. If a 7

mOves on & piece of paper in contact with an inextcas
whote ends are fastened to fwo fixed pointa such th
Pbortions of the thread between it sand the fixed

always tight, the curve obtained will be an ellipse who
e the fixed points.

- 314. Position of a point with regard to the
a? g
P

The point (3", y') is inside, on or outside the ellipse
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according as the expression
. 2 y'z
T Et
is megative, zero or posilive,

The proof is obtained as for the parabola (§ 8 11) and
may be easily worked out by the student.

915. Limiting Cases of the Standard equahon\o‘f‘

the ellipse. \
Case I. If in the equation NY
~NY;
$2 1 K. '\
T :gT:—"I: bt =a?(1—e%), N\

~~ N/

¢ remains consiant and e—-o, b”—-m’” The foci then
approach the centre and when e b,e?:nmes nearly zero, the
ellipse becomes almost a circle. &NY

.‘,

A cirele is therefore the hmatmg case of an ellipse whose
eccentricity tends to zero. . Lhe diameter of the circle is equal
to the major awxis of tk@\«lhpsa.

Case If, If Ln,thle equation
P,
xo\;,,.‘ Pred ?’,3 _
A° @t Tt

‘.l

the ongﬁa is transferred to the vertex (=a, 0), we get
AN

o\ "4 (x,_,a}ﬂ
\»> + B L
; 22 2m | 4P

he @ TatE T
i 22 &

He 2o
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:
If now @ and b both tend to infinity such that Lt 2 is

constant, k(say), the equation approximates to

y’:zkx,
which is a parabola. A ¢
¢\
. _The centre of the cllipse in this limiting casge\liesat
infinity, A 7

Ex. 1. Prove that the sum of the squiapes of the

reciprocals of two perpendicular diamerérs® of an ellipse
1s Constant. )

%

2' 2
Let the equation to the eHiPSE‘b'Q':Zg' 4+ z; =1.

N\

Couverting this into polar co-gr&fﬁates,

1 cos? Qo)

y risint g
O\

- =
. ' "4 adh?

t.2. N . .
? (N B cos? 4af sinZ @

'\ o/
If +" be the}tngth of the perpendicular semi-diameter,

Y
7 Beost 0+ )atsin (0 )
.sﬁ\\w I I Plar 1 I
W\ A= = T
N"
@ Ex. 2. Discuss the position of the triangle formed

\ by joining the poines (1

33, (3, — d (—2, —1) with
Tespect to the ellipse 225G o) and (=2, 1)

2+ 35°=30  4ms. Inside the ellipse.

Ex. 3 A straight line of o i
.Y given length has its
Cxtremities on two fixed straight lines which are at right
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angles, Show that the Jocus of any point on the line is
an ellipse whose semi-axes are cqual to the portions of
the line in which the peint divides it.

. Ex. 4. A series of ellipses are described with a given
focus and corresponding directnix ; show that the locus
of the extremities of their minor axes is a parabola.

2N
£

92. Ausxiliary Circle. Def. The circle rIr':.-?r;-.r-i-.’;r;;JI’\i{?r>

the major awis of an ellipse as digmeler is called the anxildry
circle aof the ellipse.

o\
<N

Let PN be the ordinate of any point li:mévfhc ellipse
whose major axis is ACA’ and minor axis BCY¥

. - A\ .
Let NP produced meet the auxlhary\‘ej}cle in ).
In the right angled triangle AQ AV
QNT—= AN’

*»

kS
A
by
A
O Ao, from § 912,
\/ __ PNz Bc: B
AN NAT T A0 T at”
Hence PNt B
’ o=
that is PN b

oy~

N
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The point Q in which the ordinate of /” meets the
auxiliary circle is called the correspanding poini to ).

Ex. Perpendiculars are drawn upon a diameter from
each point of a given circle. Show that the locus of the
points which divide these perpendiculars in a given ratio
1s an ellipse. )

921.  Eccentric angls. Def. Ifthe ordinate ;Px.l} of
a point P of an ellipse meets the auxiliary circlein'g, the
angle NCf) between the major axis and the lind B Joining
the centre ¢ 1o @ is called the eccentric avele of P and
is generally denoted by ¢’ v

%

We have CUN=C6} cos p=t co\sﬁ;“

] NG .
and = .. =4 o= jir i
NP a NQ & O sin ¢ =0 sin 5
Th(; co-ordinates of P qug.f’;;‘.hcrcfore (a cos 7, b sin ),
and P is briefly called thewpoint “o’,

%22 Equation .ep the chord joining the points
whose eccentric angles are § and .

The equatiqn\i}
y=Bin g _bGsin 0 =D a—a cos 0)
A\ a(cos §-—cos %)
A&
"%“l b CO% E'_Z_CP
.”;‘; . = E‘ ——-——9;-- (35‘-& cos 9)9
»\:' 3 Sin —_— E -
\/ that is
0+e = H-1 b+
psn—3 % o Ote ¢
% 5+ —-cos 5 —=sin § sin 3
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Hence fhe equation of the chord joining the points 9’
B :

! ‘y
o T

2
and “o’ on the ellipse §==118
x  Bre ¥ g 0Fe o0 ¢
am‘.as 9 +bsm 2———c_os g " ~
If §—>, the chord becomes a tangent, and from the™\.
the above equation the tangent at the point ‘g’ is &\
- o8 o+ p S| ES S s 4
W
Fx. 1. @ is the point on the auxiliary cirglécorrespond-
ing to P on, the cilipse. PLM is dra n,paralicl to the
radins CQ to meet the axes in L and M2 Prove that PM

and PL are cqual to the semi-axes. N

Ex. 2.. If §, ¢ be the eccentric é‘ﬁgles of a focal chord
of an ellipse of eccentricity e, ptove that

(@) ﬁe cos “%(‘G;f“(é)-:scos H0—9)s

) £ -
(i) t\ag}x\ﬁ tan § ¢+ 3, —o.

~‘ 2 2
Ex. 3. »A point P on the ellipse _ﬁf + g, =1, whose

essent:'{c:\ffﬁgle is ¢ is joined 1O the foci 8 and S
and\BS; ‘PN’ meet the -curve again in ¢ and @'. Show
that the equation to QL is

‘:\ —z— cos o (1—¢9)+ g sin o (1+eH)=e =1,

) 3

« being the eccentricity of the ellipse.

Ex. 4. If g1, ¢z 93 94 852 the eccentric angles of the
. points in which an ellipse is cut by a circle, prove that

@1+ @rt g3 T Pa=20T
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Let the ellipse be z + 7

o

=1I. The chords }mmng

the points ¢’ “g2’, and ¢ ¢1’s ¢ are respectively

— 1ty o Pty PLo-gs
U= 0s-~" - ¥° 1LY gip <~ CO§ =0
1=7% ¢ 2 +3 v ! 2 2 A

)
o se— i\
and %,E.__ o8 - ?sﬂu Y i B g Plo
- b 2 :3;,"
The equation A4

x? v

e + I+)ul

a bz %./

Tepresents 4 conic through the four gw}n points.

Since this is a circle, the co -c;ﬁic;ent of zy in the above
€quation must be zero, N

Hence, ™

PAY, ‘P1+<{42+ 3 tgi=2n7,

&(3 If any two chords be drawn through two
PoIAis on the major axis of an ellipse equidistant from the
centre, show that
~O
\/ tan % tan—B tan- tan -0 1,
2 2 2

whére @

:B 1,5 are the €ccentric angles of the extremities of
the chords

Ex. 6. Show that the areq of a triangle inscribed in
an ellipse is
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Jab{sin(B—T)+ sin({—a)-Fsin(a—£1
= —2absiny(B—T)sind(¥ —a)sind(a—f)

where a,B,] are the eccentric angles of the angular points.
N\

Ex. 7. A chord AP is drawn from the vertex of an
cllipse of eccentricity ¢, along P4 is taken a lemgth PR, N
equal to PA-+-e% and £ is drawn at right angles to the *
chord to meet the straight line through £ parallel 10 the’
axis ; prove that the iocus of Q is a straight line pegpeddi-
cular 1o the axis. \\

93. Eqguation of the tangent and othex lo;:; As
in Chapter V, or by regarding the equatj%’ ;Ez;-{—%r——- I

as a special case of the general equation of the second
degree we have the following results ;=

The equation of the tangcm};it («'y') is

axl Sy
o
¢ 4\J
At the point So™this equation becomes

o= Y
P\ Eco&g»’r -—g-smcp.:x
N

W

Equétion of the pair of tangents from (2, %) is

KA : ; : :
:"{j.:.(%:—}‘%:“_ 1 )(Ea‘: +"%‘zf - 1)5(—2;:‘ + by: - 1)2-

~ 0

.  Equation of the polar of (', ") is
o’ gy
wT T

This is also the equation of the chord of comtact of
tangents that can be drawn from {z';y') to the ellipse.
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The equation of the chord whose middle point
is (#',y') is

L ¥ 2 3
w’ oy _ oyt
i ad f

at S .
94, Condition that theline y=mx +¢ he a tangent -
to the ellipse N\

|
N/

2
‘|"§z =1. N\

at \
The x—co-ordinates of the points in which ‘the given,
line cuts the eflipse are the roots of the equatioh

'3
<

at | (mate)? :j\\“
at i = X
1.8, @ (B2 -aPm? - 2atmek P at(cf — 1) =o.

_The line touches the ellipse¥ the roots of this quad-
 ratic are equal.  This gives™S

abmn2e? — (b'-"+ atm?) (6t — a2,
i S 1 (@it
£ay (9= v(atmt 1 52),

, \
The line y,:»nx—i-\f(aam2+bz) 18 thus a tangent to the
ellipse 9,

O\ 4 xt o
2 =,

y \.‘.
wkq@ef be the value of m.
W\

oa " The student should find no difficulty in seeing that
[the co-ordinates of the point of contact are
N - —dly b
M2 LW gy b )
Since the CQUALION 3= 2 |- (2o _F,2 :
¥=mr+ {a?m?+-b2) gives twWo
values of m for fixed values of = and Y, it )follows that

from a given point we can draw two tangents to the
ellipse,
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Further, substituting the two values of ¢ in the equation-

y=—mx--c, we see that for a given value of m there are
two tangents y=ma--Jafmil-b? and y=mx— ya®mE-+b%,
This shows that two tangents can be drawn to an ellipse
parallel to a given line, and that these tangents are equi-
distant from the centre,

N

«“ ’
A,

Cor. The line y—k=m(r—h)+ va?m?-+-b? is a tangent\ ~

to the cllipse \
{z—Fk)? (y—k)*
- ),_ R 5 --)—=I. . 4

¥

Ex. Show that the line x cos a-ty sin ;{:—:p' touches
, pY 2 4D
the ellipse Ei-'—{" 'gz“: I N

if pr=a? cosly + 12 §ih"é..
.95, The Director circle. A\
Def. The direclor circle 8¢ the locus af points the tangenis

from which are at right angles.
O
The equation of the pair of tangent from (', ) to the

i O 28 .
C]‘hpsc I L Py _"g'?' +‘6£-= I i85

4

S e )

A\ ) I 2 2 Ty’
LN eyt N N Y

QO

-+ first degree terms =o.

These are at right angles if

r (y"? LI A Y
LY (e

i Byt B
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The equation of the direclor cirele is therefore
i yi=al+ b

~ Ex. 1. Prove that the tangents at the extremities of a
diameter of an ellipse are parallel to one another.

Ex. 2. Show that the locus of the point of intersettion
of tangents to an ellipse at two points whose éctentric
angles differ by a constant is another ellipse. ‘

The tangents at ‘g’ and “p"are m'\' ¢
Eocos g+ L sin p=1
i) (P_T‘ b s ‘P__ 3. b
’x.\
x i Y NNy
and 2 08 ¢’ - sin p :}

Ne/

If the point of intcrsectjaa’f;ﬁcf these tangents is (2, ¥')

s sin__%‘_(_?_'{_ﬁ:).
cos & {¢—¢")

Eliminatinii@gi\- g’, the locus of (¢, %) is
o\

\ x 2 '
0 Ef-i-'if =sec? § (p—¢')-
4

»

. (Ex’3. Chords of an ellipse are drawn through the

positive end of the minor axis. Show that their middie
R _

4 ..\’: 3

\ N
4

wnts lie on another ellipse.

Ex. 4. Prove that the perpendicular from the focus
of an ellipse whose centre is € on the polar of any point
P will meet the line CP on the directriz.

. Ex. 5. The ordinate MP of a point P on an ellipse
Isproduced to meet the tangent at an end of the lamus
rectum through the focus F in R. Prove that M E=FP.
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- Ex. 6. Prove that the locus of the middle point of
the portion of a tapgent to the eliipse

I T

+ 7, =1
a? i#

. N\
included between the axes 15 the curve
A s

dz bi r’\"\

+ ., =4 A N
2t oyt ' O

Ex. 7. The tangent at a peint I of an e]lip'se" meets
the auxiliary circle in two points which_sgbtend a righx:.angl‘e
at the centre. Show that the eccentricity of the.ellipse is

.. 4 . .
(1 isin*y) %, where ¢ is the eccentric angle of R,

A\J ]
Ex. 8. An cllipse slides between two/sic}mght lines at
right angles to onc another. Show thaty'the locus of its
centre is a circle. *)
Ex. 9. TFind the equations toube tangents ar the eads
of the [atera recta of the ellipse ¥
A A N
.r:z 4 g;‘“l
@
{\
and show that they(Pabs through the intersections of the
axis and the directrig

Ex. 10. Shawthat the arca of the triangle formed by
the tangentsddhe ellipse

R
\\' ‘ a g IO
N
i&,’(h}e points whose eccentric angles are s ids 1 respectively is
\:\' abtan (@ 1) tan (Y —~a) tan 4(5 — g
V Ex. 11. Prove that the common chord

s of an ellipse
of the ellipse,

points of intersection of the
let+my+n=o,
Vz4m'y4n' =0

and 1 circle are equally inclined to the axes

The conic through the
lines
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yz

T —I=0

and the ellipse z:— +

. at yz I Fup 1 an?
is ~dz-+—bz~—1+ rx-bmy4-n)(la s 0wy o'y =0,
Ifthis is a circle, Im'+ml' =0, RO N
’ § Y ’
that is i z——g—, A\ 3
m m R
which proves the proposition, .m:\"'.
Ex. 12. A circle is described on a choxd of the ellipse
I
@ P R
o Tl \
lying on the siraight line N
S
P 5

as diameter. Prove&het the equation of the straight line

joining the other;two common points of the ellipse and
the circle is P\\

(7l x oy attbl
KO e

N\ . .
_geﬂ:l& Tangents drawn from a point P to a given

clupse meet 2 given tangent whose point of contact is 0 in

£5Q ; prove that if the distance of P from the given

LOfngent be constant, the rectangle 0@Q.0Q" will be
\; €onstant.,

Ex. 4. From a point P of an ellipse two tangents
are drawn 10 the circle on the minor axis. Prove that
these tangents will meet (e diameter at right angles to CP

I points lying on two fized straight lines parallel to the
major axis,
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~Ex. 15. Two points P, @ are taken on an . ellipse
2 a4 [bi=1 such that the perpendiculars from ¢, P on
the tangents at P, ¢ intersect on the ellipse ; show that
the locus of the pole of @ is the ellipse

byt = (ad B, O\
 %6. The Normal. Oy
<" The equation of the tangent at a point (', ¥') of ey

) ot g AN\ )

ellipse Z Tl O
— .\
. zx Ly 'S
is -dg—-}— =T .
The equation of the normal whick is 'pa}péndicular to

the tangent at this point is w\

¥ . ¢ , PN

QYY) -%g(x—m =0,
24\

+iB=p g

A S
£
N
M

. bt
§us _ y{’ ‘
At the point ‘@’ this bggorriés
ax sec ¢ =hy cosec ¢=a’—b’.
$-61. Normals‘ffeﬁi a point to an ellipse.
The normal 'gt:t,he point (@ cos ¢, b sin ¢) of the ellipse
PN T
i
Al 7 g sec g —by cosec g=a—12,
If Ih\i% passes through (&, &),
o) ah sec ¢ —bk cosec p=0*—b2
“\“This equation will give the different values of ¢ for
\vhich the normals pass through (A, k).
Writing it as
¢ 2
ah( I -{-tan{?) bk( 1-4-tan? bl )_-

=at—.}3,

=I

is

—tan? £ 2 tan¥-
L2 2
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or, on multiplying out,

bk tant € —|—z(ah+a2- b%) tan? ¥ + 2(ah—a*-+b%) tan%

—bk=0,
This being a quartic equation gives four values of tan-¥* Z(f:\~
O
If &, be one of the four values of tanép— s ‘ >

tan <P —k], tp =2 tan— 1 }\,1 m\

and the general value of =207+ 2 tar\i\ Ll which gives
the same point on the ellipse as ®.

Thus corresponding to one ;ra]uc of tan-i— we get
one point on the ellipse, real or»i'mééinary

Hence four normals crm \be drawn from a point to an
cihpse

‘.'

“Ex. 1. If «, B, 350 be the eccentric angles of four
pomts on the ellips E such that the normals at them are
concurre at, thel\a\ B-+Y+3 is an odd multiple of .

If the normals meet at (k, %), then tan—, tan —E-,

tﬂn— xt&n - are by the preceding article the roots of the

e(lu}\uon in t

OV bktho(ahtal—b7) 13 4-2(ah—af + bR —bh =0,
~O Therefore,

)
83=Ttan2- tan £= O,
2 2

Si—mi tan £ tanltanir-_—w'-»r.
2 2 2 .

But B X 3y 8-,
“ m( Tty ) =S+ 8, ?
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— Stan® —stn® tanb tan L
where Sl_Ztan?, and §;="Ttan 5 ‘an- - tan—-.
Now, 1—8;+8,=0, and 8«8

a B, T BN
Hence tan (—2— 45 ._;..‘2_ + ?>_ w,
: o B, Y, 3 _ Y LeN
that s 2 oty =an odd multiple of EO
o i @+ B-+Y45=an odd multiple of
\ /Ex. 2. If the normals at the points whose éésentric
gles are q, 8, Y are concurrent, then A\ N

sin (B4Y)+sin (Y +a)-+sin (a-+ B)0!
[Indian Audit & Acg;g»}ﬁ‘fervice, 1947.}
If the normals at o, B, ¥ meer at (3sk)and if 3 be the
foot of the fourth normal from (ByJs), then, as inthe
preceding example, ™

QN
""

\

B tan\“l‘-—':an % =—1I

and tan < tan -
2 2

\J
Eliminating tal‘\g- Between these,

- a 7 B Y
tan S%an = ttan - tan— ftan £ tan-
S, twn  Tan 2
(N
Ocot > cot 8 —cot-* cot X ---c:orﬁ cot I =0,
AP 2 2 2 2 2

£ 3 . [+ 4 .

a\¥ _COSz a_ COS‘Z.__B -—38in%2 2 § 1n2£.
2 2 2 2
= o @ p =0
in = cos — sin 1= ¢os -

s 2 2 2

atpf e @
2

cos

that is P S o sm B
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: CoS ¢ --Cos
that is et B M s B —o,

sin g sin 3

thatis  (cos a+cos B) sin Y-4(cos B+cos ¥) sio a
-+ (cos Y- cos a) sin B =0,{\
from which sin (3+ Y)+sin (Y-+g)-Fsin (a+B)=0. O\

Ex.3. Prove the converse of the above propositién) viz.,
that if PN

< D
sin (8+1)+sin (Y+a)+sin (a+ @;@’d‘,

the normals at «, £, ¥ will be concurrents

o\
97. Some propositionson thg{li}bse.

(1) The tangent and normal af® :m':-g point of an ellipse
bisect the ewternul and interpal“angles between the focal
distances of the point, R

’~
at

T =T

Let P be any point {%.'} ¥') on the ellipse 7

Let the tangent an}i normal ag P meet the major axis in 7

and @ respectivikf:"
The equét'tbn of the normal PG is
N/
x:\’..f al =z 32 yT e g2 e B,

O
e/

V'S\This. meets  the major axis in the point which is

N\,

o\ obtained by putting ¥ =0 in the above eguation.

x!

'"\ . 4 x, bz
\/ 0O=25 @—t)=2(1— 0 Y=

SG@=08~CQ=—ae—e2z =e{a—ex')
=e.PS, (§913)
Similarly (8 =e.PS",
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sP 8@
P8 T Gs?

Hence

44
&
\:‘.\\
’

Ny

i.c., the normal P@ bisects the angle SPSi\\;

Since the tangent is perpendiculqr'\jtﬁ' the normal, PT
bisects the external angle berween thevfocal distances of P.
(2) If SY and 8'Y" be gg:hpmd-icula-rs from the foei
wpon the tangent al any poindy Fof the ellipse then Y and
Y" lie on the auziliary circlbtnd S8Y.8' Y’ =12,
Let P be the point,,f\a cos ¢, b sin ¢) on the ellipse
{"‘,\Ez L y?

W T T

The equatiod of the tangent at P is

PN

\J ® ¥ .
7 ety s - O

;{ﬁhe equation to 8Y, which is perpendicular from (e, 0)
"iqgéhc tangent at P is
{

o ® .
\/ '3‘ o3 g— '(ib a) sin ¢ =0,
that is :;— sin p— g COs @= %c; sing e (2)

Since the point Y lies both on (1) and (2), the locus
of ¥, by squaring and adding (1) and (2) is
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cos’ sin? 524 aie® sin?
(S8 4 gy Prasinty
|- (a®—b% sin? o
= —._6.2 Rl )
N

6% cos® gtat sin® o \

T T Ty

e\
that is, @A yt—al, O

7%

The point Y therefore lies on the ausiliary gizole.’
€

Similarly it may be proved that ¥’ lies o‘ﬁ”.a\his circle.

Also, SY=.— 129059,

a? N \NZ 52

_ ab (1% os 9)
- \'cas,zq}:bz—k sin 2p.a% °

Y éb’(l “+e cos o)

and = T T O
W@COSZQP A2 Sin2cp

=
LY Ba?—a%e? cos? )
S}i.ﬁ\f‘— Teint o P sot
2NOT e @ ) cost o}
’\;": a? sin? cp—:'r-bf‘ cos? @
W V(@ sin' ¢+ cost ¢)
{\ a? sin? cp—}—f)z COSz_:p__
AN —

'"\s.'
\/ (3) If the tgjngent at any point P meet the major and
minor azes in T and Z,

ON.CT =qt, CHM.Ci=b2,

where N and M are the feet of the perpendiculars from P
on the respective qres,
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If P be the point (2, ') on the ellipse z _]_ b‘h =1,
the equation of the tangent at P is
¢

/t‘? £ <
o N
2 AN
N 3
4

g AN 7 .\
O
'\"\‘\\0
a RAS
ﬂ.2 ' 62 - o\\}
&7,

The coordinates of T are (CT o‘)w

\

Hence © ﬂf‘ .‘rx,
that is C‘;‘R.Eh V —p?,
Similarly R\

\,
T Ex. L Pe;;kndlculars S8Y and 8'Y’ are dropped from

the foci on any tangent to the ellipse. Prove that CY and
€Y’ are pasaflel to &P and 8P respectively.

£ 3
Sinde cr=-%,
’§..' N
) S T=0T+ CS—"'cv +ae=i‘-(“g‘§..c )
"\\./ i
Y : cr e . 0Y
h ST “atelN = §P

Hence CY and §’P are parallel. Similarly ¢Y’ and SP
are parallel.
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Ex. 2. Prove that the subtangent and subnormal of a

o 243

point (z’, '} on the ellipse ':2' +'f£
2 S’

(=Y and 27

T a

=1 are respectively

O\
Ex. 3. Show that the line lztmy-tn=c is 3 ngrgig}

. 't 2 u? B al—b%E o\

to the elhpsev—dz--}_—g-a— =] lf--zz— , _n;ﬁ' :—(- ----- = J

Hint. The normal to the eilinse a;; sec o—by
coseC p=u®—b* should be identical with {(Iy*my+a=0,
Compare coeffs. etc. )

Ex. 4. Show that the locus of pKI‘QS of normal chords
- . Frd 42 ) NS
of the ellipse T = 1is theeurve

@t B oD%

2 Tl vy

If (', o'} is the pol‘é";)'f the normal chord «x s

sec w—by
cosec p=qa?—f2, this{tsquation must be identical with
.:\'} . f
\\ —Tx——l-h?iy— 1.
\ N L

Compaping co-efficients,
xO\ > ' ’ -
N\ _“’_Cgs_':?_ _ _?_/_5%‘ g t
’\\‘.l [25 ) &
W\

a3
NS

= R
. 2 3
that is (e*—12) cos ?:% 5 (a®—B7%) sin ‘P:_'E

.

Eliminating ¢ the required locus is

¥
Ex. 5 The length of the major
between the tangent and normal ar gz

.\ aﬁ b‘i
({12‘—-62)2= E{‘,‘E_ _]..-

axis intercepted
point ‘@’ on the
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ellipse is equal to the semi-major axis. Prove that the
eccentricity of the ellipse is vsec  (scc g--1).

. Ex. 6. Show that the eccentricity of the ellipse in
which the normal at onc end of a latus rectum passes
through an end of the minor axis is given by the equation

et —1=0. (\A
AN
Ex. 7. To any point P of an ellipse b%2* oy -2a?
corresponds a point ¢ on the auxiliary cirele. The iigrmals
to ihe ellipse at P and the circle at @ meet in Q > Prove
that the locus of & is o® 4% =(a—b)2.

Ex. 8. If p be the length of the per ndicular from
a focus upen the tangent at any point £ef the ellipse and
r the distance of F from the focus, prcm hat

Ex. 8. If the normal ags. any point P cut the major
axis in @, show that, for different positions of P, the locus
of the middie point of BB will be an’ ellipse.

i x

Ex. 10. If A%’ be a maximum triangle inscribed

in the e]hpse, show that the cccentric angles of the vertices

differ bv ward that the normats at 4, X, ¢ are con-

current.

Le\\th\. eccentric angles of the points 4, B, €, on the
elhpce be a, 3, ¥; and let £, @, B, be the three ccrrespmd-
ingipoints on the auxiliary c1rcle

/N

./ The areas of the triangles A BC, PQR are respectively

I[ BCOS oL SIn g I
3 acos@ bsing 1 j,and Y @cos B asinB 1 |
| i

acos Y bsin{ 1 | gcos Yasin¥ 1 ]|

| acosg bsing 1
I
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. . b
The ratio of the two areas is .

The two triangles
are therefore simultaneously greatest.

But the triangle PQR being in a circle is greatest N
when it is equilateral. In that case A
€ N\
2% o\ e
a~B=R~TY=T~qg=" 3 O
N

Hence the triangle 4BC is maximum when fi® eccentric
angles of the vertices differ by .. NS,

W

2 ¥n
NowatB=20+=5 B+7=24%"7,
N Ti—a:za—l--?—»

sin (a+B)Sin (B+1)+sin (Y +)
—i 27 \ . o AT
...sm(z’a::i:\’\-;j—)—l-sm 24 Tsin (2»1 + 3 )
=sin%2g— sin 2o

=04/

/

Hence

. N
whicli,shows that the normals at 4, B, € are concurrent.

<\ ) . g
f,gy 11. PQis a chord of the ellipse @ T ‘:I
Jparallel to a given line. Find the locus of the intersection
M\:"\;‘of the normals at P and Q.
\/ The normals at the points a’, °3* are
ax sec g —by cosec q=—=a?— b,
and ax sec B—by cosec B =a?—b?,

. The co-ordinates (+', 3) of the point of intersection are
given by
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-C0$ et
@l=— 008 a cos a—B
cos
2 -
4
s g sin ath .
§ = ———-sin g sin B 2 A\
¥ b | oA
cos A
2 O
The equation to the chord Pg is \:...:\ v
T e TR Y gn atB N B
cos = - sin = 'x:‘t's\Q;} 2
¢
Hence by the condition of the poblem o+ =const.
= 2§ say. W
Now from (1) & (2), Av,};':‘“
ax’ by 5% ) cos 2 0
L N2y — =20 _
cos()‘_{—st t ) a=-f
AN <
’ '\.l 2
ax’ oy . cos (a—f)
and TN Y (a1 S -2}
cosdN sin &
\\¢} Cos
O _ 2
I
(NY a2 g a—p _ «—p
§, =(a®~—5?) < 2 cos 5 sec —— 2

%tﬁﬁliminaﬁng - O-L-—:—B between these equations, the locus
\QT (;'8’, yf) is
a%? - 2abzy cosec 2 () b%2=(a2— 1% cos? 2 0.
Ex. 12. Show that the rectangle under the perpendi-
culars drawn to the normal at a peint P from the centre

and from the pole of the normal is equal to the rectangle
under the focal distances of P. ’
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g e
S ‘
9-8. Conjuate Diameters. Two diameters of the
ellipse which are such that each bisects chords parailel to
the other are called conjugate diametcrs,

V'In Chapter V (§ 5.92) we obtained the condition¢
satisfied by the conjugate diameters of the conic represent-
ed by the general equation of the second desree. ¢Sl
shall now obtain independently the relation betweeh “the
slopes of two conjugate diameters of the ellipse. N

’

&

y 2
The equation of the chord of the ellipse-N5 -+ ‘%—2=:

7y

=]
Th

which is bisected at the point (', 3") is
r ! . x’\gw
ax’ gy =t g
T+ = ?v‘m\ -

If this is parallel to the ling y2=ma,
Ny
The locus of (x', 4"\ is therefore the diameter

b
N YT T

. Writingd¥ as y=m'z, we see that the diameter y=m's
b1sects.§mrds of the ellipse parailel to the diameter

;=M.

Y=
Q b
X mm = — _
Ry ol
:..\’ Y . . . .
& 4 From the symmetry of this reletion it is apparent, that

\ " the diameter y—ma will at the same time bisect chords
parallel 10 y=m'z,

The digmeters y=mz, y=m'z are therefore conjugate if
]
mm’'=—— o
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“9.81. The relstion between the eccentric angles of
an exiremity of each of two conjugate diameters. Let

B and ¢ be the eccentric angles of the extremitics P and D
of two conjugate diameters,

A N\
D A
& \..\,
AN
D « \J
i
Vad A ¥ "3\\
CJ 'X:\\"
r 'o\\.
The @' of CP and OD are N/
b si b st
- _119_ and '—Tg’fg-.
& cos 8 %805 ¢
NN
Hence N
bsing  Aling g
acos i /(acosp ~  at’
i.e., sin ﬁ,szﬁ\@ +cos § cos p=o0,
i.e, <686 — ¢)=o,
- .0 \ ‘.0’ . Tc
3.8, xn\':sf\ f} ~ «¢=2an odd multiple of 5
Thesco-ordinades of an extremity of each of two conjugate

diainelers can therefore be written as

'"\;w
\'L/-"

. 982 The sum of the squares of conjugate semi~
diameteys. o

(@ cos o, b sin @) (—a sin o, b cos ¢).

If the co-ordinates of P are (o cos ¢, bsin @), those of
D are {(—a sin 15 b cos ).
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Therefore, CP?=q® cos? 112 sin? o,
and CD%*=a? sin® ¢ 112 cos? 4.
Then OPA O =n2-102,

The sum of the squares of conjugate semi-diameters
is constant and equal 1o the sum of the sguares of the
semi-axes of the ellipse, which are a particular cast'of)
copjugate semi-diameters. O

%3 The area of the parallelogram formed by the
tangents at the extremities of two conjugate{diameters.

The co-ordinates of the extremities & and D of the
conjugate diameters PCP’, DOD' cap’ be written as
(& cos @, b sin ¢) and (—a sin o, & cds ).

The tangent at P is
T os o gin o
- ‘305;{"4& b gin ¢=1,

of which the slope.ﬁ—% cot . This being also the

slope of OD,, wé see that the tangent at Pis paraliel
to DCLY, B\

The tangedit at P’ (—a cos ¢, —b sin ¢) will also be
seen to Pe'parallel to DO,

:Séiﬁférly the tangents at D, D' will be parallel to PCP’.

.s’\\The tangents at P, P, D, D’ thus form the parallelo-
wgtam ABOD, of which the area will be four times the area
“\ % of the parallelegram 4 PCD,

Now the area of the parallelogram A PCD is equal 10
€D x perpendicular from C upon the tangent at P

=+o* sin® o +bicost g | \/ EQ?_:SE z‘{

=gab.



THE ELLIPSE 225

The area of the paratlelogram A BCD is then 4ab,

The area of the parallelogram formed by the fangents at
the extremities of hwo confugate diameters of an ellipse is
constant and equal to the product of the axes,

984. Conjugate diameters n Special case of Conju-~
gate lines. Since the polar of a point is the same dg™
the chord of contact of tangents from it to ellipse, the pole
of the diameter PCP’ will be at the point of intersegton
of the tangents at P, P'. These tangents. being parailel,
the pole lies at infinity on the diameter DUDX which is
parallel to each of the tangents at 2 and P’. Tl pole of the
diameter JCD' similarly lies on PCOP'. Of\‘and OD are
thus conjugate lines (Chapter V §5.72). 'xi\\'

9.85. Eguiconjugate diameters. Conjugate diameters
which are equal to each other are called equi-conjugate.

The diameters OP, CD are lé&;ui—conjugate if
a*costy + b*sin@}g‘v_— a?sinyg 1 bcosep,

which gives  (a—1%)cb32¢=o0.

Since  anx, \'\‘u?.:osz:p =0,

i.e., o=4m or ix.
Taking I for ¢, the ¢cquation of CP is

\\” b

un } y:;tan ¢ T

PR '\'.r X =

O

The equation of 0D is y=—— '--fi—x-

N

& lon

The equi-confugate diameters of an ellipse will thus be
seen to be along the diagonils of the rectangle formed by
the tangents at the ends of the major and minor axes.
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9.86. Supplemental Chords. Def. The  chords
joining any point on an ellipse to the extremities of a
diameter are called supplemental chords.

We shall show that supplementg]‘:q\hérds arc parallel
to conjugate diameters, W

Let ACB be a diameter of (am* ellipse of which the
centreisat €. Let P be any\ point on the ellipse, and
R, § the middle points of the{ehords AP, BP. The line
CE which joins the middlecpeints of 45 and AP is parallel
to BP. The diameter patallel to PB therefore bisects, AP
and in consequence all\chords parallel to AP. Similarly
the diameter along €8 Which is parallel to AP bisects alt
chords paralle] {to’ BP. This shows that CR, S are
portions of copjugate diameters.

The chords AP, BP are thus parallel to conjugate
diameters, N

987 Equation of the ellipse referred to two conju-
gatediameters.

ad
e

The co-ordinates (z, y) of any point on the ellipse
referred to €4 and OB ‘as axzes are related to the co-
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ordinates (X, ¥) of the same point referred to conjugate
diameters C'P, CD as axes by the equations
z=pX+¢¥, y=p'X-}-¢'Y,
where p, ¢, p's¢" depend on the angles ACP and PCD, N\
2 A ¢
The equation of the ellipse - :: +--g—2 =1 has theré~)
7N\
fore the form AX?-2HXY 4+ BY =y e (1),
when the conjugate diameters are the co-ordinatq.ga%et?::
If CP=a', CD="¥', the points (a’, 0) and (b} lie on
the ellipse. v
From (1) then  Aa=1, i.e, 4=257,
A Qf
and Bbi=1, i‘,‘f”i’ { :B‘= ~%.
Further, since the points,(z"g' ¥)and (X,—Y) both Le
.on (1), H=o,
The equation of{the cllipse referred to conjugate
diameters of lengths/2¢¢ and 2}’ is thus

X\ X2 Ve,
O et
Curollaﬁ}. ’ The equation of the ellipse referred to two
equicoqia.igafe diameters is X2} ¥2=g'2,
" Exo1. If PCP, DCD' be two conjugate diameters of
anvellipse and if ¢V}’ be a double ordinate of the diameter
JGF; then QV2 : PY. VP =CD* ; CP2,
i \ W 4
) s C V: QT)’ 2
N\ We have oo topr =%
@Vt __ OV' _ (OV+CP)YCP=C)
thezefore  opr = I—gpr = CP?

YE.PV
=1 0 Pz -
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Ex. 2. @V’ is a double ordinate of the diameter oP,
and the tangent at Q meets CP in 7. Prove that CV.CT
=P,

If @ be the point (7', ¥, the tangent at ¢ is N
Xz’ -+ ..I_’i_l ::\t\'
a't ' gz =i N\
L a? | oPr A\
Pl}t‘tlng ¥ =0, X = -,'I,C-' » bty or— -C'-F_:'.:’.. 3
et o ..\\\.
Ex.3. Show that tangents at thé-“extremities of
F] 2% ’
conjugate diameters of the ellipse ET +’;‘§}': I intersect on
AN

. z2 i N\
the ellipse =2 O

Ne/

The equations of tangepisat an extremity of each of
two conjugate diameters ates

x Yy
ESQS ;p+—b— sin @=1,
S n ot Y s o
p Xa sin tg—[——b cos p==1I,
Squafigg/and adding,
2’\“’ 2 2]
& Ly
’\\§‘,/ az + it =24
wuhiich is the required locus.

NS

Ex. 4. P and D are the extremities of a pair of
conjugate radii of the ellipse g + %-= 1. Prove that the
locus of the middle point of PD is

at g
@ b

and that PD touches this ellipse;



elhpse\
dlameters mtersect at R ; show that R lies on the curve
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The co-ordinates of P and D can be written as

. . T
{8 cos ¢, bsin @), {ecos (¢+x/2), b sin (q:-{-—z )E

N

The middle point (=, ) of PD is given by
a §cos ¢tcos (cp+m2) ° O
@ = 2 5 €08 ( o+ = ), S \ }

¥y=

b {sin @+sin (o-+w/2)} b
=" sm ( o+ )
’ B

Eliminating ¢, the requlred locus is

N

EaE A AL
The equation to D is )
oot} e D)-
Writing this as ~.,.;'~
— cos( +-¢ g-i- sin <<p+ >._x,
Nz \\ V2

we see that this toﬁches ().

Ex 5. sEP C@ are conjugate semi-diameters of the
y2 —~—=r,and the circles with CP and (¢ as

2 (@22 =ae? 4 B2y
R will be the foot of the perpendicular from ' upon

PQ. The equation to PQ from the preceding example

_wcos ( ¢t *—)—{- == sm(cp-i- —%):—E;
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If CR=r and the angle which O makes with the z axis
=0, then (1) must be the same as

x cos 1+ sin §=r

Comparing co-efficients,

O\
w :“ ¢

@) G 7)o O

@ cos B = b ry2 7 W

\,N.’S
1.6, cos (go-i——- ) __a cos Ga '\\
bsin ) v

Sm(@"' —) N2 N

- - \‘
Squaring and adding, P\

a? cosf + b2\ sm29 =2r2,
which is the locus of R i in galar co-ordinates.
Converting into Canesxan co-ordinates,
zaam )2 =a%? 4 b2

Ex. 6. Sﬁq\; ‘that the locus of the intersection of
normals at e extremities of conjugate diameters of the

"\l 2

¢ y? .
e]hpse\ as.._-{- =1

\irc‘ curve  2(a»®-byT)% =(af — 6% (a%? — b%yP).

Ex. 1. CP, 0Q are conjugate diameters of the ellipse -

a tangent parallel to PQ meets CP, CQ at R, § ; show that
R and 8 lie on the ellipse

g 2
LY

@ T2
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o
Ex. 8. A pair of conjugate diameters is produced to
meet the directrix, Show that the orthocentre of the
.tr:angle so formed is the focus.

: Ex 9. It any pair of conjugate diameters of an ellipse
“cut the ‘tangent at a point P in 7' and 77, show that

TP, PT'=CL", R
: RE )
where €D is the diameter conjugate to C'P. N\ N

Hint. Take OP and €D as co-ordinate axes. 'I:ﬁe
lines y=mz, y=m'z will be conjugate diameters ifaN J

mm’ = —b"%/a’?, where CP=a’, CD==bly ~\

“"Ex. 10. If PCP' and DOD' are a pa\r of con)ugate
- diameters of the ellipse

2 ‘\\
@ ' pt ot :w.
and @ is any point on the c:rcle ’
:c--—-ﬁ~ o, y
show that PG Q" o2 P’QQ-T-D =20+t +2¢2).

Ex. 11. Throu&h a fixed point P a pair of linesis
drawn parallel to*a variable pair of conjugate diameters
of a given ellipsg™\, The lines meet the principal azes in
¢ and R resgcctlvly Show rthat the middle point of @B
lies on a fixéd)straight line.

99, ¢ Mzscellaneous Propositions.

O\ Show that the feet of the normals from a point (k, k)

RN\ 3
P Eq\,ﬂae ellipse —zé——k—gz =I,
lic on a conic which passes through (o, o) und {(h, k).

The equation of the normal at a poiat (&', ) is

ag Gy --5—(x—w}=0- :
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Since this passes through (A, k),

z' , ! ,
FE—)=Y - v—o.

The locus of (27, ') is therefore the copic £\
I I h k A
afy("bz' _'Eé">_'52‘y“§‘_afxm° *’\~(‘1)
'\

This will be seen to be a rectangulnr ?fg;p#r{}o\fa;pf: which
the properties will be discussed in the next chapter. The
conic obviously goes through (0, o), (%, L. N

2 AN\
o 2. The normals to the ellipse xz_ —:'—-j;\ =1 af the ends of
27 23 W .
“the chords lr-tmy—1=—0 and Z’:cfl;‘qxeiy~--1 =0 will be con-
current of QI =Bmm' — 1, 8

\ W

. Let the normals at the wpoints of intersection of the
line lz-Fmy- 1=0 and thc.;&llipse meet in ik, k). If the
feet of the other two nog@als through (%, k) lic on I'z—+m'y
—I=0,the equation ~3°

x2 (N
: aT+ —‘g:— ——r}* Al my— Dil'z+my—1)=0
N

Tepresents akonic through the feet of the normals.

It mietbe possible 1o find a value of ). for which this
eomic is.the tectangular hyperbola represented by cquation
(I2 ofiflie preceding article, In that case the ceeffs. of
Ve ¥* and the constant term are zero simultaneously,

™
NS

”\\ Hence, ;‘a‘“l‘l”Eo:
Y .

_b‘"_[_).mm'-_—o,

—I-A =0,

This gives @ =B’ = — 1
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-3, If a triangle s inseribed in an ellipse and two of
dts sides are parallel to given straight lines, the envelope of
the third side is another ellipse.

" Let the eccentric angles of the vertices 4, B, ¢ of the
triangle be §;, 0z H3. If AB, AL be parallel to given

straight lines, 8, f.=constant=2¢4,,

0, 03=constant==24,.

This gives f,—83=2 (o1~ a2). \
Now the eguation to BC' is

z  Boils | w B0, Ha—0

“COS S msIn —= =C0S
@ 2 b 2

The line BC then obviously tquc‘.hcs the ellipse

-2
“J ___;,;_,.,z_‘
=

Definitien. Ifa ]ms\ls a tangent to a certain curve in
all of the infinite positions which. it can take up, the curve
is called the envelops, bf the moving line.

4. The co-grdinates of the centre of the circle through
the poinis ‘g ,“\B’ *T° of the ellipse are given by
AN 4B
'~\":.\a:=a—4— 1 Scos atcos(a +B8-+TV),

K\ = al § Tsin q—Sln(Cﬁ"{'B'i_T))
A 4b

O .
N\, The ellipse —g?-l—-gz —1=0 cuts the circle
ad -yt -2gx-+2fy-He=0

in points whose eccentric angles are the roots of the
equation in {j, viz.

@ cos® §-1-b% sin? f) -+29a cos B +2fb sin § +c=o,



234 - CO-ORDINATE GEOMETRY
that is
i (@ —8%) cos? 0 4 2ga cos ¢ FeA-UR g fE Gin2 g
:4;2{‘2 —4]%’2 cos? .

If 3 be the fourth value of §, the sum of the roots of this
€quation in cos @, wiz. O\
¢\

: NN, °
€08 x+cos 3-1-cos Y+cos § = — aff;]z e (1)
f :‘s,’s .
Sitnilarly ,\’;
4_{?,; ¥
ﬂffmﬂ.{g

(2)
A

Also . a-i—B—I-T—i-a—_':’z}}“é' (Ex. 4 §922).
Eliminating § from (e) and (;): with the help of this,
2__b2 v’:':::‘ , ey 7
— =£4§_i§:c(?§ a cos (O:TB‘F‘ IS

2 3

sin ¢ +sin 3 +sin T+sin 3=

62—-&2" . ; ,
—f_—--Arb [¥sing—sin(a--pgL 1)1,
which is the resﬁa@.\M

5 If uif;%e difference of the eccentric angles of two
pownts onNhe ellipse the tangents af which are af right
angles, theyw ab sin W=n, where k, |, are the semi-diameters

paralieh o the tangent at the points and a, b ure semi-gxes
of &Eflipse.

AN Let P and @ be the points <¢,’, “¢,” on the ellipse

,..\’ \.; .

) 2 g
s =1

such thar P2~ ¢1=uw. The diameter parallel to the tangent
at. P cuts the ellipse in points one of which is (—a sin ¢;»
~ bcos ¢1). The length of the semj—diametv_:r is :

. Jf;a_siﬁz_(p 1___"_'5_:0&2 o1
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Similarly the length of the other semi-diameter is

~a® sin? gg4-0F cost ga.

Hence »p.=v(a®sin® ¢ +06* cos? G q;z—:i-‘ b2 cost ¢g)
=+{(a® sin ¢, sin gy+b* cos ¢y cos o) O
+a?? (Sin @y €OS @r—COS ¢y SN R TN
NS ©

Since the tangents at P and Q are at right angles,
a® sin ¢y sin y+b? cos ¢, €08 Pa== 0N
w7
Heace np=ab sin (g1~ eV

=ab sin b}zxi\\':
,\ N
EXAMPLES ON C:EIA.PTER IX

R .

1. Prove that the ligg™joining two points on an
ellipse the difference of witese eccentric angles is constant,
touches another ellipsesy®

2, Chords o:fmgn ellipse pass through a fixed point 3
prove that the{d&s of their middle points 1s an ellipse
with its axes,parallel to those of the original ellipse.

3. .Oﬁ’ia'ih the locus of the foot of the perpendicular
* from ghe.fentre of an cllipse on any tangent.

'\ . .
N4/ Show that the equations of a pair of lines, which
:a% at right angles and each of which passes through

,.\'T."t.he pole of the other with respect to the ellipse
mm\.J

) & g
\ ? _'__.bg_ —1=0,

may be written

la4-myt-n=0, n{mz—ly) +im (a* = %) =o0.
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Show also that the product of the distances of such a
pair of lines from the centre depends only on their direction

a?—pt .
and cannot exceed - . {Math, Tripos]

‘5. Prove that the least value of the intercept of a
tangent t an ellipse between the axes is equal to thie
sum of the semi-axes, O\
o,

6. If through a given point on an ellipse afig \two
lines at right angles to each other be drawn 1o tedt the
curve, the line joining their extremitics will Réss through
a fixed point on the normal, (¥

7. Show that the locus of middle points of normal
chords of the ellipse

xz 312 ’x:\\:
_az_ _}_ 53 =lIx\‘
. A LA , b° 2 212
Is 'u—z-i*—g,—g)(;a'—.—:,y:if)“(“ —b9

8. Ifthree of the sides of a quadrilateral inscribed
in an ellipse are pargllel respectively to three given
straight lines, show that\the fourth side will also be parailel
to a fixed straight ling,

9 PCP' dgd DCD' are conjugate diameéters of an
ellipse, and @\is the eccentric angle of P, Prove that
In—3¢ is(the eccentric angle of the point where the
circle PP\ D again cuts the ellipse.

19:\“The tangent at any point P of an ellipse cuts
the\quiconjugate diameters in T, 7" ; show that the
ttiangles TOP, T'OP are in the ratio of C7'2 : €72 where
~~Cis the centre of the ellipse.

. 3 g2 .

IL. A diameter PP’ of the ellipse i-z——i—"gi =1 being
taken, the normal at P” intersects the ordinate at P in Q-
Prove that the locys of @ is the ellipse

el b2y?

e ﬂ;a'sr_'gi)f =1
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12. Parallel lines through the foci of an ellipse meet
the tangent at the vertex 4 in P, Q and the lines joining
P, @ to the other vertex A’ meet the circle on 44 as
diameter in B and 8. Prove that RS is a tangent to the
ellipse. : ~

13. The foci of an ellipse are Si, & and B is an
extremity of the minor agis. The circle B8,83 cats the '\
ellipse agein in points P, . Prove that the lines PB, ¢B" "~
are normal to the ellipse at P, @) respectively. A\
[Londen,'1945]

L
i4. Perpendiculars PM, PN are drawn"’;h-om any’

point P on the equi-conjugate diameters pfMan ellipse.
Prove that the perpendicular from P em\its polar line

bisects M N. K
i5. A point P on the auxiliary‘t ircle of the ellipse
.2 g g ™
"zﬂ_ -]——:;;2 =T is joined te the exj.d§3~of the major axis and

the joining lines meet the el}ipéi: again in @, €. Prove
that equation of Q@' is ™%
(a? 12y 8l 4202 cosf) =2ab?

where () is the eccégric angle of the point on the ellipse
to which P eorresponds. If the ordinate to P meet
Q' in R, B ignhe point of contact of Q@' with its envelope.

* 16. 'lj“k:le %eccentric angles of two poiots P and ¢ on
2

O\V x‘! i
the' f:%pse TR T I AT g and @, prove that the area
oftthe parallelogram formed by the tangents at the ends of

m;t]}e diameters through P and @ is

N\
gabcosec (p1— @2

and hence that it is least when P and ¢ are at the end of
conjugate diameters. . .

17. If; P, g be the lengths of two tangents 10 the
. & 342 :
ellipse e +—ga— =1, at right angles to one another, prove
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that

_(Sz_:::ga)s % at -+ b% L ath? < " ))“-

18. In an ellipse whose axes atc in the ratio 211 1,

a circle whose diameter joins the ends of two con]ugate\.

diameter ers of the ellipse will touch the ellipse, S

% If the normals at the four points (&, /m (‘1 5, Yo
2

{23, ¥3) and (x4, ¥,) on the elhpse : ?" : x\ {Are con~

current, prove that

(9«'1'7'9«“94'3’3+$4)(“—+ —'_‘&‘ l x_,> 4.

20. A parallelogram c1rcumscr1bcs the ellipse
Zz + 7z —1=0, and two of’ its angular points are on the

lines x*—h?=0 ; ; prove. tbat ‘the other two are on the conic

—«-l—\y ( ) —y —)52—1—0
\\

21. If the'orthocentre of the triangle formed by the -

two tangen(s Which can be drawn from a point to the

o \d 2 2
e]llpsa\:. _x_ _'__g.z_ =1

aﬁd the chord of contact, lies on the ellipse, find the locus
N of the point,

N

\\3... . ) \

22. A triangle circumscribes the ellipse—z?—'-r-—g—,- =I

and its centroid lies on the axis of = at a distance ¢ from the

centre ; prove that the angular points of the triangle lic on
the conic

(@—30) y¥at—oct)
at T _H(GT =4.

N
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23. Prove that the eccentricity of the ellipse

32 yﬁ
o T
is given b 20t ——_-ea—— N
£ v sinz2y | y1—e? ° A

£\
N\
- . ~\
where « is one of the angles between the normals at the)

points whose eccentric angles are § and— -+, “(\"‘.

2 \
24. The chord Pg of the ellipse :T'L b” AS is such
that the tangents at P and @ each pass tl'nsbugzh the pole
of the other with respect to the elhpse ,\—1-—8-—-——- If

the eccentric angles of P and Q be 9 and ¢, show that

az BZ

—:, cosllcosy i vﬁ‘z A

—a sm ﬂ sing=1,
and that P¢ rouches the f{hpse

(a+ a?)(B+ £
2 e JU 10
25. A varral}‘tkc point P on an ellipse of eccentricity ¢
is joined to the”foci S and &. Prove ibat the jncentre
of the trg{mﬁe PSS, lies on an ellipse of eccentricity

£ 3} .
Q7 gET
~,\ I1-}-e



CHAPTER X
N
THE HYPERBOLA - A
<N
10'1. Eqguation of the hyperhola. If a poing~toyes
such that its distance from a fixed point {they focus) is
e(>1) times its distance from a fixed straightiline (the
directrix, its locus is a hyperbcla. RAZ

For a hyperbola, therefore, the ccceniticity e is a greater
thar unity. A

Let § be the focus, ZHM the digegtrix and SZ perpendi-

cular from S on the directrix, O

oy

A8 Since e > 1, the line 8Z can be divided inge_rnally aﬂg
“\\/ externally in the ratio ¢ : 1. The points of division 4 an
N4 clearly lie on the hyperbola,

Let AA’:za’
Since SA=e. A7,
and 84'=e.4'Z,

we have SAL-SA =¢ (AZ+ A'Z)=2ae,
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9.0,y 280=2ae, or 8C =ae,
where ¢ is the middle point of 44",
Also, SA'—8d=e(A'Z—AZ)—=e(44’—247),

1.8, 2@=¢.2(4C — A%) =2¢.0Z,
or 0z="2 ¢
e g N

Now, let O be the origin, 09 the s-axis and the{pecr-
pendicular line C'Y the y-axis. RAZ

The co-ordinates of & are, therefore, (ag, d)~ Jand the
equation 1o ZM is g, ,:'.\\'

€ .

JIf P be any point (&, ) on the ll;ly'ioerbola, we have
SP=e.P}, PM being the perpgg&icular on ZM.

ay
.

This gives g
s @ 2
—gald 2 22 -
R
or . ﬁ({é’l’j—-f:az(ez -1),
_ N 2? 92
ie., I,

SO e T aeE =)

I-Ctslf'(}": 1)=0% The equation then becomes

No”
2 2

N\ x* ¥
& E

N\
’\fvhich is the standard form of the equation of the hyperbola.

=1 - (I),

10-11. Some Properties of the hyperbola. The
hyperbola is symmetrical about both the axes for the
p_OintS (33, y)s (:B, _y)s (w—:,?:, y)) ('_ml _y) lie on the curve
simultaneously, Also any chord of the hyperbola through
O will be bisected at ¢, which is, therefore, the centre of
the curye. _



Ao%’l‘he length of either latus rectum will be seen to be a2

&
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From equation (1) of the preceding article,

y:—'—b\/ :L.z —T1.
—_ a?

If x is numerically less than «, v becomes imaginary.

The curve therefore does not lic between A and W'.
Ifx=4a, y=0 and for values of = numerically greater
than a, y has two equal values, one positive and \ific other
negative. If x—++ « so does . L)

The curve, therefore, consists of two j.mﬁﬁ‘i%g branches
passing through 4 and 4’ respectively génd lying one to
the right of 4, and the other to the lngOf A’

e \dli
Ifx=0, y=4hv—1. The intetsections of the curve
and the y-axis are thus imaginatg, )

The line 4.4’ is called th&:" ti’ans\rerse axis. The iine
BB’ where B, B are the Points on the y-axis distant b
from the centre, is called the conjugate axis. B and B,
bowever, do not lie oniHe curve.

As in the case ¢f\lie ellipse, there is a second fcrcus
8’y (—ae, 0) and(@)corresponding second directrix Z'M’ at
the same distanee from ¢ as ZM, :

The perpendicular PN to the transverse axis is f:alled
the ordimate of the point P and PNP’ the double erdinate.
A dopble ordinate through a focus is called a latus rectum.

'\ 262

From the equation

ey

@t TR T
01\72 P_N‘z -
car T Th
ON? PN?

$.€.,

car T I g
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‘e AN.4'N _ PN?
s T oA ToE
3,005 | PN AN.A'N::CB: CAY,

which is the pgeomewrical property expressed by the
standard equation.

.\\

b 3

As in the case of the ellipse, the locus of a pmi‘xt P
which moves in the plane of two perpendlculgls lines
4, =0, 4, =0 such that
2 \

A R

where py, p» are the perpendicular digtances of P from
=0 and w; =0 and ¢ and & are both veal is a hyperbola
whose transverse axis lies along us=p and is of length 2a.
The conjugate 2xis of the hyperboia lies along #;==c and
is of length 25, RN

10°12. Focsal dlstanr}; of a peint. In the figure of
§ 1071 let P be any{ point (v, y) on the hyperbola

_xz g: =1, apd\ M' the perpendicular on the
dircctrix Z' M, Q)"
Now, \\ o P8=e.PM
O =e¢NZ
.. :,;Q =e(ON-CZ)
e N =& —d,
Cand PS§ —ePM’
=eNZ'
=e(CN4-0Z")
=gex - (.
This gives P§'— PS=2a.

The difference of the foeul distances of any point of the
hyperbola 18 constant and equal to the transverse axis,
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1013. Position of a point with regard to the
hyperhola. '

. Asinthe case of the parabola (§ 8.11), the point (x', ¥\
lies within, upon, or without the hyperbola according 2@
2 2 ' .
the expression _zi = I is positive, zers or n:e{a’tt’&.
1014 Rectangular hyperbola. 1If L=u,¢the hyper-
bola is called rectangular, or -equilateral,¢Fhe reason
for this nomenclature is that the asymptQtes, which we
shall study in a subsequent article, are st ¥ight angles.

We have br=a? (f—1)¢ %
; BN
He kN

X
In the case of a rectihgular hyperbola we thus have
N e= 2,

1015. Co-ordindtes in terms of a Single Parameter.
The co—-ordina'ggs}\of any point (v, %) on the hyperbola

N X a gt

ar T =t
may be(egpressed as
\\ x=q sec 0, y=>h tan 0,
Q z=acosht, y="> sinh ¢,
Q\, ei-et . el—e*
O where cosh i= +: > and sinh i = —

N 10-16. Limiting case of a hyperbola. The equation
of the hyperbola when the transverse and conjugate axes are
the coordinate axes is

2 yﬂ

& T (= =P

o . o N

2
=i
e*—1
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If in this e is kept constant, while a—-0, the hyperbola
approximates to the pairs of lines

.?2

2J =0y

e —1 O\
the co-ordinates axes bisecting the angles between these ,a .
lines. .\

A pair of straight lines is therefore the limiting ca‘se
of a hyperbola whose axes are infinitesimal, hlles ‘their
ratio is finite, . .\

Ex. 1. Find the equation to the hyperbo}a whose
directrix is 2z-}-y=1, focus {1, 2) and eccent{c:lry \3.
Ans. e 120y — 2 24y —7=0.
Ex. 2. Find the lengths of the axes Jand the eccentri-
city of the hyperbola U

4t —yzgéﬁ X!
Writing this equation as 3%
4y 1=

(l  (yr1)®
M \y=E)
\ =

a2

or R

the transversg@xls is of length 2, the conmjugate axis of
length 2 \fzs\and the eccentricity isy1--2.2=143.

Ex\& “In a rectangular hyperbola, prove that
o\ SP.8'P=CP?

~O Ex 4. Find the equation of the hyperbola the lengths
\ bf whose transverse and conjugate axes are respectively 2+2
and 2+%, the equations of these axes being respectively

& —y-+4=0 and x+y=0.
Ans. a?*—3xy-Lo*Lroxr—10y4-21=0,
Ex. 5 On alevel plain, the crack of the rifle and the

thud of the ball striking the target are heard at the same
instant. Show that the locus of the hearer is a hyperbola,
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10-2. Loci connected with the hyperbola

2
x ¥
ETE :1.

a® b
Since the equation of the hyperbola differs from that ¢
of the ellipse in having —22 for 5%, several of the results

obtained for the ellipse hold good for the hyperbola whem'
the sign of 5% is changed. O

2

N\

We shall give below 2 few results for thed@iyperbola
which may be obtained independently as for, e general
conic in Chapter V or deduced from thos¢\obtained for
the ellipse, v

(4) the tangent at any point (2", )08 the curve is
Ix’ yyr “ .:\ Nt
_ar.z A _b2_ :ﬂ.IN,'
which is also the equation of {:ﬁé; chord of contact of the
tangents from (', 3) and the polar of (z', y').

(#) the normal at any'point {«’, 4') on the curve is

N/

Lo
-
(#5) tHe straight line y=1mzt vo¥m?— b2 is a tangent o
the curye for 2ll values of m.

’;’}};The straight line z cos ¢ +-y sin a—p=0 touches
tb\e\C\KJIVEi ifp‘:a,x cos? a__bz sin? .

a3 () The equation of the chord whose middle point is

&5 y) is
gy @t oyt
@ T g e
(vi) The diameters y=ma, y—m'z are conjugate if
N
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(vi3) The equation of the director circle is
a4yt =al b,
which is imaginary when b>a.
{ziii) The equation of the pair of tangents from
(¢, 4) s \ -
(N

(G- Xt =)

1021, Tengent and Normal at the point (4 #ch,

b tanf). \\
The equation of the tangent at {o secf, b tagf) is
secﬂ 3 Y tand = I, 7 N
\ \
; * .Y
% €., P sip{} cosO

The equation of the normal at this point is
sech) ttanf _
. (y-b tanf'}“)-f--‘--b—- (:t:—a scc{})_-o.
1.€.y , x"’x\ by cot §+-ax cos f=a’+b%,

From this it ¢ \an be seen that four normals can be
drawn to a hyperbola from a point in its plane.

10°3. '{l'he Asymptotes A straight line which touches
a curvesat infinity but does mot lic whelly at infinity is
calle@n asympiote of the curve.

Let us write the equation of the hyperbola as

e

The straight line %‘3"'2_"}“ meets the hyperbola in

points whose ordinates are given by

k(k«— —23—-) =1,
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Since any straight line meets a conic in two points, the
cocflicient of ¢* in the above equation being zero, one
of the values of yis infinite, The other valuc is also
infinite if k=0,

QN
Yy

The straight line —;—t-:—.]l--- - ==0 thercfore meets the hyger—-
a b 2\

bola in two coincident points at infinity and is an asypnplote
by definition. AN
The other asymptote will similarly be seemto be
Y, \\
a b v
In the case of the rectangulaf.\%'ypcrboIa iyt =n?,
the asymptotes are a==-}. The angle between them
is 90°, AY
Tt will also be seen that, ;B.c agymptotes of a hyperbola
are the pair of tangents drawn from its centre.

The asymptotes of .'a'ﬁ ellipse are imaginary,

104. The QCorjugate hyperbola. The hyperbola
which has fof Jits transverse and conjugate axes the
conjugate amd\ transverse axes of another hyperbola is
called the {Conjugate hyperbola.’

Th:ué}t:hc hyperbola
N g o
\, i ____d.z_:]; ae (I)’
NS
35 conjugate to the hyperbola
xz y_z =1 Y (2)’
at T BT
The two have the same asymptotes, »iz,,
_:’{‘:2_ _yz_—o v (3)'
a® BT

It should be observed that the equation (3) differs
from equation (2) by a.constant, and that the equation
(1) differs from equation (3) by the same constant.
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Any transformation of axes will change the left hand
members of (1), (2) and (3) in cxactly the same way and
the right hand constants after the gransformation will
differ in the same manner as before.

Hence the equation of the asymptotes differs from
that of the hyperbola by a constant, and the equation
of the conjugate hyperbola differs from that of the asympz{)\
totes by the same constant. O
Ex. 1. Find the equation to the hyperbola conj ugate, o

A ymy oyt ot agte=0. N"

The equation of the asymptotes diffexs fom that of
the hyperbola by a constant. Let it be, thetefore,

mﬁ..{,3my+2y2_‘_2x—’i—3y‘+}:}¥~é.
This represents a pair of st. Hnes: i

Ny, 10,0 =0,
ic., R 1:
The equation of theasympiotes is therefore

1,2—\3s;y+ 2yt 2w--3y+1=0,
and the equatigh:pf the conjugate hyperbola is

\\ s 3y 292w 3y =0
E\Z; Find the asymptotes of
208 —ay — g2 —~2y+2=0,

. :"éid the general equation of all hyperbolas having the same
) asymptotes.

The equation of the asymptotes will be seen 1o be
2zt —ay—yfL2x—2y=0 e (1)
The equation

2t —ay—+ 28 —2- ) =0,
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where ) is a constant is the required general equation
for equation (1) will differ from it by the constant X,

Ex. 3. Find ¢

he equation to the hyperbola, whose

asymptotes are the straight lines w«f2y+3=o0, an&

3r+4y+5=0, and

which passes through the point (1, =)

Find also the equation to the comjugate hyperbola.\Jy

A

'\
ns. 324 1owy L8yt I4o-22y+7=03
32+ rowy - 8y 4 14.1:—{-—@23?%23 =0,
¢

10'5. Properties of the cenjagate dii'\'h\:eters-

(1) If @ pair of diameters be conjugale with respect fo
& hyperbola, they will be conju{t;t} with respect to ils

conjugate hyperbola.

X 3
S

The diameters y—mu, y=m’are conjugate with respect

to the hyperbola

a2

7 oY

if L = 22 o (D)

L}

) .
Now the.equation of the conjugate hyperbola differs

from that of.the orj
respectively'instead

ginal hyperbola in having —a? and —&*
of a? and b,

f,ﬁf@‘ébow diameters will therefore be copjugate with
rgéggct to the conjugate hyperbola, if

&

. _,_bz '52
mm Z_—.rﬁ = ’a 3

which is the same a5 (1) above.

This proves the

(2) If a diamete
will meet the conj

proposition,

rmeets @ hyperbola in real }305??»{3.- it
ugate hyperbola in imaginary points ;

and the conjugate dinmeter will meet the conjugate hyperbola

in real points,
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L et the equations of the hyperbola and its conjugate be

2 2
Ko
= _ P,
a b
B : yz
e
@ b N
Converting these into polar co-ordinates, AN
¢\
cos? f} sin? § 1 (\Z ) “
O e =y .o N,
& b? 72 A
< 3
2 in® 79 \
cos*f sin®f 1 SO gy
a? 7 2NN :

If for a given value of §, the left ‘pand sides are
sitive, the corresponding diameter ha§/real intersections
with (1) and imaginary intersections with (2).

Now ler the equation to 2 @idmeter of the hyperbola
be y =ma, and let the conjugate'didmeter be
Y.
N
Then M= =,
Q¥ e
The diametc:'}g;.a’:ma: meets the hypetbola in points
whose abscissae axe given

‘...':,,o 2 (__I m? )-— L
:~>, az bz 3

2, 258
s P b

. y o .
"'e: \/ T Bt - atmd
"\

O
“\ N/ 62

/ case wm'i>—.
a

A\ ) ] _ . B2
3 "The intersections are thus real if m?<-,.. In this
4]

The #-co-ordinates of the points where the diameter
y=m'x meets the conjugate hyperbola are given by

(G )=
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2ne
ie., e B
aim't —p
. it
Since m'? > T the intersections are real,

N\
We also have therefore thar only one of & pair of
conjugale digmeters meets a hyperbola in veal points. oA
7N\ ¥
. . . \/
(3) If a pair of conjugale diamelers moet the, \hyype rbola
and its conjugate in P und D, then OPZ—CD?-;%S?‘Q-F.

¢ /

Let P bg\f \point (@ sec ), b tan 0) on the hyperbola

.

&~ A
O at ~he .
9.\ .
\{T\f&' equation to OP is
O _bsing
p N y= a
v\‘“/ . B2
N/ Since the product of the slopes of CP and CD is P
the equation to D s
b
Y=——
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N 2 2
"This meets the conjugate hyperbola oy ﬁ-%u, i==—1

in the points (a tan 0, b sec 0), and (—u tan 0, —0 sec §).
The co-ordinates of I are therefore (@ tan f, b sec B).

Then CP2—q? sec® §§ J-6% tan® (),
and (1D?==q? tan® § 0% sec® 0. \ ¢
Subtracting, AT

OP2—(D?=a2— ¢

o
(8) The parallelogram formed by the tahgj'éy}s af the
exiremities of conjugate diameters has its verhiges lying on
the asymptotes and is of constant ared. ,j\\w

A\
The tangent at P is NV
A D
Y singScos b,
a b RS

and the tangent at D to thefgfbniugate hyperbola is

Q
E tag.n,\g ~Y secl=—1,
% ’\‘,z &

1.2, W) sin O— -'b-z—-I.
¢ @
The Go-ordinates of K which is the point of intersection
of theSé)two tangents are given by
OO 2 _y,_. s f
AN a_ b 1-sin0 °
<\‘ W

K therefore lies on the asymptote %: g—-.

Similarly, the remaining angular points also lic on the
asymptotes.

The area of the parallelogram formed by the tangents
is four times the area of the parallelogram CPKD.
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Now, CD=a? .ta-i_li 9 —{—b" Séck ();.

and the perpendicular *p’ from ¢ upon the tangent at P is

NERT
a? b2 K¢ ‘\

~ ab ( “\

BT o R
CD'p—qb, m\\
The area of the parallelogram KL ¥3s'thercfore 4abd.

- m\J
“Ex. Show that the portion of a tadgent to a hyperbola
intercepted between the asymptotes’s’?é bisccted at the point
of contact. O

Ne/

10-51. The equation qf{;:iiyperbola referred to any

pair of conjugate diamsters as axes.
The equation of the Byperbola referred to its transverse
and conjugate axes \§

N =

L >

N/ 22 yz
—— bg_ = I—

If the eg’drdinate axes are rotated such that they coincide

L)

with a/pait of conjugate diameters, the equation has the
fogﬁ,ﬁ 3'3)
O A2t f2lHey- Byt =1 o (1)

™

. ¢N"  Since all chords paraliel to one diameter are bisected by
)~ theother, H=0. 'This simplifies (1) to

Ax*+Byt=1 e (2)-
Oue of the two semi-conjugate diameters is real, and

the other imaginary. Ifa’ and y—1 5 be their lengths,
the points (a', 6); (0, v—1 5') lic on (2). :

&
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o I I
Substiruting, we get  A=—75-, B=—gy

Hence the required equation is

2 P N\
% P R .
P 3 , . &y
7 Ex. 1. Tfe, ¢ be the eccentricities of a hyperbola and ~
of the conjugate hyperbola, then show that A ™
,\"ﬁ
ST S 7.\
o et = \.“\\v

Ex. 2. Prove that the chord, which iojn; the points
in which a pair of conjugate diameters meefs/the hyperbola
and its comjugate, is parallel to onp'\hsymptnte and is

bisected by the other. DAY,
Ex. 3. Find the locus of rhgj?blfzs of normal chords of
the hyperbola —Z: : :—Ab:‘=1
The equation of a neri-rﬁi to the hyperbola is
by cot 0 4;3} cos i =a®4-b° e (1)
I (%, k) be ﬂ:@}olc, the polar
@7 ek
A\ at bt

mu bé,‘the same as (1).

?':}éomparing Coefls.,
Be BB
Q acos beorfl  ai4bt
Hence, cos f= %_ (a%-+b%),

cot f=— g’;[a‘ + 5.
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Eliminating 0,

ke at
I-{“ 21l 1 42= wgow o pusa ¥
k2 as b2y e 1R
or R N N\
Hence the required locus is A '
e
wfyf{a® b2 = Syt — 1020, e\

.

nofmal chords of the rectangular hyperbola g,
A\

% 4. Show that the locus of the mid;ﬁéﬂﬁéims of

a2 _y:!:alﬂ

is (%t — iy = 4({.2;1:,"‘;{63

Ex. 5. Show that if a chord “) of a rcctangular
hyperbola subtends a right anglelay’a point O on the curve,
P Zs a parallel 10 the normal as /0.

~Ex. 6. Prove that the“polar of any point on an
asymptote of a hyperbolalwith respect to the hyperbola is
parallel to that asymptote:

Ex. 7. A straight line is drawn parallel to the conju-
gate axis of a (hyperbola to meet it and the conjugate
hyperbola in the points £ and  ; show that thc tangents
at P and @meet on the curve '

NGO yt g 92 - 42
N AN “'a_z)_' w2’
'"\Qt .
a@»that the normals meet on the axis of 2.
2 &

u\'ffz’ Ex. 8. A series of chords of the hyperbola
U 2

V. P —"'gz' =1 are tangents to the circle described on the

straight line joining the foci of the hyperbola as diameter ;

show that the locus of their poles with respect to the
hyperbola is

AR N
R R



N
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Ex. 9 A parallelogram is constructed with its sides
parallel to the asymptotes of a hyperbola, and one of its.
diagonals is a chord of the hyperbola ; show that the other

diagonal passes through the centre.

2 2
If the hyperbola be %2---—- gz—Z 1, and (71, Y1) (225 ¥2») R

. - . e
the co-ordinates of the extremities of one diagonal of the™

parallelogram, the equations to two adjacent sides wiiizbe.

oS
74

a b @ & m'\\
T Y e B
and T T e T D

The co-ordinates of the point of, ‘iﬁ:se‘fsection of these
lines are N

N

@ »,”?. q‘; b
x:il—-iiz- — 27(?}1'—92)3 ?fdjl—zy:z' ~a (@ —2s)

The other diagonal pa:éa‘:és through this point and the
poiat ” _

G52

Its equation’sherefore is
Nty Wle—wg) ¢ @t )
2,3 (%) 2 7
O\Y o
150 N at (4, —) y—b* (2;--2,) ¥ =0,

the\Constant term vanishing since (&, ¥1), (%2, ¥,) lie on the
hyperbola. ‘This clearly goes through the centre.

Ex. 10. Hyperbolas are drawn having a common
transverse axis of length 2¢, On each is taken a point
P such that its distance from the transverse axis is equal
to its distance from an asymptote, Prove that the locus of
Pis the quartic curve {#*—y®2=42*(z"—a?} referred to
the common transverse axis and its perpendicular bisector
as co-ordinate axes. :

Q"
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10.6 Equation of the hyperbola referred to its
asymptotes

Let the asymptotes CL, CL’ Qoff\ %he hyperbola whose
equation referred to its axes is N\

2 N

% ”.‘?fizl ves (I)!

a? TN GE
be taken as the new co-ordinate axes.

If « is the aqg}e,\—v}hich either asymptote makes with the
transverse axis\\"'

L >

\ fan g =—,
\& a
andee s L a
an ¢ sl g==———, COS o= e
“J PR Va2 b2

Q) .
“\ Let P be any point (z, ») on the hyperbola when the ;
, “equation is referred to the transverse and conjugate axes.

Let a line through P be drawn parallél to L' to meet OLin
M. If the co-ordinates of P referred to CL and €L’ as axes
be (&, k), then

 h=CM, and k= MP. _
Draw MM’, perpendicular to the transverse axis and

let PN produced meet the parallel to the transverse amﬁ-
through M in N’,
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Now a=CN=CM'+M5'=}hcosai-kcos a= (}i.k)_a,.
\ra2+b2 .
and y=PN=PN'—MM'=Fk sin a—h sin azg_-_j’i)i—,
- Vg?4-B?
Substituting in (1), )
(bR (k=hY O
e Y
2 p \ ‘
ie., p=-2 Y R
4 Y,
Changing into current co-ordinates El:\e\c‘quation to the
hyperbola is R
AUV

Ry = L)
R

The equatien xy= ¢* the;:qf;‘ai'E represents a hyperbola

whose asymptotes are the ca~prdinate axes. In the special

case of the recrangular hyperbola the angle between the

new axes is go%. Q

The equation bﬂihé conjugate hyperbola, when referred
1o the asymptotes, will similarly be seen to be
¢ ‘ a? 2
O S
i”\." ’
{éﬁ “Propositions about the hyperabola xy=c".

2N/
¥ xy:__

,~\’~“’:"As in chapter V, or independently, the equation of the
’“\; wangent at any point (2, ') of the hyperbola xy=¢? is

oy -y )=* =2y’

This can be written as
x . I y_ — anm
z’ ¥ 2 - s

which is also the equation of the polar of the point (', ¥').

N
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N\
PN X v ':

\‘;
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The co-ordinates of any point on the hyperbola in
. . ¢
terms of one variable 4 are easily scen to be (d’”t )

From (1), the equafion of (he tangent at the point “ is

:_ +-yi=2c. ,\:\'
The equation of the chord whosc middie p(;mt is
@', o) s m:"’g
oy ) - =a'y' — oA O
that is ;i'_'i_ yy' 22_\‘_',}

(N .
If the hyperbola be rectangulap,“the equation of the
normaj at the point (', ¥) is PANY;
I I h D '
= =9~ =)o,

be, yy'—x@} Hat—y=o,
From this, the ggualﬁon of the normal at the point % is
,:,"\\ ly—tzLtolt—c=0.
Ex. 1. 'I"kéwchord PP' of a hyperbola meets the
aSFmPIOt?}.& In @, . Show that QP="Q".

Ex 2% Prove that the tangent at any point of a hyper-

bola cuts'off a triargle of constant area from the asymptotes

nd-that the portion of the tangent intercepted berween the
Asympiotes is bisected at the point of contact.

is wy=c®.  The equation of the tangent at any point (&', §7) i
F Y
>+ Py 2.

This meets the axes in the points (2x', o), (0, 2):
If 20 be the angle between the asymptotes, the required
area of the triangle is

4ctab

.42y’ sin 24 =42y’ sin a cos P =ab
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The middle point of the pertion of the tangent inter-

__‘_ f
cepted between the asymptotes is ( 2! 5 ° , °+:y

i.8., (', ') which is the point of contact itself,

Ex. 3. Prove that y—mx =0 and y+mx =0 are conju~ /A
£ N\

gate diameters of xy=c? for all values of m, .,\
Ex. 4. Prove that the orthocentre of a triangle\ i in=

scribed in a rectangular hyperbola lies on the rcctanglilar

hyperbeola. \

Let PQR be a triangle inscribed in then rectanguiar
hyperbola xy=c%, and let the co-ordinates OQ? Q)R be

(e W D

Y

The equation to PQ is A\

Al e
N

€ N

N «f
o : Lle—ety),

_? y ..Q)——Gn'
or x+yhy t{x:g}tl—}-to)
The equatum o the perpendicular from R on PQ is

,,0

{ ¢
C \g_“_;”“tl Ax—chy) =0,

£
i, \\,., y+entaty =t (24 fﬁ) e (1)

y+ctltgt3=fgtn< 4 r2r3> e (2)

The orthocenire of the triangle, which is the common
point of {1} and (2) is

( X ma —¢ t"t*")

N

)
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This obviously lies on the hyperbola.

Ex. 5 A circle cuts the rectangular hyperbola ay=0*
in the points “y’, s’y ‘63", ‘44, Show that flafgt,==1.

Let the circle be

Prytrogrtafy-i-ke o &)

' c . . . %
The point cf, ; )11@5 on the circle, if 4

a '\ﬁ..
vy . £, N
i 2 -r2got—-2f : U
ie., if ¢34 2gott - R 2ol Y0

If ¢y, 5 t5, £ be the roots of this) equation, we evidently

Nos/

have tlf-_;f 3t4 =11 :.

Ex. 6. A circle witht " fixed centre (34, 3%) and of
variable radius cuts the\rectangular hyperbola 2*—y'= 2
at the points 4, B\C, D ; prove that the locus of the
centroid of th;wztxriangle ABC is given by (x—2hp
—(y—2k)? =‘KK

p. [Math. Tripos 1941]

XN EXAMPLES ON CHAPTER X

D .
Qr)g Find the asymptotes of the hyperbola zy—2%—3¥
=0, and the equation of the conjugate hyperbola.

.“\'.:; 2. Acircle cuts two fixed perpendicular lines so that
~O €ach intetcept is of given length. Prove that the locus of
\/ the centre of the circle is a rectangular hyperbola.

3. Iftwo sides of a triangle are given in position and
thg perimeter given in magnitude, prove that the middle
point of the third side describes a hyperbola.

penﬂl.'culan; 34’ p}gﬂ; P of a rectangular hyperbola S]ﬁﬂf‘
iculars * are drawn to the asymptotes, oW
that PM.PM’ is, constant. " yme :
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The chord Q¢ of a rectangular hyperbola is parallel to

the tangeni at P and QM,Q'M’, PN are drawn perpendi-
cular to either asymptote. Show that QM.Q' M’ =PN*.

5. Show that the normal to the rectangular hyperbola
2y =c? at the point ¢ meets the curve again at the point ¢’
such that #t'=—1.,

N

6. Show that the locus of the pole of any straight lmE

with respect to a coazal system of circles is a hyperbola
one of whose asymptotes is perpendicular © the given line,
and the other is parallel to the radical axis of the\ system.

7. P, are two variable points on\the rectangular
hypetbola zy=c?, such that the tangent® at § passes
through the foot of the ordinate of ‘D " Show that the
locus of the intersection of tangents atPand @ is a hyperbola
with the same asymptotes as the givett hyperbola.

8. Show that the co-or@iﬂgﬁiés of the point of inter-

section of two tangents foya hyperbola referred to its
asymptotes as axes afe hirmonic means between the co-

ordinates of the points'ef contact.

~& .
9. Find thelotus of a point such that the angle
between the tangents from it to 2 hyperbola is equal to the
angle betwegnjthe asymplotes of the hyperbola.

10, (Prove that the four equations
A0 bekNEat)=aly )
-rt}fesent respectively the portions of a hyperbola referred

Jto its axes which lie in the four quadrants.

11. ‘The straight line ax-+by=1 meets the hyperbola
ay=c?in P and @. Show that the lines CP,0Q (G being
the centre of the hyperbola) are perpendicular if

cle(a® B9 —(2 —et)(26%ab—1)=0;

where e is the eccentricity of the hyperbola.

Q.
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12. If the normals at (s 1Yy (g, Y, (s, ) and
{#4, y4) on the rectangular hyperbola ay=c* meoet in the
point (a, ), prove that

A=Tp-i-Taty -y,

F=wm+yatyatuys, .
RGN
and LTI Y1l s = —ch N e
13. A circle cuts the rectanguiar hyperboia JEY=1 in
the points (T gy r=1, 2, 3, 4. Prove that "G

BT Ty=13 29091 — 1. ~

I4. A recrangular hyperbola and 2 Bile intersect in
four points.  Show that the ceatre of\fear position of
the points bisects the distance betw&n;.the centres of the
two curves. O

15. A rectangular hyperbola whose centre is ¢ is cut
by any circle of radius # insthe four points P, Q, R, 8 ;
prove that Ny
CP -CQEE R 1-052—yrt.

16. Prove that{Sf* the normals at PR.ES on 4
rectangular hyperhole' intersect in a point, then the circle

PR passes threiigh the other extremity of the diameter
through 8.

7. Notmals are drawn to a rectangular hyperbola at
the ends of'a chord whose direction is given, Prove that
the locGs of their intersection is another rectangular
Liypezbola, whose asymptotes make with the asymptotes of
te, ‘given hyperbola angles equal and opposite to those

\.fm’ade by the given direction,

18, If the hyperbola be rectangular and its equation be
@y =c% prove that the locus of the middle points of chords
of constant length 24 is

(9" oy — ) = dy.

19. Prove that in any rectangular hyperbola the
Tectangle under the distances of any point of the curve
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from two flxed tangents is to the square on the distance .
from their chord of contact as co0s ¢ : &, where ¢ is the
angle between the tangents.

20. From two points (71’ (%2 yo) are drawn
tangents to the rectangular hyperbola wy=¢* ; prove that
the conic passing through the two points and through the
four points of contact will be a circle if N

oA
2yt ey = 4c?, and zFg=1hY2. \

1. Show that an infinite number of triangles can) be
inscribed in the rectangular hyperbola my—sz=o~.§vh:jsc
sides all touch the parabola y* —4ax=0. R4

.22 With the point {a, B) as centre a family of circles
is drawn to cut the conic :j\\'
am*+2hmd*—1rbyz+zgx+2fy+qﬁq\-“
Prove that the locus of the migc.ilze"points of the chords
of intersection is a rectangular hyperboia, which passes
through the ceatre of the giverigonic,

23, Three tangents"arcf'drawn to the rectangular
hyperbola zy=a® at thepoints (x1, ¥1) (2 w2), {23, #) and
form a triangle wlg;gis.;-\ circumcircle passcs through the
centre of the hype\bola. Prove that "

O Zmo, In
O mmaey - Wil

and thg,r\'ttl}é'centre of the circle lies on the hyperbola.

..2'2\“ IfO is the centre of the rectangular  byperboia
't.ﬁmugh the four points 4, B, 0, D whose co-ordinates

&N I . .

‘are (t, -t—) where t=u, b, ¢, d and if the perpeadiculars
from O to BC, AD meet AD, BC respectively in P, P,
prove that if abed+ 1 70, the equation of the circle on PP’
as diameter is

{a+bey—b-~)(&T+ r:ady—-a-—d)—t—(bca:—y)(ada:—y)—_—o.
[Math. Tripos 1942).
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25. An ellipse and a hyperbola arc so related thar the
asymptotes of the hyperbola are conjugate diameters of
the ellipse ; prove that by a proper choice of axes their
€quations may be cxpressed in the forms

a® e & 3* N
- __1_..'_.._:—,1', cee e - odid,
a?! T2 2 fyt A o
<\
26.  Triangles are inscribed in the circle af yte=tnz,
and their sides touch the hyperhola .-r“—-j_rfz',—"{l-?-”' Prove
that the locus of the orthocentre is the circle, €

At ST T QTN \'"\'\g,
27. Acircle is described on a chord of the ellipse
x? 3 . NI ¢, :
w2 T2 =1 as diameter which {;'\I;}rallcl to the straight
. a . P N/
line o oS a+ g Sl g =o0., ‘Prove that the locus of the
pole with respect to the circle of the straight line joining
the two other common Joints is the hyperbola

_ @i "__N._b_zfyz =gt pt,
cos® of N sin® o
3

AR

7

K



CHAPTER XI
THE TRACING OF THE CONICS

11-1. Representation of a comic by the general
equation of the second degree. 1D Chapter V (§ 52) W& (A ¢
have seen that the equation to 2 conic is of the second{
degree. We shall now show that €very Cartesian equation

l"

of the second degree represents a conic. N
Let us consider the general equation \ [,
e+ ghay -+ byt 298+ 2f 4070 o (@)
and suppose that the axes are rectangular, {7y /
If the axes are turned thmug}p’zjn;} ;ngle f given by
, the zy term of Ehg téw equaton vanishes

2
tan 2y =
B a—b

R

(§ 3°6)- N
Let the transformed equ ytion be
a’Xz-i—:bft}?ﬁ-i—zg’X—sz’Y—i—c:o e (2

which shows tﬁxt\"'ihe expression (e’ 2hay--byt has

changed into &f Xz LB YA

From \t@:?: theory of invariants,

;“\1:' a'{_b:—a’"‘l“b’,
'\\”.’ Lk
and ab— it =a'lt’.
~ :}Two cases nOw atise.

N (1) ab—h*=0. In this case either @' =0 oOf =0, If

o’ =0, equation (2) reduces 1o
b Y2429’ X +2f' Y +e=0;

which is a parabola, of which the axis is parallel 10 the
x—axis,



268 CO-ORDINATE GEOMETLY

If =0, equation (2) will represent a parabola of which
the axis is parallel to the ¥ axis,

(2) ab=k'q, In this case both o’ and ' are different
from zero, Equation (2) can now be written as ~

a.’(X3--;— 2 X)—.Lb’(Y?-,'— 2/ ¥ )oreo, O
e { AN

N\
Ny

L ’ - " g 4
(x99 Y olv 7N a7 JA
or “ ()L'_ a.') + (} + o ) ' 17

[

. 5 -
and therefore Tepresents an cllipse qeNa)hyperbola with

L3
¢ . .
centre at ——'C:-,-, - b’) according qs\\phc signs of @’ and

b are the same or different. if\ the signs are different
and in addition «’-L4' =g, the hyperbola will be rectangular.

But @' and b have thesaime sign if o'4 is positl,\f?,
that is, if ab—42 is Positive, and opposite signs if ¢'b’ is
negative, that is, if ab—k?’is negative.

Equation (1) therefore represents an ellipse if ab—-A? is
Positive and 3 hyperbola if ah—4? is negative, In the
special case Wf@g’u—i—b—:o, the hyperbola is rectangular.

11'11. _Oblique axes. In the preceding article the co-
ordinate axés weee assumed to be rectangular. If the axes
are inclined at an angle w, we transform to rectangular axes
with the'same origin and suppose that the equation

O axz+2fz$y+by2+2gx+2fy+c=o e (1)
¢ .{jﬁécomcs UP.CE S115¢ Y-H0' Y2 pog' X 42/ Y +e=0.
<\ } From the breceding article, this represents

(¢} a parabola if a'b’—fi=o,
(¢) an ellipse if a'b' —h'2>0,
(¢i1) a hyperbola if o't —p't <o,

and (iv) a rectangular hyperbola if a’ b =o.
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By invariants (§ 377),
L. a' & —2h" cos x.
a-—b=—2h cos w 2 A
__S—mz w.. = < =a +b,
sin? - N\
2
:~\'
ab—ht a'b—RkT N
e b —h', A\
sin? sin? /2 O

Equation (1) thus represents a parabola if a_b——?,az..%;a} an
ellipse if ab— k>0, a hyperbola if ab—4* <o, and“a rect-
angular hyperbola if a--b—24 cos w=0. A

11'12. Summary. We shall summarise below the
results in copnection with the general qu{étion
ams.Jrzhxy—l—byz—[—zgx‘-kg‘jg}%c =0.
() A pair of straight lines 35"
a.“:ﬁ; J g |

N b f i=o

g f ¢l
(3) A Ra\ﬁf;of parallel straight lines if
N A =0, and A =ab.

\ 4
@ity A cirdle if
”::\ a=>5b, and A=0.

~
N

N

£ 3

\M\;"' If the axes are oblique, the condition is
" a@:b:h=1:1:C08

(iv) A parabola if
hi=ab, and A0,

i. e., if the second degree terms form a perfect square and
the condition for two straight lines is not satisfied.
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(2) An ellipse if

ab—h?>0, and the condition for a circle is
not satisfied.

(vi) A hyperbola if
ab—J* <o, and £ so. &)
(vit) A rectangular hyperbolu if \ O

a +b=0, and A #o0.
LV
If the axes are oblique, the conditien m}\
a+b—2h cos w=0, N =%,

Note—The axes will be rectangular 1\1:11;“::',' otherwise stated.

112. Axis and latus (réctum of the parabola
represented by the generaleguation :
aw? - 2hay 4 by? - gg'@"-}-'zfy—m;:o e (1)
We have seen that this equation reprcsents a parabola

if the second dgﬁree terms form a perfect square. For
the sake of .cgn),tenience, therefore, let a=g? b-=§° and

h=af.
Equg{ic:)ﬂ(x) then becomes
ol (ax 4By, +2gx+2fy-te=0 - @

N\
A Now in a parabola the square of the distance_of acy
”:.fp\)int on the curve from the axis is equal to its distance
,o\*from the tangent at the vercex multiplied by the length
~\J of the latus rectum.
3
Further, since the axis and the tangent at the vertex are
perpendicular, we shall write (2) in a form which expresses
the above property in relation to two perpendiculaf
straight lines,

Now equation (2) can be written as
(@z+By-+ 0 =2z{a) —g)+2y(Br—f)+r2—¢
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We shall choose & such that the lines
az—+By-rk=0 e (3)

and . sala) —g)+2y(Br—fl-rai=¢c=0 e (4)
are perpendicular.

The condition for this is \\\u\
(ar—gat(Br—fB=0,
which gives ON
5 = a0 hBf ‘i’,’}\\'
vl a4 [32

With this value of ) equation (3) Qp\sents the axis,
equation (4) the tengent at the veriex and the point of
intersection of (3) and (4) is the vert€8f the parabola.

To find the latus rectum, 1@1\ the equation be written as
ax-+ By+k 3
L) W
—Q“&x) — g (Bn =N
(o}> —ga-(pr =Ly =)
2;,“' ok —gt (B §
The lé‘ngth of the latus rectum is thus

\~' 2Ntk ——gﬂ(ﬁf—?ﬁﬁ
2 __|,_ At
R\ &)
{0 Subs iituting for A, the expression under the radical sign
\»\ becomes &
BHeS; j_[_ig)z-i*rﬁ Bg—afy
(a+ P57 N
(af—Pgf*

i.2., i
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The length of the latus rectum is, therefore, the
numertical value of

2{af—Byg) .
(2?4 B2 N\
Ex. 1. Trace the parabola \t‘““\
g2t 242y - 1640~ 22+ 14151 zo%’};\";
and find the co-ordinates of its focus. ,\;\ !
The equation can be written as .’\{:}

B+ 4y-+ W )2=22(x 30} + 2y(H~—7) + 12— 1.
The lines 3rL4qy-+% =0 ans 26(1+3)0)+29(40—7)
+3f=1=0 are perpendiculay it
PR 3 “;’:‘I';I:S}'- — 1
v <“ 4 =7 )=
from which ~_ = L=1.

™
L 3

The equa}:io\n:ff}cm becomes

N Bt gy )t =Br— 6y,

£ )

which W{:i}}i'ite as

o 34yt Ba—6y
’:\'{ (—5 ——) 25==10, Yo .
O .
" The equation of the axis is
n\‘w
,\i ® 3+ 4y+1=0.

N/

The equation of the tangent at the vertex is
8x—6y=o0
and the latus rectum is 2,

The co-ordinates of the vertex are (—# 535 Iy B
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The parabola meets the x-axis in points given by
gx?—22+1=0,

of which the roots are imaginary.

The intersections with the y-axis are given by 2\
16 + 144+ 1=0, A o
A\
. —- Tag P\
1.6, y= T 14_i NI32 . \,,}
3 O
The parabola therefore has imaginary intersections with

N 3 |
the w-axis and meets the y-axis in the points(o, N ’?ﬁ\—ﬁ .
From this it will be obivous that the piratiola lies to the
right of the tangent at the vertewa$ shown in the
figure, P \% -

N g

& . . o .
L) The focus is a point on the axis distant ,}; from_the
\vertex A, Its co-ordinates are therefore

( 3+ 1 cosa 4 _ I gn |
257 10 T 25 w0 )
where tan ¢ =%.

Thus the focus is the point (—4%; —~33). .
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Note :— The student is wdvised lw aye 1o find aot the inter-
soctions with the co-oraitato wxes whbibe tiocing o porabala.

Ex. 2. Trace the parabola

2% —2xy 4t — LA 20

and determine the equation of its axis and the co-ordinates

of its focus, Ans. woog=1, (—ﬂ;\;@f‘)

11'3. Eccentricity of the Central Cenic O

N/
L 3

ax®+2hxy -by?=1. N

We know that the equation ﬂ.t:’—éjai}q‘}j-i,--byz-‘—l re-
presents a conic of which the cemtrewis at the orign
(581 Cor.). Let the axes of co-ordiphies be so rotated as
to coincide with the principal axe§)of ihe conic. If the

transformed equation is qu*-{~Byi=1, we have, by invari-
ants, P \\%

at gt b,
and *a,B= ab — A,

Also, if e be the eccentritity, and « < 8, we have

"...t\ PX - B""G‘.

3

# b a
QT I
0 B—a  {atb)ralab—hr)
NPT Bra T T A
N = V(a—b+4h*
e T a-tb )

. \\\""Squaring and simplifying,

ad
&

/AN

\‘;

etlab—ht) 4 {(a—b)yi- At (2 —1) =0,
which gives the value of e.
11'd.  Asymptotes of the general comic. We know
that the equation of the asymptotes differs from that of the
conic only by a constant.
The asymptotes of the general conic

ait - 2hay-+by>+ 2g¢+ 2fy--c=0
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will be given by
az? L ahoy--byt-- 290+ 2fy+c4-¢' =0 . 1)

where ¢ is so chosen that equation (1) represents a pair of
straight lines. :

The condition for this is

@« h g ‘l :”i\'
i s W
L & f =0 N’
! '.zx\\
g f etc \\:\}\ .
from which \
k! :'\\\"
c (ab )'1_&—‘0,"0\{’
where :.,‘1\3
| & b @
! N
A=t R ,:;"““f ‘
Ag f c |

Hence the equa{'\c\z}of the asymptotes is
O A
aw’+27wy~’*by’+29x+2fy+ﬂ— P R

s\,

Ex. (2\ T (2, ) be the cenire of the hyperbola
\f(:c, Y= = gu? -+ 2hey+ byt -+ 2gx4-2fy+c=0,
,Rm\?e that the equation of the asymptotes is
\‘,\’w F@y)=1 9)-
Since (%, ¥ ) is the centre,
az+hy+g=0
h+-by+f=o.
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Multiplying the first by x, second by » and adding,

axt+2hy y-Hhyttge -y =m0,

So that,
flx, yy—ge=fy-t-e-=k say. A
We then have _ O\
ar+hytg=c ND
hx+by--f=0
gx+fy+c—k=0. \»\:\""
Eliminating », y, '

$

i N
1 LN
Y R
N\ 3
N

c—ké

t.e., ) “’:ﬁ = k({ab—h?),

PR

” o= =k=1)

Hence from the above article the equation .o the
ﬂsympto:ce)sﬁs
O Fas yt=fz, ?;)-

x:“ﬁx. 2. Show that the equation of the hyperbols
' i{nn;ugate to '

AN az®+2hay-+ by +2gx+2fy-ro=0
A
P S
Ex. 8. If the conic ax?+2h 2 c=0
_ 2y +by® 200 +2fy -+
be 2 rectangular hyperbola, show that its equation - referred
to its asymptotes_ will be

2(RF—ab) Py — k=o.

is aw?+ 2hay +by? + 29w+ 2fy +o—
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Determine the constant k.

We know from §5-81 that if the origin is transferred
to the centre, the axes retaining their directions the given
equation will become

A
2 P T N
m +2kxy+by + ab__hz o' '.\\\
1f the axes are now rotated so as to coincide wir;ﬁ '
the asymptotes, the above equation will transform inte™3
A 4
20yt i = ."‘}\\

By invariants, N
Fgb=)l e, h=SNaRA—ab.
The equation of the conic, rg:fe’;réd to the asymptotes,
therefore is o
2 —ab)3 By + & =0,

the plus sign being taken ‘when the hyperbola lies in the
second and fourth cquadrants and the minus sign when
the hyperbola lies\in the first and third quadrants, provided
A istve, IDNA‘is—ve, the above order of signs is
reversed. N\

¥/
Thevalie of & is evidently+A.

S M
.\'ikS. The lengths and position of the axes of the
..(’:f.irnie ax?+2bhxy+by*=1. :

£\
X\ Let us consider the circle

\‘;

yf gy =1 eee (1)
of which the centre is at the centre of the conic
axit 2hay+hyt=1 e {(2).

. The equatior to the pair of straight lines joining the
origin to the intersections of (1) and (2) is
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. 1 xz..:,.yﬂ
axt-+ 2hxy + byt = P

or (a "'_:i" )xa +2hay — (b - ——;2 )z, Lpe e (3).

These lines will coincide in case they lic along either
axis of the comic, for the circle and the conic wx{lotl{sn
touch each other, S

N
The length of a semi-axis of the conic igg“therefore,

that value of r for which (3) represents (69 coincident
straight lines. A\

From this \

’ I INONY

oyt

(o= 26— 1)

re £

If the roots of this quadraticiin r? be % and rf, and
if both r,® and r,® be positiveywhich will be the case _whgn_
the conic is an ellipse, the lépgths of the semi-axes will be
rrand ry the greater yalue representing the semi-major
axis. If the conmic b&“a hyperbola one root of the ab:}\_fﬂ
quadratic will be [Qsitive, and the other negative. If r," 18
the positive root the'length of the semi-transverse axis is 1.

The length He semi-conjugate axis corresponding to
the negative TO0 ro? is a.

When(the left hand member of equation (3) is a perfect
Square, we can write it as
\v

R %“' [(a—%g)x-—i-ky ]2:0.

Substituting for 72, the equations of the axes are

(a —-%)x-}-hy:o,

anFl (a —?‘igg)x—}— Ry=o0.

.. In the case of the cllipse, the equation of the major axls
is the one corresponding to the greater of the values 7% rz*
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In the case of the hyperbola the equation of the transverse
axis corresponds to the positive root of the quadratic in 7%,

If only the length of the axzes is to be determined, we
can also use the method of § 11'3 and evalute o and 8.
Aliitter. 'We can obtain the direction and magnitude QS
of the axes of the central conic axt Fahry byt =1 A\
ne

alternatively thus : R

If the co-ordinate axes are rotated throughan qul’e"ﬁ
. 2k A\ 3
given by tan 20 =——~ Lo (1),

the 2y term in the equation of the conic disappears. The
new axes, therefore, coincide with the pringip‘al axes of the

C’Uﬂic. LV
From equation (I}, AV
2mnf 2k 1,
1—tan* § &b & v
- tap®§ +2ktan ) —1=0 e (21

Let ), and f); be the two values of 0 which satisfy (2).
Evidestly, tat(Qi {;’}tan fo==—1.

There{o{é 0~0, :1: .

'Ifh\é';}ciilation of the conic in polar co-ordinates is
ﬁ@\&ész -2k cos f) sin 0 4-b sin? [})_:1-——-(:05z { -+sin® 8,

N 2
N P —a— _];-i‘_fdi:l 8_ — " (3).
m\./ a2k tan { -6 1an? {)

N Substituting in (3) the values of tan § obtained from {2},
we get the lengths of the axes.
The equations of the axes are
y=—=a tan 0,
y==x tan 0,.
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11'6. Co-ordinates of the foci.
If the conic ax? -2hey+ 0yt 200 2fyc=0

be an ellipse, the lengths of the semi-maior and  semi-minor
axes being ry, ry, the eccentricity e of the conic is

/ ;r‘..\:
fTE R
‘\1."ll I ?-1? 2 N
(NS
The foci are points on the major axis at a distartee ery
from the cenrre, (', %'} say, of the conie, N

If § is the inclination of the major axis, fo‘the w-axis,
the co-ordinates of the foci are \/

(z"dery cos 0, y'ter, Sib).

The same holds for the hypetbola provided 7y is its
semi-fransverse axis, o\
Ex. 1. Ifthe co-ordinatg.ﬁkes be inclined ar an angle

w, show that the principd® axes of lengths 2r,, 2r, of the
conic ax?--2hwy+by® = pare

(= Yo+ (=22 Yo,

?"12
and (ﬂ.\\ I (h COS w _
e
Hil‘,\&:;\ThB equation of the circle is
'S X #®4-22y cos w+ y?
\.\“’ 2 =1

8" Theresultis obtained on proceeding as in the first
; method of § I1'5.

Ex.2. Trace the conjc

174%+ 122y+ 842 — a6z — 28y -+ 330,
and find its axes and the co-ordinates of its foci.

Since 17.8—36 is_ Positive the conic is an ellipse. I_

N
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"The equations giving the co-ordinates of the centre are

§58) :

i7r4-6y—23=0

Gx-L- 8y —14=0.

Solving, the centre is the point {1, 1. ' O\
The equation of the eliipse referred to parallel axes -
through (1, 1) is (§ 5°81) ~\°
173:3—}—12xy—’.~8y2—z3.1—-14.1—!—33=o,,\'::. ’
f.e., 1722+ 120y + 8 =4 O NI R
The equation of the pair of straigh§ines joining the
gircle a?-Fy*=1*

origin to the intersections of (1) and tt@;
is O~
405297

a

1727+ 12291857 = o 5,
or m2< 17—;%--) +~fz’:’z:y’—|-y2<8—-f;—-)=0 - (2),

Ifrisa semi-agi{s,}\
G iy

e, ONY  100ri—10Cr%-L16=0,
xt\"’
whenge\ ™ r2=% or &,

{THe equations of the major and minor axes from (2}, are
NS ) 224 =0, T—2y=0
)

\V ” Referred tothe old origin, the equation of the majoi
axis is 2x—I)+y—I1=0, ©.6,28Fy—3=0,
The equation of the minor axis referred to the old origin
is z—2y+I=0.

To trace the ellipse we shali also find out the inter-
sections of the ellipse with the co-ordinate axes.
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The distances from the origin of 1he ooints in which
the ellipse cuts the x-axis are the roots o ibe cquation

176% — 46 - 33 -0,
Since 46%~ 4.17.33 is negative, the toots are imaginagy >

The distances from the origin of the psints in W”h\'{{ﬁ‘}he
ellipse cuts the y-axis are given by O

X ¢
Y

8 —28y--33—0, o )
(¢

the roots of which are also imaginary. '\\\4\,
The ellipse therefore does not cup{h} co-ordinate axes.
The figure is as shown below. ”v\('
O

A N
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The co-ordinates of the foci are therefore

(3D

. 2
2.5 . <Ii"—3'5 Ij—__-- _;_3>
Ex. 3. Trace the conic \\ v/
it gry-of— 2k 2y 4. N
Since 1.1-—4 is negative, the conic is a hyperbc:l{‘.{}
The centre is the point given by NS

x4 2H—1=0, N
and 2x+y+1=0. \"
Solving, the co-ordinates of the centte are (—1, I).

The equation of the hyperb.cla referred to parallel axes

through the centre is ,,:
w4 4oy +yEEN- f—D)+1T4+4=0,
or xz-kgg}y-l—y =—6 {1}

The lines ;mmx\@\\he centre with the intersection of (I)
and the cixcle ;r~ Xyt =7t are

¢
§ 6 2+ )
:?v\+4my+J F———(‘%ﬁ—y)—,
l\ “' , 6
01:,:’;;\ fL‘g( I+}'§'-)+4xy+y*(1—[— ?::;-)=o.

S

S

£ Y
™ If r is a semi-axis
\/ > \
(H— d )z4
rt ?

6
. ey 1—{-—--’?-—12,

whence ¥I=6 or—2.
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The semi-transverse axis of the hyperbola is thus of
length 6 and its equation is «+y = o.

The hyperbola cuts the x--axis in points whose co=
ordinates are (&, 0), (24, 0) where 'y, v arc the roots of the, .
equation

T 2x+4--0. \
From this we see that both «, and » ar= 1ma“m§”

The intersections with y-—axis will mmuhcl} be seett
to be imaginary.

[
\'\\.;
<"
\ .
\ be hyperbola is as traced above.
{\
o) ) EXAMPLES ON CHAPTER XI
\/ I. Trace the following conics :

(8) 222y 4yt —ap—1=0
- (#) 1622 —242y + 9yt — 1040 — 172+ 44 =0
(38) 8+ gy + syt g (atg)
- (30) — 57y +y* 8r—20y 4 150
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(v) @% 3wy +y*+100—10y+21=0
(vi) 112+ gry+149° —260—-32y+23=0
{wit) 222t— 122y + 179 — 1128192y + 178=0
(vits) 144%%— 120wy-+ 25y*+ 1006 —98y +73=0
(i) 36* 242y +29%°—722 1 126y 1+81=0

(=) 0% — 242y 4 16%° — 18— 101y - 19 =0
(i) 2+ 4oyt 4y’ -+ 3w+ 6y +2=0 O
2. Show that the conic R xf;:
af -yt — qry—22—20y—EI=0 W'\g.’

js a hyperbola. Find the coordinates of the eéntre, and
show that the distance between the vcrnc&i\mf the two

branches of the hyperbola is 12.
[Magh. TrlpOS, 1947]

3. Prove that the equation R \J
—6zy+y *I3x~w+8 0

represents a parabola

Determine the length of the semi-latas rectum of this
parabola, the coordinates'e \f the vertex and the equations

of the axis and d1recs§hz
[Birmingham, 1944)

4. Trace tkc Sonic
x"17x=——xzxy—|-8_;’+46x 28y 17=0
5. §bow that the centre of the conic
"J; 22243y —6y* - 282+ 36y -+ 16=0
hes at the point {—2, —1I).

N Find the equations of the axes of the conic and of its
asymptotes and the lengths of its axes. - [Wales, 1945]

6. 'Trace the conic
322% 4 s20y— 7yt — 64— 52y — 148 =0,
and find the co-ordinates of its foci.
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7. Trace the conic
Bx® —24xy -+ 155° 1 484 4Ry = 0.
Find its eccentricity.

8. Find the position of the centre and the lengths
the axes of the conic

¢ 9 \
972 —C oy 72y — 3148 1-348y {97 =0g \\ -
Sketch the conic. [E d,n rgh, 1946
9. Show that the latus rectum of the Qw&boh
(a? -+ LAyt =(he |—crr; ab)2
\s'
is 2ab+(a“.-.¥—\?,(’i 2

X }
10. Show that the curve{given by the equaiions
xe=af? 1 bide, y=a'tt+bE0
is a parabola of latus «gctum

Q (a'b—ab")?
) ‘;\ (a? v a’?y3j
Q-

II. Show that the semi-axzes of the conic

\) ax? -+ 2hry byt J-2gx+ 2fy 1 ¢=0
ars ﬁwen by
W {ab—h2)3ré 4 Ala-LbY ab kit Al =0,

where O =abet2fgh—aft ~ byt — ch?

12, Trace carefully the conic

@t - gy — 2y* + 105} 4y =0,

finding its centre, azes and asymptotes.

13. Draw a rough skeich of the conic

322+ y?) +2vy=4N2{z T ¥).
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Determine the foci, and show that the origin hes at
a5 extremity of one of its principal axes.
14. Prove that the principal axes of the conic
' ax? L 2hay -+ byt 2go4-2fy+e=0
are parallel to the lines
h(wt —y*y=(a—b)zy.
Find the equations of the principal axes of
228+ 120y — TYF — 165424 —3=0.
[Math. Tripos, 3940}
Hint. The axes bisect the angles between the~dsymp=
totes, which are parallel to the lines ax?+2hy+bgi=o]
5. Prove that if the centre of the conic, wﬁ‘.’ée equation
is aa?}-2hay-+ byt 202+ 2y L G=P
be {a, B), then the eguation of th;z asympiotes can be
written in the form Ny
ax*+ 2hxy 1 by3+zgx;]—:.2f§~ ga—fp=o0.

Two fixed points A and B have co-ordinates (a, )
and (o, ) respectivelyl N Two variable points P and
§ are taken on the ai-gxis, with PQ constant and equal
to k () being on the fight of P The straight lines AP
and BG meet at{E Prove that the locus of 7 is a
hyperbola and, find” the co-ordinates of its centre. Also
prove that ag_gof its asymptotes is the x—axis, and find

o

the equatiod of the other asymptote.
16, \'Q‘Sﬁc;w that the lengths of the semi-azes of the
conicny, ax?-2hoy byt =1
acé.the roots of the equation '
N/ (ab—)rt—(a--b)r 4-1=0.

Trace the conic
10832 — 3122y - 1732+ 504+ 5225 — 387 =0,
showing the axes, centre, and lengths of the semi-axes,
[Indian Audit & Accts. Service, 1940]

2N



CHAPTLER XII

N\
POLAR EQUATION OF A COXIC A
)
121. Introductory Remarks. The polar equation of
a conic section can always be derived from its Cartesian
equation referred to rectangular axes by writipg\g—=7 cos §,
y=rsinf. It is bowever advantageously @ifed when the

pole is at 2 focus of the conic. AS)

In this chapter we shall therc;f'c?é': be concerned with
polar equations of conics when the pole is at a focus.
12:2. Polar eqguation

of\, a”conic, its focus being the
pole. N°

Let P be any point (r, §) on a conic of which the focus
8 is the pole and the perpendicular 8Z from 3 on the
directrix ZM is the initial line.
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If ¢ be the eccentricity of the conic, then
SP=e.PH - (D

where PM is the perpendicular on

the directrix.

But PM=NZ—=8G—8N=-—vcos 0, 1 being the

semi-latus rectum SL of the conic.

Hencé, from {1),

fse(% —r CO§ 9), \J

"3:.3., —.::n.—_—'.1+e mB’ .m:\\.

which is the required polar equation.

A

VL

If the positive direction of the ‘initiah line were Z8

jnstead of SZ, the equation of the
©obeained as '

™

If the agis SZ of i, conic

conit\ would have been

R

L:I-—G.g{iﬁ 9.
7 L

is inclined at an anglea

o the initial line, the gqnation of the conic will be

N\
:.1_\ﬂ1+e cos {#

—a)s

for the angle bétween SP and §Z n this case is 8—a.

1221 Equations of the di
the cg*ordinates of any point on
to_the ‘focus S, then

O
g
\“:

The equation of the directrix correspondin

irectrices. If (7 0) be
the directrix corresponding

!

r cos § =84=—"

g to the

focus which has been chosen as the pole is, therefore,

_I'—se cos 0.
T
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The distance of the other directrix from & is

!
8-1‘2'3-4,

where C is the centre of the conic.
1 O\

But CZ=" — ) .
e efe’—1) 'S

Hence the equation of the other directrix is

reos f=- <_: +e(r;22-l- 1) )’ ,\\i”‘

. 1 e(e?~—1
5.8, ——=_---(---- v cos Y
r e2--1 )
i a\,J
A

12-22. Tracing the con'ic",'%ﬂr-i-e cos §.  The
student should find no difficulty in tracing the conic when
e=0,10r <1. When e >\, that is, when the conic 15
a hyperbola, the equatig;‘;i“-i-- =1+4e cos {) represents only

points on the bra.nilinearer the pole if the radius vector
is positive. Poifits on the further branch are obtained
by taking negative values of the radius vector.

3

W

rFd

. _ !
As 0 increases from o to ~«§:—, r increases from e
k) *
to . As 0 increases still further, cos § becomes negatlve
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and r goes on increasing. Forcos f=— ei, # becomes in-

finite. A further increase in the value of §, howsoever
small, will make r negative. Hereafter s continues to be

, which corresponds

negative until § =, when r=——"—

to A’ on the further Lranch, If @ increases beyond x, r
. onth .  ana— EAY S

~ remains negative until § approaches { 2m — Cos 1(—_ ” )}\

when 7—»— o . So that for values of f between a and zaf: —0ts

o= cos‘l(— T«:" ), the branch of the hyperbola far"th}r from

the pole is traced. For f increasing from 2pp*a 0 27, *
maintains a positive value, and points on{the’ lower half of
the branch nearer the pole are obtained< )

The points at infinity on the .cufve“are given by
cos 05—1—
3 €
12:3. Asymptot&i:x\ From the preceding article it is
apparent that the asyaiptotes of the conic

z
_ & ?v--I—}-ecos 2,
are the,:»\tw\ou lines through the centre in the directions
iven by
g by !

3 \} cos §f=— —.
¢N® €
\J  The co-ordinates of the centre are (ae, 0), where a is
the semi-transverse axis of the hyperbola.

The length of the perpendicular from S upon an

. . e . I
-gsymptote 1s  ae s a=aet—1, €052 bein -

N

¢\

A
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. T
The perpendicular makes an s Or

anele gz —-
= 2

T . - .
- ( a4 2) with the initial linc.

N\
The equations of the asymptotes, therefere, are

7N

2N
{ N

. . N\ ¥

a+et—1 =r cos (” - i )3 O

o -
and ave?—I1=r cos ({J Lo

These can be written as N
$

o= Fet—1 sir{ (ﬂ:,iéﬂ-)

7

L]

=T Vet— 1 sitt  cos o cos () sin )

NN - .
_'—'—ﬁe:—;' (‘\ez"" I COS Gisln 8 )
O
12'4. E{(a.tion of the chord of the conic
P 1

r._

'3
N/

" vee (1o
¢

joining the points whose vectorial angles are a—p
\ai'jgl a+B. .

1+ecos

{\ ‘The equation

1

?"_-

“yepresents a straight line in general for it contains two
arbitrary constants and will be seen to be of the first degree
when converted in Cartesian co-ordinates. '

Acos (§—a)+Bcos - (2)

If it passes through the points on the- conic whose

vectorial angles are o—f, a1 f, we geton equating the
values of  from (1)} and (2),
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1-+e cos (a—B)=4 cos +B cos (a—§),
and 1+§ cos (a+B)=A cos B+B cos (a-+B).

From these,
A=sec B, B=e.

The required equation of the chord is, therefore,

“rl =sec B cos (B —a)te cos 0. N\

. ~N
Corollary. If the conic is --5_--——-1 +e cos (%), the
equation of the chord joining the points a— £ afd 2+ B

A
is —z~—sec B cos (B — g,)+g wafg 7).

'12-41. Tangent. Ifthe pmnts on thc conic
b e +g'cos 6

whose vectorial angles,\are a—p, a-+pB coincide, B be-
comes zero and thc\t@ﬂrﬁ in this limiting position becomes

a tangent.
The equau\rm of the tangent at the point a of the conic
is, therefore; >

\ \{ i=cos (G—a)+e cos 0.

Corollary If the conic is- ——1—+-e cos (0—v), the

N\ cquamn of the tangent at the point a is
—i—_‘cos (0 —a)-+e cos (0-—7).
Ex. Find the condition that the line —i—*—-A cos

4+ Bsinf may be a tangent 10 the coni¢ —f;-::-i—e cos fl.
Ans, (A—e)+Bi=1
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12:42. Normal. Writing the cquation of the tangent
in the form

I . .
---;zcos {} {e--cos q)—+sin ) sin 4, 2\

the equation of the normal will be of the form OV

&

, =i () (e+cos 231—cos {} sin 2§
£\

g — - i [': ,”:"‘
sin (| —a) ¢ sin ) R

'\

where k is an arbitrary constant, v
If this passes through the point gisen’ by

l .
§=a, =14ecosn,

R W

we have N
k(1€ cos a)==he sin x
W% esin g
o R |

{{ o ITFPCO.S 4
Hence theo\éaﬁation of the normal at the point o of the
. 1 .
conic A Zo=1-+tecos ffis
N\ T
A</ :
O es . .
| En___o_t____ . 1 =-gin (0 —-—g,)+e 5inN G-

\:\" 1+ecosa  r

E‘IZS Polar. We shall now obtain the equaﬁon of
o\ \the polar of the point (#, #,) with respect ©0 the conic
" :"\;; i
\\; T'__1+e cos 0.
We have seen in Chapter V that the polar of 2 point 1§
the chord of contact of tamgents drawn from that poini.
We shall use this property to find the polar of (1, 81)-

Let a—f, a4 be the vectorial angles of the points of
gontact. The equation of the chord then is

-fi =sec B cos (f—a)-t+e cos g e (T)
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The equation of the tangent at g — B is

i.—_oos (9—-a.+,_8)+e cos 0.

Since this passes through (ri, 61),

_i_: =cos (§;—a+B)+e cos 61 e (22, O
'S\
Similarly % =cos (f1—a—B)+e cos b, --:’{“'of):
From (2) and (3), .m:\" “
cos(f—a +B) =cos(Bi—a = BINNY
ie. fiatB=t@ima—B
Since £ 0, 91-a+ﬁ=-"(91_j1a’;-;\ﬁ)s
.‘i.e_, G‘.=81. ,.:.. \/

Therefore from (2) o (3); 2N
(;'--q, c‘c;iél) =cos B
1A
Substituting in (I};:y\vc have’
(-l—-—e’m 8)(i—e cos )=cos (8—0,)
f O 1 1 t
as the eq}:{ti:o\n'c)f the polar of (r1, 61).

12&1‘,‘?01“& Ezamples.
‘I\ PSP is a focal chord of a conic, Prove thal
O 1 I 2
’”\ w4
9O © I
where | is {he semi-latus reclum,
(i6) the angle befween the tangents at P and P’ is

2¢sina )
]

tan~l {— -
an 1—¢?

where g i the angle belween the chord and the major axis.
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(i) Let the chord PSP’ of the conic
—2--:1—5—9 cos{ e (1)

make an angle ¢ with the initial line. \
The vectorial angles of P and P’ are o and (1;{ o)-

From (1), therefore W\
~S—P_—"-I—l,—e COSct, '\:\‘
! O
and 5P ,=1+1ecos ( ~1:—|—&*)'
/ \J/
! 2\\
8P SP’"“
L ‘F_
or SRS

(it) The equaﬁon&of‘the tangents at I and P’ are

4 £N=cos (f—a)tecos O

~F
4
l
and PN \\ ——= —cos(f—a)+e cos 0.
Theéc be written as
O l ) .
i~\i\.\ ~ =(cosq+e)cos O--sin & sinf),
Qe .
A\ nd - = (¢—cosq )cos §—sin o sinf.
\®
. 8 e—Cos o
\r\: g The slopes being ——— ate  ong ST %, the
4 sin @ sim %
angle between the tangents is
e—cosa , €O a2
. B ._.’_ ------ .
tan™1 sin o sina ,
_ (cos_a—t-e)_(g—-cos al} |
sin® o
or. tan (2502 )
1—e
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2. A chord of a ronic sublends a consiant angle at a
Jocus of the conic. Show that the chord touches another
CORIC.

Let the conic be

I : .
e 2 I+6 cos G, },:
r - N\

and let the vectorial angles of the extremities of a chord Gf
this conic be g~ £, a—l-ﬁ

The angle which the chord subtends at the @lc is 2}?,
which is constant.

Now the equation of the chord is RN
I—~—scc B cos(f} -—a)-}-mos 9,

or l?g— 05(9-a,ﬁ+é”cos B cos 8.

This evidently touches th& cemc
—t —-'I-LE cos B cos 0,

at. the point whose Vecto\ml angle is 2.
3. Show Uaa‘tﬁe director ctrele of the conic

i-—:r{—,e cos § is r2(t —e2)+2elr cos § —2l==0.
F £»

N . .
'J%fgé;uations of the tangents at the points o and 8 of

&
g

N = =I+¢ cos §

-=cos(f —a )42 cos 1,

—cos({} —B)+tecos .

- The vectorial angle § of the point of intersection of these
tangents is given by  cos{-—a)=cos (§~B);
$.e, 8—a=F0—8)s
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Rejecting the plus sign, we get
atB

= L X I
0 A (1)
Also from the equation of cither tangent, I\
! a—pf
, =C0s P +-¢ cos f) 4 ‘g'{)

2 '"\.\ o

where 7 is the radius vector of the point of interscgtion.

. l”:‘.
The equations of the tangents at o, £ can be written as

}_:(cos a-+-e) cos {)+f-sing 'Efffh,

-
and b —(cos B4 9 ?\:J 0
—r-m-(cos —+e) cos | —b?\n sin ).

v

These are at right angles, if, ()
(cos ate)(cos §4%Y+sin 4 sin B—o,
or ¢*+e(cos o -+ cas\} - cos (g4 — B)—o,

t.e, €2+ 2¢ cos—-’fg\ﬁ —cos—g"-z:—ﬁ— 12 cosz—az_p- —I1=0.
Substitutigg fom (1) and (2),
Z."; 2
*z‘!:{{?? cos f}. ( ——f— —¢ Cos O)v\i— z(—i—ne cos@) =0,

or 0 21— e)+-2¢lr cos §—-212—o,
o, . .
w. \h 1s the equation of the director circle.

al

,,\\’{' 4 P, Q, R are three poinis on the conic

. i
o =I+ecos ),
the focus 8 being the pole; SP and SR weet the tangent at Q@

in M and N so thut SM=9N={, Prove that PR louches
the conie

—f:zl-i—ze cosf).
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Let the wvectorial angles of P, g, R bea ¥, E The
equation io PR then is

\/

:’— —=$5ec- —2——cos<ﬂ-——+ B )+e cos B o (1)
The equation t0 the tangent at € 1s
.,'"\‘:\’
b os (B —y)-te cos 0. e\
r O
Two points on this are (& ) and (& B , 2N\ R
\;"‘\\\'
Therefore, \/
1 =cos{a—7)+¢ cos a'::\\; v (20
and 1=C0% (B—T)—{—e.cps”' - e (30
{2) and (3) can be written a3 \J
(cos T--e) €o8 a+sm vy sin Y=1 (4)s
and (cos Y-}-¢) cos ,B—kvun Bsin (=1 (5).
Eliminating sin A~ b?twccn (4) and (5)
(cos T+é) s“n\{a pB)==sin ¢ —sin B>
102 \; oosT re;secf"—-z-’8 o5 - a;'@— ()]
’\
Sﬁbtractmg (5) from (4)
’:.\\sm y(sin a—sin B)-+(cos v -+e){cos o —CO8 B)=0,
\*\' it sin -y—-secﬁ—;—ﬁ-sm a—;—ﬁ_ e (7
Writing equation (1) as
! _,g cos~—é—ﬁcos ]

* msect o
r

i a’j;B—sin §+4-ecos s

a—
+-seC — 5 —sin
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and substituting from (6) and (7), the equation to PR is
seen to be

t
, =cos{() —v)+2¢ cos ff,
N
. .1 , .
which touches the conic ;=T L 2¢ cos {J, at the point wlgos\e
vectorial angle is +. \3\ )
5 Show that the equation o the circle t‘.if'ch‘-mrf‘@?"f&b’r‘:”-g the
triangle formed by the three langents to the pa-r«\lg@éa

NN
2a N/
" = 1—00s {) |
PN
drawn at the points whose vectorial anglés are a, § and v, is

. PAN o
+4 { . fr M b4

¥ = COSEC— COSEC Ecosec o sm(---—'---ﬁ T p ),
2 2 N2 2

&N Y

and hence thal it always fga:;'.é‘?a through the focus.

The equations of.the'tangents at a, §, vy are

A
\'\i%:cos"(ﬁ-—a)—cos B,

h
O 2 :
\) -:.-_—cos (1 —pg)—cos 8,
x;\ﬁt' za
&3\ J s (0 —y)—cos §.

T,
e

N These intersect in pairs in points given by
£ 3
) . ]
)™ a4 p @ . a.B
f="" — ==sin-_-sin‘_-
Y 2’ r 272’
. .
v e .
9=‘-8T 7, —=s1n-§-- sin--,
2 r 27 2
-+ @ . .
g=1"1% —sinYsin%,
2 r 2 2
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By substitution we see that the circle

8 +B+
zJ'rl—H)

% .
==ga COSEC ——COSEC - Cosec X sm(a—— -
z 2 2

passes through these points of intersecrion.

The circle also passes through the focus.

EXAMPLES ON CHAPTER XII

- 1.\"’ Show that the equations
1 _ [
- g-¢cos § and — ==—I-+¢ COS 9\\

represent the same conic,
2. In any conic prove that , :'.\\"
4
(i) the tapgents at the ends of any\foga chord meet on
the cirectrix, L
TN
(i4) the sum of the reciprocals of two perpendicular
focal chords is copstanl, N
(4i9) the portion of the tangent intercepted between the
curve and the directrix‘stbtends 2 right angle at the cor-
_responding focus. \"

_ Prove that the locus of the middie point of a focal
c hord of a go\n@cns another conic of the same kind.

V4/. PQP’ and Q8@ are two pcrpendicular focal chords
- -of a{o je’; prove that

N IR S

N/

™

'“\i ds constant.
N/ \£ 1£Psq, PHR be two chords of an ellipse through
the Foci S, H, then show that
py  PH
P iR

is independent of the position of P,
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6. The tangents at Pand Qto a parabola meet at T,
Prove that §72=S8P.94.

=. Chords of a conic subtend a constant angle 20 at
the focus. Find the locus of the poinis where the chords
are met by the internal bisectors of the angles that they,
subtend at the focus.

8. Prove that the locus of the interscction of tangests
at the extremities of perpendicular focal radii of aconic is
another conic having the same focus. N

L 3

9. Find the locus of the pole of a chgﬁ‘which sub-
tends a constant angle 2a at & focus \6fi %2 conic, dis=-

ey . >
tinguishing between the cases for whxc;l{\g)s 2z
$
10. Prove that the eguation wthe locus of the foot
of the perpendicular from (th® focus of the conic
; . »." .“ .
--f—=1—{-e cos f on a tangentio 1t 38
r2{e? — s 2ler cos f 17 =0,
Discuss the particular case when e=1.
PN . .
1. A com{i i3 ‘described having the same focus and
- L1
eccentricity qs\tlxe conic- - ==1-4-¢ ¢OS f), and the two touch
at the ‘poiat (=a ; prove that the length of its latus
rectusins '
8 2l{1—e")

P\ Tise cos a6

g

12. ‘The normals at a, 8, y on the conic-i---: 1-}-2 cos @
meet in the point whose vectorial angle is ¢ 3 show that
2¢=a+8+v-
13. A circle passing through the focus of conic whose

latus rectum is 2f meets the conic in four points whose
distances from the fozus ate 13, ro, 73, 743 prove that
I, 1,1 1 2

Ty Ty Vg b
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14. A circle of given radius passing through the focus
& of a given conic intersects it in 4, B, C, D; show that
8A.8B.8C.8D is constant.

15. If the tangent from P subtend the fixed angle B

at the focus 8, prove that the tocus of the midpoint of S£
is a conic of eccentricity e sec 3 and find its latus rectur. N\

[Londo, 1944],

16. Two chbrds QP, PR of aconic subtend equal ang(e§“~\
at the focus ; prove that the chord QF and . the tangent

at P intersect on the directrix, K
17. Prove that two conics S
A '
Il —y—e cos )
’ 1 9: / \J
s f’,\ -
and =i cos(hat)

a0

will touch cne another, if

WY

131 — o)+ 11 i) =2l (1 —eseq €08 ).

18. A chord AP®fa conic through the vertex A meets
the latus rectum, ix{Q; and a paraliel chord P'SQ is drawn

through a ii)pf:‘s S 3 prove that the ratio - S%gg, -

is constani \(J

19 '?Q is a chord of an ellipse, one of whose foci

is S\Q’Eﬁi‘PQ passes through a fixed point O. Show that
thé ptoduct tan § PSO tan § QS0 is constant. :
A\ {London, 1945]

£\ .
<‘ \ 20, An ellipse and a parabola have a common focus §
and intersect in two real points P and @ of which P is the
vertex of the parabola. If e be the eccentricity of the
ellipse and a the angle which SP makes with the major

axis, prove that

8Q

8 _ gtsin'a
SF

I Ed
™ (1 =ecosaf
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a1. Jf two conics have a comraci focus, show that
two of their common chords will pass through the point of
intersection of their directrices.

»3. Prove that the two circles which are touched by

any circle whose diameter is 2 focal chord of a given conic

have the directrix for their radical axis and tbe focus

for one of their point circles.
N ’
' \)

Hint. If the conic is —i c=1I+e cos fl, the cqgafioﬁs

of the two circles will be r2(14-e)+ler cos 8 33?‘}:\\’

N/ -

23. Two parabolas have 2 commo.n{fbcus and axes
opposite, a circle is drawn through the fosus’ touching both
parabolas ; prove that AN

3r2."3:a‘3f3_ﬁ%b%_s;'bzk'§;
@, b being the latera rccta and r the radivs of the
CirClE. 3*:‘:‘



CHAPTER XIII
SYSTEMS OF CONICS. CONTACT

131, Conic through fve points. The general A\
equation of the second degree aa - 2hay byt 2grH 2\
-+ ¢==0, which represents & conic seems to coptain  six
constants a, b, ¢, f ¢, . On dividing by any one of #hese

constants we see that the number is really five.

If the conic passes through five given points, we shall
have five equations to determine the five constasis. If the
equations are independent, the conic will?p€ determined
uniquely. The equations will not be independent if four
of the given points Jie on a straight lite,v Far, let the line
joining the four collinear points, \be” taken as the x-—axis
and (0, 0} (¢, 0), (B, 0) (y> O)the co-ordinates of these

points.
We shall now have p~=’6;' and
aa? 48930 - - (@)
& 2B —o . @)
Qi 2gy=0 - 3

Sinc’e\b:;‘\énd B are different from zero, @ and g must

-separgxgly’ be zero. Equation (3) is then also satisfied, and
the conit becomes

™

NN 2hay +by?+2fy=0.

<) If the fifth point on the conic be (7, 9
2hpg+bg*t-2fg=0,
which leaves one of the ratios & : b : f undetermined.

There will, therefore, be an infinite number of conics
passing through five points four of which are collinsar.
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If only three points are collinear, the conic will
evidently be a pair of straight lines of which one passes
through three such points and the other through the
remaining two points.

In general we shall have only one conic passing throngh

five points, the exceptional case being when four of the given

poinis are collinear. O\
. . 7N y
13 2. Intersection of two comics. Let the equations
to two conics be 3

&N
< 3

. am’-ﬁ—zhxy—!—by’—i—zg:v—‘rzfy+c-=q,"\<”
and @'zt 2k ey by 2g 2 Y+ Y

These can be written 4s \\\
ast -2y +9) by 2l ¢=0 o (30
and a'a®t2x(y+9) -{—b’yi»’;-,’gf?;—}»o’:o . (&)

If we eliminate = betwen these eguations, we get @
fourth degree equationiin ¥. This equation will have
four roots, real or zigaginary. Also, on eliminating ¥
between (3) and (4).5e see that to each value of y there

corresponds uni{ Lic of 2. We thus have the following
result: :

N\

Two caiii«cs, in general, intersect in four poinls, real
or imaginary.

Cordllary. Two conics cannot touch each other at
bre-than two points.  For we can have at most TW0 pairs

_of toncident points of intersection.

13:3.  Conics through the points of intersection of
two conics.

I S =axt+2hry+ byt +2gx-2fy+€=0,
and & =a'ad-2h wy4- byt -2g’ -2 flyHo'=0
be two conics, the equation

8+32.8 =0 . {1}



o
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being of the second degree represents a conic, The
values of x and y which simultaneously satisfy §=o0, §'=0
also satisfy 9+ 28'=o0, which accordingly passes through
the four points of intersection of the two given conics.

The conic (1) has one degree of freedom and represents
a conic through four given points. If the fifth point(),
through which (1) passes iIs also known, the constant A;
hitherto arbitrary, is determined uniquely and equation {¥)
then represents a fixed conic. N

134. Double Contact. If S=0 be a conic, &rd

lx+my+n=0, I'z+m'ytn'=0
two straight lines, the equation \ \\ g
S+ % (le+my +n)({l'z-+- ) =0

represents a conic, which, for any constant value of 2,
passes through the four pointsin which the given lnes
cut the conic §=o. N

~ 3

In particular, “
Sﬂ(!x—;—my—{-n)a——-— ws (1)
will be a conic! tifur?hing the comic §=¢ at each of the
two points in which the line lx+my+n=0 meets It For
the conic 4\

& (lo-+ my- )=
meets .S\L—‘:b“in two pairs of coincident points.

Qésay that (1) has double contact with S=0 at the
peitts where the line lx+-my-Hn =0 meets it.
.\’

\J If the line Iz-Fmy -+n=o0 is a tangent to the conic 8=o0,

the conic (1) will touch §=o, at four coincident points,
and is then said to have four point conluct or contuct of the
third order with S =o.

13.41. Equation of the pair of tangents to a conic.

The pair of tangents from a point (a',y') to ithe conic
S=0 can be regarded as the conic which has-double coniact .
with 8 =0 where the chord of contact
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Tsaxx’+h(xy'—’ryx’)+byy’%—9(x+r’)+f(y+y’)—l—c= o
meets it.

The equation of the pair of tangents will therefore be

§43TE=0 w (D)
where ) is so chosen that (1) passes through (2", ' O\
This gives O
. 84 r8"%=0, (":’«.
i N ¥
Substituting in (1}, we get N
88 = e ‘\ ’

135. Some Propositions on Conics.

(1) All eonics passing,.}ﬁtdﬁg& the interseciions of b0
rectongular hyperbolas arg'themselves rectangular hyperbolas.

If the conics %ﬁo, 8§ =0 be rectangular hyperbolas,
a4b=0,and a'-t—,ﬁ’ﬁ; .

In the cqm\e\S 439 =0, the sum of the co-efficients
of 2% and 32 s

\\ / al-na’ o,
ity (N a+b+n (@b
.}'Ql'his is identically equelto zero, since a+b=o and

e b =0,

N

~ Hence S+38'=o0 isa rectangular hypcrbola, which
_proves the proposition.

_ (2) The common chords of @ conic and cirele taken
in pairs are equally inclined fo the axes of the conic.

If ﬂ:}e co-ordinate axes are taken paraliel i0 the axes fJf
the conic, the zy term in the equation of the conic will
disappear, and it will bave the form

N
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axt 4 byt -2ge-H2fy+c=0 (1),
2 or b being zero if the conic is a parabola.

Now if a circle cuts (1) in four points A, B, C, D and
if the equations of any pair of common chords, say 4B,

€D be loJ-my+n=—0 v (2}
Vel-m'y+a'=0 (z);\
then ax -+ byt 2gu-2fy o L >

(et my b mTaFmyta)=0 o @),
represents a conic through the four points in wﬁi,?h (2} and
(3) meet (1). R

By properly choosing X, (4) will rep{é'sg\uf a circle.

Now for a circle the co-efficient dfey is zero.

Hence, Im’ -+ml ==0;

. AN U

ie. : IR TR
> \ 77 m!

The slopes of 4B add OD are thus equal in magnitude
and opposite in signghowing that AB and CD are equally
inclined to the xxﬁgis in opposite directions.

The chozds)AB, 0D are therefore equally inclined 1o
the axes ofthé conic. 'The other two pairs of chords AC,
BRI and {D,‘ BC are similarly equally inclined to the axes.

g{T‘wo parabolas can be drawn through four given
poifts of which the axes will be parallel to the centre-locus
of4fe family o f conics through ihe four points.
~ ) Let the line joining two of the points be taken as the
\_ axis of z and the jeining the other two as the axis of v,
and lx fmy=1, Vo-tm'y=1 be two lines which cut the
axes in the four given points.
The equations of two conics through the four points

then are
ay=0, (le+my—1)(V'z-+ m'y—1)=0.
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The equation
Ay 4 (lemy— )P e+m'y = D=0 e (1)
therefore represents any conic through the four points.

This can be written as
Wat4-(Im' Fml’ 4 3 ey S-mm'y® A
—(-Hyz—(m-tm )y +1=0 - \ 62)\
If (2) is a parabola, 3\

qltrmm! = mi 0. (O

This is a guadratic in % and has twe roots, Two
parabolas will therefore pass through the four points.
Tt can be easily seen that the parab }ézﬁre real if ('mm’ is
positive and imaginary if iI'mm’ 1S 0Eg tive.

When (2) represents a parabola the sccond degree
terms which then form a paffect square can be written

as (VI a4~mm' y)t. Thelaxes of the two paraboias are
therefore parallzl fo thesiftes v’ x4 dmm' y=0, 01 10 the
line pair 4

) {’3\ e —mm'y=0 e (3

MNow the ‘c&réinates of the centre of (1) are given by
the equations » .

PG+ etm'y—1) Ve +my — =0,
9. N
(Ve m'y— 1) +om' (et my —13=0.
O Fliminating  from these equations and arranging terms,

ad

N ) 2 % — aman'sff — (13- e+ (m-Fm )y =0,

.\ Y4 )

S  vhichis the locus of the centres of conics through the
four points.

The asymptotes of this conic are parallel to the lines
Wl —mm'y* =0,

which from (3) are parallel to the axes of the two parabolas
through the given points.



SYSTEMS OF CONICS, CONTACT 311

(4) The chord of contact of tangents from o fixed pornt
to a system of conics ihrough four given points puasses
through a fized point. '

Let the fixed point be taken 25 the origin,
and 8 = ag® - 2hey -+ byt 290+ 2fy--6=0,
and 8 Ea'xz+2h’xy+b’y2+2g’z+2f’y+c’-—-o, L\
Le two conics which intersect in the four given points. O '

< 3

Then any conic of the system is given by
§43.8=o0. ¢
The chord of contact of tangents from {Q,',:o) i
gzt fy+etrgeHY 4.-.615 's}—o,
which passes through the point of inj:éféection of the lines
gutfyte=o, qafy+d=o

(5) Ifthe chords of conf’act ‘of tiwo circles with a conit
with which they have double contact be parallel, the radical
azxis of the circles bigeetathe distance between these chords.

+8 )

Tet the axes ofithe conic be taken as the co-ordinate
axes, snd ezt Ly’ — 170 the equation of the conic.

N\
The etuation

\,\‘ ax“—k—byz—-I—i—lU{r—'rmy—%An)’:c

&N\ . : .
:gfpresems a copic which has double contact with the
,agiven conic.
N \ “’: . 13 . I3 .
\ )| This is a circle, if either 1==0, or m=0,

and 3 (B —mP)=b—a.

The chords of contact are thus parallel to ome Of the
other of the axes.

Taking the chords to be parallel to y—oaxis say, the
equations of the crcles will be
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a? byt — 1+ {b—a)(@—k,)? =0,
and aat byt — 1+ (b—a)z—ka)? =0.

The radical axis of these is
28—k —k;=0;
which bisects the distance between =k, and =k, O\
(6) If the chords of contact of two circles with & yonic
with which they have double contact be '_;m?'pai'z;rﬂ{cu.irzr,
their point of infersection is o limiting pound\belonging
to the coaxal system determined by the two circless

Let the conic be awt by —1==0,
From the preceding example, the quaj:%)ris of the two circles
will be A\
8 =aa? by — (BN —a)t =0,
and Sy -yt — 1 (b —a)(y — BJ =o-

Now  81—8;=(b—a)iEa)+u—BYi=o

is a circle belonging to the coaxal system determined by
§,=0, S;=0; andj \being a point circle, is the limifing
point (a, §) whi€h)is also the point of intersection of tag
cherds of double contact.

13.6. ~Equaticn of the conic which touches four
fized stxaight lines.

Yéritwo of the lines be taken as the co-ordinate ases

and Ir+my=1x, Ve f-m'y=1 be the equations of the other

{two lines,

The conic touching the co-ordinate azes is
(ax-+-by — 1) 232y =0 . {1).
_ The lines joining the origin to the points in which the
line Iz my=1 cuts (1) are given by
{ax+ by —lz—my)! +2)h ey =0
These lines are coincident, if
_ (a—LA—mp={(a—DB—m)+1 ]’
1.6, i »=—2{a—){b-—m).
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The line lz-+-my==1 now touches the comic.
Equation (1) therefore represents a conic touching the
lines :
=0, y==0, lz-+my=1, and Vetm'y=1, if
A= —2fa—Db—m)= —2(a—I'}b—m"),
Ex. 1. Prove that the conic passing through the pomt‘s A

{a, o), (b, 0), (05 e), (0, d), (b,d), where a, b, ¢, d(are”
positive and b>a, d>¢, is an ellipse. If bﬂza,d 26,

. . 6 65
prove that the centre is the point (---5—&— ;)\.§~

Fx.2. A circle cuts the parabola y*=4a% i the points
2,7, 5y, hy", g, Prove that ;- +t3+:t,1<;p.
“. Ex. 3. Prove that the conics \
2z2-+97 —I—*Q
and r8x‘+z4xy—1—1c}yz Br—6y=0

touch each other at two dittinct peints. Find the co-
ordinates of the mtersect:on of the tangents at these points.

im} Ans. (2, 3).
Fx. 4. FindXthe equation of the parabola which
touches the cogig
SO P taytyt—ae—2yti=o
at the p{)@fa where it is cut by the line v +yt1=o0.
rermine the equation of the axis and the co-ordinates
of\the focus of this parabola.
O 4ne (e-yf=rgetiy—1;5 a—y=0; (3% i)

N/ Ex. 5. Prove that the locus of the centres of conics
which touch the co-ordinate axes at distances ¢ and b from
the origin is the straight line ay=da.

The comics have double contact with ay=o at the

extremiiies of the chord ’y +—g~ =1
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The equation
2
»ay+ ( ‘-:— +g — I) =0

represents the system.

The centre is given by Oy
A\
202 % 1= S\
w2 (E ety A
NENZ IR BRI
)\_-"L‘.—r‘ b (E{— B I)-—--O. 9
Eliminating 2, 7\
y by
EARES
1.€., a;q;:i.r
is the required locus. .};‘."

Ex. 8. PQisa chiord of an ellipse and 7 iis pole.
Show that 7' is a Jitniting point of the coaxal family of
circles fized bgk'\tihé circle on PQ as diameter and the
director circlay, '

(L. C. S., 1939]
N4 -

Es/4+ Show that the locus of the centres of rect-
angularhyperbolas which have four point contact with a
givenparabola is an cqual parabola having the same 8XIS
.and’ directrix.

)" Ex. 8 Prove that the locus of the poles of PQ with
\‘: respect to all comics passing through four fixed polnis
P, ¢, n, 8 1is a straight line,

Ez. 8. 8—ois the equation of a conic, L=o is the
equation of a line meeting the conic in two points P and ¢,

and T'=o is the equation of the tangent to the conic at P’
Interpet the equations

() 8—rIr=0, (i) S—nLT=0, (i) §—)T?=0,
where A is a parameter,
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A variable conic passes through two_fized points A, B
and has double contact with a fized conic. Prove that the
chord of contact passes through one or other of two

fixed points on A5
[Math, Tripos, 1939}

Ex. 16. Two conics have double contact. Prove that
the polar of the centr@ of one comic with respect to the OO
other is parallel to the comsnon chord- o\
Fx. 11. The copics 8,=0, Sp=0 have a 'p(a’i'f}: of
coramnon chords #=0, p=0 such that 8, =S2= u-r-:.\}I’mve
that the conic - N
).1 u’ "2‘}.(81—“—82) —‘-‘Uﬁ =0 N\ \

Las double contact with both §,=0 and {aé o.

A conic has finite double conta;ti‘,i{iﬂ{ each of the conics
a2t et (@+e)=0, vg‘;"—?yz —~ etz 4y =0.
Prove that the chords? bf ‘contact are perpendicular
chords through the oiigih 3 also that if E"" 4= e—fz- =1 all
such conics are rci@ngular hyperbolas.

Fx. 12. Show that the centres of all conics which
touch foupfiged straight lines e on a straight line.

x'\... . . .
37, Foci of Central Comes. The equation of a
ce Jeonic referred to its principal azes 18

\ @
Ne) R e 0

) 3
N which represents 2 hyperbola if I is negative.
The ¢ co-ordinates of the foci of this conic are
{+ Jai—b, 0), the corresponding directrices being
a3

=t

__-\!a:-_“
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From the symmetry of equation (1) it is apparent that
there are two other foci with co-ordinates (0, 3-b* ~af).
These foci are imaginary since b?—=a?{(1—e%)s; ¢ being the
eccentricity.

The corresponding directrices are
1 \ ¢

y=+—_b';—._'- '\“\

= o N

It can be seen that each directrix is the polat~of the

corresponding focus. R,
A"

A\ e
A parabola being the limiting case of dn ) cllipse may
also be regarded as having four foci, threK of which lie at
inﬁnity. AN

W

We thus have the following resuli}

Every central conic has fotw . foci, two real and two
imaginary. The real foci lig gnione awis of the conic ond
the smaginary ones on the othar aris,

Ex. Show that every tentral conic has two eccentrici-
ties, of which one is{eal and the other imaginary if the

conic is an ellipsey and both are real if the conicisa
hyperbola.

13715 ’\'f";a'fn‘gents from a focus. The equation to the
}’ &yt .
"s'\ _(_12 ‘5‘"5'3 =118

;“..‘f! (5l ()= (fﬁ_iﬂff?’f‘_- 1)2,

which on simplification gives
2 — 2z — b (0P b))+t =0,
that is
{&—a? —p)* +y*=0
which is a point circle at the focus (g2 52 5 0) itself.
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T¢ can similary be ¢
each of the three remaining foci are
corresponding foci.
1372. Foci of
Let ax2+2h.a:y+by3
be the equation to 2 conic when the
and let (&, y") beihe co-ordinates of

The equation fo the pair of tangen

(ax?+-2kay-r bya-{—zgm—l—zfy—'rc)(aa:
Lyt +OPRF)
+ (g2 A O

2gr’ 20y 0= saox’ My 4+

CONTACT

cen that the pair

a conit yeferred to yecta
aggrt2fyre=0
axes are rectangulary (*)°
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s of tangents from
point circles at the

ngular axes.

a focus. N\

N/

ts from (25 9 1Y
B

'g\ﬁgle at (o, '), the

is must reduce to a poidf
ind the co-eflicaent

Since thi
co-efficients of a* and ¢* must pe ¢qhal
of xy must vanish. N
This gives Y
(azt+2h2'y by’z%f'zgaﬂ'+2fy’—‘r0)(ﬂr'b)
C —(ax Ry RO ha' by f =0s

hawa2ha'y +by 2T F 2fy/ --€)

and
T
From the eave get
N D7 _exdhy + gt tha by B
M:.: a—b
~O° _ (ax'thy’F g)(hx +by +E)
\/ o b
——'an'i+2hx’y’+b¥’2+2gx'+2fy'+c

as the equations o determine
foci of the general conic,
1373, Axzes of the conic
aat A-2hay by +20%

the co-ordinates of the

4-2fyt-e=0 — (1)

N\
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We have seen in § 137 that the foci of 2 conic ke upon its
axes and we also kKnow that the axes pass through the
centre of the conic.

From the result of the preceding article, the comic
whose equation is

(@zthy o)t —(a+by 1 (aathy+)hatbu iy,
h '\

— -

passes through the foci of the conic representédiby the
general equation (1). Besides, cquation (2) is, s\a{isﬁed. by
the co-ordinates of the centre of (1), for the géntre is given
by the equations ’

>

and h by Hf=eny

ax+hyt-g=0,

Hence (2) passes through four foci and the centre of (1) .
and since the axes of (1}<{as¢ the only conic which pass
through these five points, nat more than three of which are
collinear, equation (2) represents the axes of (1).

13'74 Directrites of the conic.
+$ )
,axﬂ\%zhxy+by2+zgx+ 2fy-+c=0 . (I}

_ The dirgatrices of a conic being the polars of, or which
is the satad as ihe chords of contact of tangents from, the
corresponding foci, equation (x) is equivalent to

\:~\‘ (m—2 P+ (y—y Y —(otmy + 0t =0,

wwhere Iz+my-n=0 is the equation of the directrix
“\ *corresponding to the focus (o', ).

Comparing co-efficients,

B—1 Im w—1 Inla mn+y

e = h __—_b o g..__z_.. j‘
% J L R ]
._"' x—cﬂ —=h 53Y,
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From these we get

wlaz"+hy Sm=i(lx' tmy +nr) . {2},

NCha' Lbe' ) =m(l' - my L n) e {3)

Mgz fy +o)=nlle Fmy n) e (@),

and ra—by=If —m? e (5)s
Ah=tm e (6,8

Eliminating 2', ¥’ from (2), {3} and (4} '4’3}: )

ra—¥  Ab—lm o gl | R

i O
| Ah—Im ab—m?  Af-mn |0

' rg~ln rf—mn C-—-‘h\ j

as the cubic to determine .. Two roéts of this will be seen
to be zero, The third non-zero ,roof when substituted in

{5) and { {6) will give the ratios I ~§n :n which will determire
the directrices. '

v..

Ex. 1. Prove that the" general equation of conics having
the poinis {a, b} and (wm —b) as foci may be writtenn -

(x ——w&\l\j(y — b )={zy—ab).

Ex. 2 Dctermme the foci and directrices of the conic
whose equauon 1§ 2?4 120y ~— 44" — 6o+ 4y -+-9=0
,.\ \ dns.  Real foei (1, —1),{—1, 2)-

J\\ Real direcirices 2a—3y-+4==0 gl 20—3y—1==0.

\1'3 8. Circle of Curvature.
\ ' © Let S=qaxd - 2hay+ byt 2gz-F2fyde=0 .. (r)
be the equation of 2 conic, and '
== aaw’ - Wy’ -+ ')y -+ gle-+2)+-+y)He=0
the equation of the tangent at the point (%' y') of (7).
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The equation

S+T(x+myfny=0 e (2)
represents a conic which meets (1) in points where T==0
and lxtmy-+n=—0 o (3)
meet it ) \:\

But T—o mests (1) in two coincident points. S

L 3 A

The conics (1) and (2) accordingly touch “eacft other
at {«’ o') which constitutes & pair -of coincid@t ‘points for
both of them. )

Now let {3} pass through (=’ ¥') in.
the form \

Wz —a")+-mly —:g’) =0,

\\v,hich case it has

Equation (2} thus becomes! {L
S+T{l(z—wY+mly—y)} =0 w ()
w]slich represents as cofiic having three point contact at
@ y) with (1).

If the co-efficients in (4) are so chosen that it represents
a circle, then this circle is called the circle of curvature 0T
the osculatiig circle of the conic §=o at the point (&' ¥ )-

This the circle of curvafure of @ conic at a given point
k{s:\tkree point contact with the conic at that poind.

28

This is the limiting case in which two adjacent chords

of intersection of a circle and a comic coincide with the

tangent at the poini, that is, the circle and the conic have
two consecuiive tangents in common.

Defining curvature as the rate of deflection of the
tangent at any point of a curve we see that the curvature of
& conic al any point is equal to the reciprocal of the radius
of the circle of curvature, or as is technically termed, the
radius of curvature of the conic at that point.
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. The cenfre of curvature at any point is the centre of the
tircle of curvature at that point.

The solved examples in the following set will serve as
useful illastrations of these ideas.

Ex.1 Find the equation of the circle of curvarure 2nd

the co-ordinates of the centre of curvatyre ar the point<
£\

{at?, 2at) of the parabola y? =qax. « \
Show also that the circle of curvature meets thelpaga-
bola again in the point (gat?, —6uf), *O
The equation of the tangent at {as?, 2a4) is
ty=a+w?t \
x ’ » O
or y--‘w—a!:——-o. 2\

Since the chords of intersection of.# conic and & circle
taken in pairs, are equally inclined to'the axes of the conic,
the equation to the common ehord of the parabols snd irs

«circle of curvature at (af?, 2a¢)will be
3 . 1
vt 2ty ¥ g
AN ¢
The circle of cuq’aliu’c will thus be
x z _

iy (o T )t o)t
provided 2 d%30 chosen that the co-cfficients of =* and »*
become e\(ihe‘l to each other,

O\ P

A

x
“Thiggivés 1A= s v

e “The equation of the circle of curvacure is therefore

I x L e
yl—_“”_' .I+ll (y_--””[q o )(y+ ) 3‘”) O
that is :
7 :
(+ ) —gan) -0 (= — gaty -+ 205+ 30 w0,
24yt —2az(2+30) +4afy— 4!t =0,

Qr

N

N\

N
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Writing this as

{o—a(z 30 (g 20t =0t (2-F 3604 4034

= 4at (1)
we see that the co-ordinates of _pe centre of Curvature are A
fe(z+3t%), —2ai?l. N
. . (r 28N

and the radius of curvature is 2a(1 Ay, A

For the second part, let (at’?, 2at") be the ‘qqzo“r'ciinatcs
of the point in which the circle of curvaturf\again meets

the parabola. ¢
Then v
& AY;
v 7 =gl N
Y i '3.&\ &
passes through (at’?, 2at’), A\
F e ‘Gt'?
Hence 208 AN = 3al,
or ;'&*Ii',l’zl'p =0,
from which P=t, or —3h

The other péi}t of intersection is therefore (gai?, —6at}
Ex. 2. )\ Show that the radius of curvature &)a; point
i\ 2 2 . 1
(ﬁ-ms‘; s b sin ) of the ellipse,—%z—J‘- -yb—z- =1is - 3~ where
'QQi}ihe semi-diameter conjugate to CF.

¢ '_“’:If g be the eccentric angle of the point in which the
o\ circle of curvature again cuts the ellipse, show that

O ¢=1ann—0)
N\ The equation of the tangent-at P is
¥ ¥y .
- o8 cp-l——b- sin ¢=1I.

The common chord of the ellipse and its circle of
curvature is

z ¥ & 3 il ez
a cOs P sin @=008" @¢—sIn @ =1C08 2¢-
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The circle of curvature will now be

P
et -y:—-!—l-l(-zf cos cp-l--g sin :pw—I)

B
x ¥ .
<-— cos g— - sin ¢ —cos 2¢ =0 e (D) N\
 being gwcn by O\
1 2 :"\:\ g
az + i COS’ @:F_%n_qj A \o/
. N
From this, (O
b O

A= atsin’q -b'cosiy N
Subsututmg this value of X in (1) an‘d\ multlplymg out
by a* sin® @bt cos? ¢ )
'”. ys
(a® sin® ¢+b* cos? q;}( & --I)
+{a* —=b%) g - c{.‘;sg ¢ %»Slnﬂ (p— = cos g(1-4cos 2+¢)

'\
E 1 - =
+5 sn\:n\ iﬁ cos 2p)-c0s 2:9% o.

This simphﬁés o
el j_kf - &—-)— cos? @2+ —2&’3—-92— sin’ ¢.¥
\§, —a? sin®
“erg‘tch can be written as
\\ - (x-E:E— cas%p) +(y+ b g q:)
(a’ sin? q:—i-b' cos? (p)

<P+b= cost ¢— —(at—b%) €Os 2¢s

The radius of curvatureis therefore
{at sin® ¢ +b‘ cos? @) ,-"
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e D3t - .
which is the same as where D is an cxtremity of

the diameter conjugate to CF.

Further, if (e cos (), bsin () be the point in which . &\
the ellipse is again cut by the circle of curvatare, this point,
lies on the common chord ¢\
A\
N/

x ¥ %
-—d-- COs ¢— b SiD cp-:cos 25, ~

. - 4 W
Hence, cos {§ cos ¢—sin {) sin ¢=cos 2;?,"‘:,\

1.6,y cos {04 ¢)=c08 2¢5 )
PN
. R w LW
L0 $in —- 23-7P- sin —0—-2 g,
ﬂ’;{
- P .’1 Lo}
Since G = = anf.ft; o 23_9 = M,
or by | .

(9—3\2?'111:'_0)-

Ex. 3. The cu’c“l& of curvature of a fixed parabola af

the extremities X0f a focal chord mect the parabola again
at H and K. /Prove that HK passes through 2 fixed point.

N\ [1. C. S., 19371

Ex\é\ The circles of curvature at three points P, &, £
of “an/ellipse all cut the ellipse again in the same poini,

_prove that the centre of the ellipse is the centre of mean
.,,\'.posmon of P, ¢, R.

\V “ Hint. The circles of curvature at the points 3(2m—8)
%E;}Tﬁt—nﬁ), 1{6m—0) cut the cilipse again in the same
int ),

Ex. 5. ¢ and ¢ are the radii of curvature at the
ends P and D of conjugate diameters of the ellipse
ot
o Tt
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prove that
2181 g _a‘-\- b
RS ) 18— PR

and that the tocus of the middle point, of the line joining
the centres of curvature at P and D is

(ax.l_by):zss _!_.(ax_.by)z.fiz(aﬂ___bg)glg. N
¢\

139. The Line at ffinity- We have seen in Chapte’s:\
I § 2'33) that ¢ =0 represents a steaight line lying whoﬂy
at infinity, We shall now interpret a few cquafions
associated with the line at infinity. S

1. S=\u, ) being a constant §=0 anpd u=0 the
equations of @ omic and ling respectively. N

Since ) =0 is the equation of t;he\ Yine at infinity,
S-=).u i5 a conic passing through \the points where the
conic §=0 is cut by #=0 and  the Tine at infinity. The
owo copics thus have the samie intersections with the
line at infinity. Their asympfotes are parallel,

As a particular case let ut consider the circle
ot Lyt 292 —2fy—¢=0 . @
Writing theeqhation as
\ «\“sc'z-’(—yz-—-ﬁ:zgx%- 2fy+c—a%
see{l’aﬁt"‘:}. has the form S=h%

Tiecircles (1) and ot 4yt —at=0 therefore mec: the

lifeat infinity in the same two (imaginary) points. These

¢ “are called the Circular Points at {nfinity.

. WE

N

Y 2. S=h:
Writing the equation a8 =) (0.2 +0.y+ 1) We 'see
i d S=x have double contact at

. that the comit §=0 an ) ble |
the points where they meet the Iine at infiniry. From

the definition of an asymptote it s therefore apparent
¢hat the two cORics have the same paif of real or imagnary

asymptotes.
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In particular, if 8§=0 is acircle, S=%1sa concentric
circle, and the two have double contact at the circular
points at infinity. :

EXAMPLES ON CHAPTER XIiX

r. A circle and a rectangular hyperbola intersect in
four points, and one of their common chords 1s 2 diamgéter
of the hyperbola ; show that the other chord is a digmetcr
of the circle. A

< 3

2. Prove that in general two parabolas _cén ‘be drawn

through the points of Intersection of the coTics
axt 4 2hey 4 byt -+ 292 + 2 e = 05
and @'l - 2R ay - R +2g'm~}—,2j“§+c-’ =0,
and that their axes will be at r’igﬁ; ’a.ngles if
LSRN
a6y b

3. Prove that thé locus of a point, the sum or differcnce
of the tangents from'which to two given circles is constant
is a comic havm{\d'uauble contact with each of the two circles.

4. Agitele is drawn to touch the parabola #*-=44% at
the point\P/and to cut it in the origin and in the further
pomkgs “ Prove that P@ touches the parabola

’\\“ y?; _[‘,_ 32&x:0. [London, 1945]

$% 5. Parabolas are drawn with a fixed focus S, having

a fized line through S as their axis. Show that two such
parabolas pass through any point not lying on the commen
axis, and that they intersect at right angles.

[Math. Tripos, 1933]

6. A rectangular hyperbola has double contact with a
parabola ; prove that the centre of the hyperbola and the
pole of the chord of contact will be equidistant from the
directrix of the parabola.



£
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~ parabola.
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7. A rectangular hyperbola has double contact with &
fixed central conic. If the chord of contact always passes
throngh a fized point, prove that the locus of the centre of
the rectangular hyperbola is a circle passing through the
centre of the fixed conic.

g. A conmic has double contact with the parabola
yf=qax. If the chord of contact passes through the

vertex and the conic passes through the focus of the para-
bola, prove that the locus of the centre of the conic is the

parabola ¥ =a(2x—a). A\

9. Prove that all chords of 2 cooic which subtead’ 2
right angle at a fized point P on the comic, pass through @
fixed point F on the normal at P. What can b, ‘deduced
when the conic is 2 rectangular hyperbola 2 AN

When the conic is a parabola, prove :hht PFis bisected
by the axis. AN [Wales, 1545)

10. P and @ are twWo points jdi¢the plane of a conic S

Prove that the locus of intersection of pairs of lines through

P and Q which are conjugatexsith respect to £ is a conic

O through P and @ and'lhat‘ the line PG has the same pole

in Sand C. K
28 3

11, A family t{ifxcmics have double contact with g given

conic at the exirem ties of 2 given chord. Show that the

locus of the centres of conics of the family is the diameter
of the gived gonic conjugate to the given chord.

o \y :

NX parabola, of latus rectuin I, touches a fized

jarabola, the axes of the two curves being parallel 5

tove that the vertex of the moving curve lies on a parabola

(of latus rectum 2%

13. Two circles each have double contact with a paré-
tola and touch each other. Prove that the difference

heir radii is © pal to the laws recrum of the
perween their radi is eq At vy ol

4. A circle touches 2 pyperbola at two points, the
chord of contact being parallel t© the transverse 8xis.

Prove tha

¢ the ratio of the length of the tangent to the .
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circle from any point of the conic to the distance of the
point from the chord of contact is equal to the eccentricity
of the conjugate hyperbola.

15. Any tangeni drawn to the circle of curvature at
the vertex of the parabola y?=4gac meers thc parabola m
points whose ordinates are ¥, and y., show that

T 1 1 R\,
R — '\
¥ o 2 s N

N

16. Prove that the locus of the pole of thpj%xis of «
with respect to the circle of curvature at any.point of the
parabola ¥y =40z \%

is (x—2a) g =12a(F —ad-Fa)t.
17. Three points {ai%,, 201,}, 'r~—x\, 2, 2, on the para-
bola y¢=4ax are such that their {Cpitres of curvaturc are

. atl
collinear, prove that N F:t -=0.

RN r
N

18. The circle of cirvature of the rectangular Lyper-
bola a?—y2=a? at tl-%point (a cosec {}, « cot {j; meets the
curve again in the™point {(« cosec g, @ cot ¢},  Show that

&

O tan - tan? b =1.
b3 2

\X .
) 19.'.§irc1es of cutvature are drawn to a hypebola and
its conjligate at the ends of conjugate diameters ; prove that
thé{{adlcal axis is parallel 1o one of the asymptotes.

8% 20, The circle of curvature of a_parabola at P meets

) the parabola again in @ and QL, QM are drawn tangents

to the circle and parabola at ¢, each terminated by the
other curve ; prove that when L subtends a right angie
at Py PL is parallel to the axis, and that this is the case

when tue focal distance of P is one-third of the latus
rectum,

21. Prove that the locus of the centres of mon-
degenerate conics having four point contact with the ellipse
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%5 the circurn-circle of the
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xﬂ y-z .
ag"{'b" =1

" at (a2 cos 0, b sin §) i the line bz sin §—ay cos 0 =0.

3, A circle of given radius cuts an ellipse in four
points ; prove that ihe continued product of the diameters
of the ellipse patallel to the common chords is constant. A

{ \

23. Prove that the axis of a parabola which passes, K
through the feer of the four mormals drawn 10 2 iven
ellipse from a given point will be parallci 1o one, af “the
equi-conjugate diameters of the ellipse. \\

Hint. If (', y) be the given point and
PR \
fz"+'gz"=1 "1\\'
a A
the given ellipse, the equation of the’ ‘wgis of the parabola
will be \ A\ "
I alz' L __;__g_'_ _
A L
24. A triangle .:ABC‘ is formed by the line-pair
ax? 4-2hzy 4yt —=p-and the line z-L-y--1=0 the Vertex
being at the origi\(fu Prove that
2(@%?4—2?&:69%9’)-(& 4B ty+1)P=0
ching AB at B and ACatC3

and x{m
%(ﬂb;zh}{xﬂ+yﬂ)+(bﬂa.-zh)x+fa—b_zh)y=o
’ triangle 4BC. {Oxford, 1946]

6. Prove ihat through any four points one rectangu-
bolas can be drawn-

mptotes of the rectanguiar hypetbola
Prove that e directions of the aXeS of

bisect the angles betweel the
the parabolas.

If these axes_be at ¥

ight angles, PIovE that the four

. points lie o1 2 circle.



CHAPTER XIV
CONFOCAL CONICS

141. Equation of confocals. Conics having the ss’me
foci are said to form a confocal system. R O

In §13.7 we have seen that the foci of a cc:mral conic
lie on its principal axes. All confocal cemral\mmcs will
therefore have a common centre and the\same lines as
principal axes, The general equation Kf, conics confocal

fo)
with the elhpse o + b‘ ~=1 will anordmgly, bave the

form O N\
3 2 el
.’L‘
2 y 2 \ﬂ*I arr (1)‘
bL \
The distance of a focus f om the centre being the same

for all confocals, we Jé‘a.ve

2%

s(l" b2 =a* —b=comnstant,
1'.‘3.. “Zf: ay —-az :bl“-—bz:)\,sa}?.

Thc\’gc;léral equation (1) now becomes
"\,‘ ol y?
R \’\\ a2+) + bz + ) =1,

,oaWhich for different values of ) represents different copics
@ ) confocal with the ellipse,

14-2. Confocals through a given point. Let
x? o .
o Tagy T o (0

- . 2 2
be a conic confocal with the cllipse %.\_{_ Y 1
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1£ (3) passes through (s ¥
2 y'?
AR TR T
that is
f(l)'=*(a’+l)(b’+l)-x"(b‘+l)~y”(a’+l)=0 - (@
For =+ o, fO) isT e,
for }=—"b% f(0}is—ve A\
for h=—0% ) is+ove, 0 ’
& being greaier than b. "‘\

One of the roots of (2) therefore ,}iﬁs\%etween-i- ®
and —b?, and the other berween —bt-andv—dt.

Fhe root Jying between -+ &\ (g bt makes both
gty and B positive ¢ ‘the one lying between
_ 3 apd —o* makes at 4 ,;}QSiﬁvc and b3+ megatve.
We thus see that Jivough amy point in the plane of
2 2.
the ellipse %5—4-.—%3‘1;?\:1 there pass {wo confocals, one
of which s 6% eliipse and the other & hyperbola-
14‘3.:"i'lfe co-oxdinates of any point ijn the plane of

N <5 2
the\na!'gibse —:—(—1—%— —1 in texms of the payameters TR

“{:i’t\le confocals through it
(Y Let (&, y") be any point in the plane of the ellipse.

N\
\

Y% Then

‘__a_:,i_._. + — y_'_:,__ .__,_-1,
a? -+ btk
ot .

and m 4 —51—*:}—‘-;_ =1,
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332
These give
e 32
S S S
o, Bga @t a?+
—— — = —_— —— _I_ — ———
. S — r 4L \,’
(@@ ) (8 he) (@2—‘-?“)@2 }\3,\
(@ n{a® ke 2)(BF =210 f’er’? §
= (11 l-z)\‘lz b J , 4 8
: (aumaﬂm) O
1.8, x e O
)
2,1_ ) bz_;_ »/
and Y= g ?}1_( ) Z)\

s N\

Example. Find the conies) tenfocal

which pass through the pomt (1 1.
U8 Ans, gty vs(E —yy=2.

with a?--2yt=2

144. Solved E\ga\uples

1. Show ;{ath'\\tfze confocal hyperbo'a through the P

oind

BRI :
on the eu‘P‘Q?}E‘z""“"ba‘iI whose eccentric angle 18 o has
for equa,bw’fb
\w o o
R SN N Yt
a{\ costy  sinfa ot =

T,
™

(NY If 3 be the parameter

Q”' {a cos o, b sin a);

"4

of the confocal through

a*costa | ¥ sin® o

L TTTEER T
i.e., (BA-+20)a? cos? o A-(g24-1) b sin? o=@ 2)bE )
B8y WEL (D% cos? o +at sin® a)=0,

§.6., 3.=0, or —(a? sin? x+b? cos* a)-
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The equation to the confocal therefore is

x* A
A (a?sint o +-b?  cos? )+ 5% (at sintq -+-b* cos’ n‘.)

. P yz -
or Cosi o sinf 4 =a?—b%
2, Ifths confocais throvgh (21, ¥1) 10 the ellipse
x‘! .yz /\.}
& "1’”5? =1 ) .”: \
are " ”\\ &
xﬂ ,yi__'— Z"_ L yl s;_: .
o by M e T B
. o} 3 ’ et
show that ORI 4 .%;— —120
and (i) wabyi—at B A
The conic confocal wn}r the gwen ellipse is
" "
& e T
Since this pa\s>$ through (21, Y1)
A\ & i o F
x'\i“:\j —'—2_{_1 TR =1,
x H ?h"
._-yl)+a,=b1 I———'— Ay

IRV At

2.

R\ -
{ ’{' Since X1, A2 are the 100t of this quadranc,
- x 2 ylﬁ

=0t (1= .._bi.)

11+l==x;‘+y1 —G‘-b’s
which give the desired results
Prove that the 110 comics

2-}-2}faxg,r—l—!:'3,:’:1 and a'xt+2h'zy+d =1
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can be placed so as to be confocal, if
(a—byaht (@b ahT
{(ab—R2) =T ab =R
21 and @'z?-2h sy + Y
ctivalf )y
AN/

Let the comics ax?--2hzy+-by O

=1 rteferred 10 their principal axes be respe
ax? -+ Byt=12anl a R Byt =1, W
l“.’
If the conics can be placed 50 as 10 be confocal
S S S SRR
Pl S
e \"
pa_Ba (O
or Boa _Eoa ®
, af a BN
Now by invariants, X zf'.“ )

atP=a b;. af=ab—h* ;
a' B _—a‘_t"’b’ ’B':a’b’-—-h".% o (2

Wiriting (1) as ‘,,,\
(o= aaf _ (' +BY—da'F

_n_ 231 afz'g a

and subsmilﬁng from {2),
arbr—aab—k _ (@ S bY—4a’t =K
2

,\\“/ T (a.b —RE)? (@'t — BTy
R :w}lch is the same as
~O eGP
\ 4 (ab },,:)z =T '(arbr__hrz")l .

14'5. Intersection of confocals. We shall show
below that the two confocals through any point intersect

at right angles.
Let the confocals through (', y') be

o2
. =1, and

,—____*_. __._—-—xa
@4k b4 @* 4+ e
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Since (', y") lies on both,

28 ,o rg .
L4 _ y*

L P P TV v
Subtracting ope from the other and i
common factor A, — ks, oot removing e L QS
2 y'? L\
@ T W o O
which is the condition that the tangents N
' vy = w 4'95‘"\_‘
e PRpa by el <!

to the two confocals at the common poigt (', y') be at

right angles. L&
We thus see that fwo confocals snlersect orthogonally at
their common posnts. W\

14'6. Some Propositions.on' Confocals,

(1) The difference of the! :ﬁqéares of ithe perpendiculars
drawn from the conire gn_any fwo parailel tangents to two
given confocals is w?a@m.

Let the lines \\

2 CoS & ij‘y‘.éin a—p=0, & C08 gty sin ga—p =0

touch th¢\r:§?1f5cals
\ot ¥ __zi_ I S
R TR =nand G T,
gespectively.
O Then (§94 Ex)
\/ p=(a%+ ) cos? a+ (B+1) sin* a,

and pR==(ad 4 hg) cOS? a -+ (% A2) sin! a.

Subtracting.
pr-pt=— ke

which proves the proposition.
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(2) One conic and only one of @ confocal systens will
touch o given siraight line.

Let the line  cos at¥ ¢in g=p be a tangent to the

confogal _
__:Fi —_ _y?._ =1 Q
v »
28N
Then (a?42) cos® o (A1) sin? o =P N\ -

« N\
which gives only one vatue of ).. Hence oncand o 1y “one
conic of the confocal system will touch the given lipes *

W

(3) The point of intersection of twd ';S‘pe7adicular
tangents one 1o each of Lwo given confocals Qﬁg on @ circle.
Let the confocals be \ o
5,) 2
ot i e ad gl o gt
The perpendicular strajg]i‘;\‘l.iﬁes
& cos ¢y sin a:,.qgﬁé.% 1) cos? o (B y) sio? at
and =z sin a—¥ cossg\; V(a2 L)) sin? o4 (b24 ng) cos? at
touch the conigé\r¥s:§cctively.
Sguar}gg;aﬁd adding the two sides of these equations,
AN byt =kt het

LNV ) . ) .

whithis the locus of the point of intersechion of perpendi-
) £ular tangents.

AN (4) Thelocus of the pole of a given straight line with
' yespect to a sysiem of confocal conics is G straight line.

Let the given line be

letmy=1 o (1)
and let
at A
wan Ve T
be any member of a given confocal system.

. (2)
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If (2, ') be the pole of (1) with respect to (2)s

Ll oW
A Trem 7T
must be identical with (1).
Hence,
xf yl’
J— =L — =M. %
at+h B+n N
Eliminating 2. from these, '\\ 4
m( o yJ Lz ¢;
[ ” 1 o m— . \
{ ¥ ,’t\\"
The locus of (&', ¥'; is therefore the s;rﬁ%ht line
B e\ e (3)
i 7 N

a3
e

which is perpendicular to (¥). ‘j}’;‘“

Now (1) touches opgl member of the given confocal
system. The point, of contact is the pole of {1} with
respect 1o that confocal. The locus given by (3) passes
through this point.() '

(5) If tw;c{ @ga\nﬁlcs confoeal with a given conic
e > xt y*

AV Mo MRS
\\ fre b#

pqa(fﬁ'f-ougk @ given point P, and PQ, PR the normals ai
/R\p the confocals weet the polar of P with respect to the

jten contc tn § and R, then

: A
PQ=— "1, PR=="%
n o

where p,, p» are the perpendiculars from the cenire to the
tangents at P to the confoeals, and X1, Az the parameters
of the confocals.

A

x:/
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Let the co-ordinates of P be {(a, B)-

The equation to the tangent at P to the confocal

xﬂ y2

1 4
iy T )4
. e ofe ‘yB '..rt ,"\'.
1 P TN f'i}\@

The equation of the normal to (1) at P is 7\

—bT_E-"ﬁ(zc—a)— u’—i—l (y— B)"‘}I:

which can be written as \s\
e ) “_.rs
Pra B B
at+h1 o ’b“"?kl
where =" ‘:':’ o = Bt ==y

N @iy T e
which tepreser:t\s the length of the perpendicular from the
centre UpoR “the tangent to (1), and r is the distance of
(s )from (a, B

H&“é;, if PQ=r, the co-ordinates of @ are

~\

M3 P-I’r

~O (it gy ) B0 i,
/ But ¢ is on the polar of P, and therefore -

0'. r

G )‘*“ ( s itw
4

R aﬁ—l—l N T B B’

since P lies on (2).
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This gives .
BTSN -
(pir-h) § gy T EEFI
Therefore = M . Similatly PE=— Ae

147. Confocal Parabolas. Parabolas having a com-

mon focus and the same line for axis are said to be ¢ \

confocal, If the common focus is taken as the origin N

and the common axis the axis of , the equation « M
yi=4a{z-+0)

v?ll give a system of confocal parabolas for different ¥atues

of a. \/

-
P
L 3

EXAMPLES ON CHAPTER XIV\ >

' N
1. Show how to €Xpress the co-ordinat é:}xl 7) of 8
¥ ;f\.hc two confo-

point P in terms of the parsmeters ? 1 :
cals passing throngh P and belongmg'to“rhc family
' @t &

s

If 2¢ be the angle betwgel! the two tangents from P to

the ellipse
¥ L 7
- Aty
. ghow that
N 10 20= 29—hhs |
"2 ? IRy
2, ,&Ifa\n'gents are d.rav:; to 1;;e ellipse
NN PR

“from any point T on a given hyperbola confocal with the
ellipse 5 if .0 be the angle between the tangents, prove
that sin f yaries jnversely as 0D, where Op is the
ccmi-diameter conjugate o CT of the ellipse through 7'
o | with the given one. )
- conf_oca e ¥ [Indian Audit and Accts. Service, 1944]
. . Two conics 8y, Sz have a_cpmmon centre (a5, §)3
8 wouches the z-axis at the origin, Sz touches the y-axis
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at the origin. Write down suitable equatiens for &) and
S, and obtain the condition that they be confceal.

4. TQ, TP are tangents one to cach of two confocat
conics whose centre is O ;if the tangents arc at right
angles to one another, show that 0T will bisect P@Q.

5. Show that the equation of the pair of tangents from O
P A
22 2 <O
—— + —:gé— =1 N\

N

referred to the normals ro the confocals thrOughfP“as ares
: | x: ¥ )
is Z L —=o0 )

PRI PR

A\
where )., and 2, are the parame{’cg:} of the confocals
through P. ' N

6. If ), p bethe parame’tegs: of the confocals through
two points P, ¢ on a given ellipse, show (i) that if P,
be the extremities of codjugate diameters, then 3+ 18
constant and (i4) that if ‘the tangents at P and @ be at

. I 1
right angles, then 23—
& gles, 12\ T 1

7. Show ‘Wat” the locus of the points of contact of

tingents drawn through a fized point (% 4} o 2 series of

is constant.

conics ¢offdcal with — +-’-_’— =1 is the cubic curve
2 Y al b2
N\ = Y af— b

&

\ Gk Tk = hy—tw
# which passes through the foci of the confocals.

8. Tangents are drawn to the parabola y* =4z Ja? = b2

and on each is taken the point at which it touches one of
the confocals

22 ot
@ THEEL T
prove shat the locus of such points is a straighe line.
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9. Show that tﬁe’geiié&of- the equal con i 2
of & sext o wie €nch;of the equal conjugate diameters
hypeiglc‘:ﬁ? o\f e.:ox.l_.focal‘ ellipses are on 2 confopal tectangular
10, The rectangle under the ndiculars }
@ straight line from jts pole wiglﬂ}:’:spect to tehte f:gip(:;\
x ¥ .
i =t :a_nc}_ from the centre of the ellipse is con§tazt
{=1) ; prove that the straight line touches the confocal

&t I

| FEL TR TN o

11, -Two tangents OP, 0Q being drawn to a given

- conic, prove that two other conics can be drawa  confocal

with the given conic and having for sheir polars of O the
normals at P, ¢. L&

. 12. An ellipse and a hyperbola are confocal and the
asymptotes of the byperbola, ke along the equiconjugate
diamecters of the ellipse, \Prove that the hyperbols will
~ cut orthogonally all confes” which pass through the ends
of the axes of the elfipse [London, 1945]
13. An ellipiésis described confocal with 2 given
hyperbola, apd the asymprotes of the hyperbola are the
adiameters of the ellipse. Prove that, if

"+ equat conj
- ‘from any point of the ellipse tangents be dmwn to the
- hyperbojg,.thc centres of two of the circles which touch
- these tangents and the chord of contact will lie on the
" hypérbola. -
. ;;%"14. A parabola is drawn having its axis paralle] 10 &
«\Biven straight line 2nd having double contact with a given
» ellipse ; prove that the Jocus of its focus is a hyperbol
confocal with the eilipse and having one asymptote in the = ©
~ given direction.
. 15 Prove that the product of the four pormals drawn
" 1o an ellipse from 2 point £ is R
1312(11_12)
T a8

L]
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where L1, A are the parameters of the conflocals to the

given ellipse which pass through P, and a, b the sermi-axes
of the given ellipse.

16. Find the locus of points whose polar lines with
respect to the conics

2 Y Y 2 %
Sptg=r O (1'rx8§£§§«;.
and axttzhzyHbyr=1 e (2) ,\3"'
are perpendicular. 23

A
Hence, or otherwise, show that the conim&ﬁ‘at}ing centre
at the origin which meet (1) orthogonaliy.; t four points
are either confocal with it, or else pass'\’t&) ough four fixed
points on its principal axes. O

"’i;'tMath. Tripos, +940]

© -

7
N



| ANSWERS N
 Pages 14—15 A
L (ertae—as, yrtys—ys), (2—2g+ 29, yr—yo-b ol
(—2rtzet-aa, —h+ye-+ug) \ \/
Pﬂg&s 47—.50 ”( N
1. 4?tayt=0. : "‘j\'\.
5, %+-§~ =3, where (b ¥) is the \iven point and
the two given lines are the achﬁj,\rEfcrence.
8. (i} {0, 0) 5 (§i) 2+ V3y=3=245 5 (3} (—2v3, V3)
M 2
O (6254~ ¥3), G4+ 5, V3 or (1= T
—4=3) o
. 10. 42—3y—-25=0, 3%+ 4y—25=0.
12, y%(e*+7°) =6y ~ p)?~ pix?, where the base and its
" perp. bisector aro\taken‘as a;{es, 2a is the length of the base
and p the altitude of the triangle.
- Pages 76—80
1. ,quﬁéuld not lie between va and .
ety
AT et ),
N Jay(baeg—coba) 1-by{eottg—ayoy) -+ ey (b —boag)]? ]

O 13. 2(abs — battyiash —aby){arhs—agh;)

N P&gf& 105—108
: 12, mlaz+hy-+g)=lkz+by+f).
. Puges 131—I33 o
2. Circum-circle (2, ¥3), 2 ; In-circle a
(v3tan 15°+1, ¥3) 5 (V3 tam 15°+D)
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3. z-ty=-2~2, T—-y+4E242=0.
I, 5
6. (2*+y?)(a sinfag—2h sin a COS o +b cos? a)
~pl(a—b) sin o —2h cos ‘a]r+plle—b) cos a
+2h gin zly=0 ; O

m

PR —ab)? , Oy
@ sin? g—2h S0 q €OS at+D ‘cost a . O
PV —ab) [a—bF 4% < N
Ta sin? g — 2k sin g ¢os a+b cos"a)” '\".“
Pages 150— 153 _ ) .
. 240
4. (1,2), (3,1). 14. (o”b}<a—|—b s >
Pages 188—192 \;
1. votwy=2". N % yi—ale—30).
5. yz_—:a(x-ga). ..:j‘ v

™

Pages 235—239
3_ [xﬂ_l‘_yz)ﬁ a_l@biya

4 Lﬁ&g&-ﬁz)-%b{a’—l-” P+ Y Lafat—b2)

— at(g? _Lbz)]z = (atyt LD
Pages ;6%;—'266

1»\\m 3,J 23 oy = 20 =Y+ 12=0C.

\9 (a — 52 (z~—2 -}v-—).—(a‘ BE—at — g1,
~C \ Pages 284—287
\/ 1. (i) Parabola ; axis 2z-+2y—1=0; tangent at the

vertex 4x—4y--5="0 ; latus rectum \%
{if) Parabola ; axis 4z—3y+2=0; t_angent at the
vertex 3%+ 4y=1 ; latus rectum 8.
(it¢) Ellipse ; centre (I, 2) ; major agis w4y —4=0,
: iength 6 ; miner axis x-2y--3=0; length 4.
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{iv) Hyperbola; centre ( —4,0); transverse axis
r+y-+4=0, length 2v¥2/7; conjugate axis
x—y--4=0, Jength 2+2/3. :

(v} Hyperbola ;' centre (--2,2); transverse axis
%—y-+4=0, length 242 ; conjugate 2xis a-+-y=o,
length 2423, O\

. . ) . . {

(vi) Ellipse ; centre (1, 1) ; major asis z+4 75— 3=p, -

fength 2+3/5; minor axis 27—y —1=0, length 272,
(1) Eilipse; centre (2,~2); major 4xis 32~ 24~ 16 =0,
length 242 ; minor axis 204 3y+2=0,depgth 2.
{vi1i) Parabola ; axis 13z—5y--§=0 jtdngent at the
vertex sr-t 1y—12=0 ; latus recuim 1.
(i) Ellipse ; centre (2,—3); ms}t{‘a.iis Z43y+1=0,
length 6 ; minor axis 3z—4y~18 =0, length 4.
{(x) Parabola ; axis 3¥—4y-k7=o0; tangent ar the
~ vertex 4x+3y -+ 2=0 ;datus rectum 3.
{zi) Two parallel straight lines 2f2y+1==0,
zt2yt2=0. W\

2. {”7: ""4)'
1 = .{‘-’ —_—gfe=2 == -
3"‘5{&6’(‘\{" Jr—y=2; 4x+12y=1§

4. 'Ellipse'.;‘.’centre (—?1, I); major axis w—y-3=0,
length 4 ; Mifdr axis 2+ 2y —1=0, length 2.
. B, '.Q:ﬁ.ﬁsver.éc axis 3¢ —4y+2=0, length 243 ; conju-
gate ais 4743y +11=0, length 242 ; asymptotes 240y
— Gy 28+ 36y + 46=0.
AN 6. Hyperbela ; centre (I, 0);  transverse  axis
N\\—2y—1=o0, length 4; conjugate axis 1233:\4;-3;—2:0,
) T ___\]_S_‘J_

N\ length 6 5 foci (2425 Vi), (1—~24%%,
‘7. Hypertola; centre (3,4); transverse axis Jo1-3y==24,
length 2; conjugate axis 3r—4y+7=0, length 4+6;
eccentricity 5.
" 8. Ellipse ; centre (I,—2} ; major aiis 3¢-—2y—"=0,
length 6 ; minor axis 22+3y-+ 4=0, length 4.
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12. Hyperbola; centre (-3, 2}; transyerse axis |;
z-+2y=13, length v2 ; comjugate axis 2u—y--4=0, lengit §
5 SSYmPptotes ¥ —gxy— 2yt + 10m+qy £ 1=0. ]
e s T 1N mai s 7 i v2

13. Elhpse, centre (\I_z’ \[2),ma10r axis fr\ry 9 d
length 242 ; minor axis #—y =0, length 2 ; foci (03 V2, (42,0}
14, z—2y+1i=0; 2x+y=3, '\\ } .
5. (Ehmeh -5’1+—bl,o); pla ko) —b)

b—0b A~ b
#¥ h . L "b ~b =0,
| "':\d—ab ab’ —kb+b")
16. Hyperbola ; centre {2,'3Y; transverse agis 4z—3Y B
+1=0, length 6; conjugate dxis 3v+4y=18, length 4. :
Pages 301—304 N\

~ ¢

1 l?= sec grs-e oos 8.
S

. '4 ‘Q "4 }
9. %&{sos a+e cos 0 ; the conic is an ellipse, para- J
bola p{"iix?i)erbola according as cos g %e. 15. z2lsec B. §
(Y Pages 339342
Sp=ag 2t —20Bxy+bay?—2(aat~bpHr=0 ;
'_g,'-__;.-' )z L Bapt
E ar‘"‘Tba' " ﬁ{ -

16, afatA-(a 4Ry +-bay? =0,
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